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ON REPRESENTABILITY OF QUASI QUADRATIC 
FUNCTIONALS BY SESQUILINEAR FUNCTIONALS 

MEHMET AQIKGOZ AND ALIAKBAR GOSHABULAGHI 



Abstract. In this paper, the represcntability of quasi-quadratic functionals 
by sesquilinear ones over real and complex *-Banach algebras will be deter- 
mined. Moreover, we will give some relative results for modules over general 
*-rings. 



1. Introduction 

Let R be a *-ring with identity such that 2 is a unit in R and M be left R- 
modulc. The mapping Q : M — ► R is said to be quasi quadratic functional if for 
any x,y G M and aei? the parallelogram law 

(1.1) Q (x + y) + Q (x - y) = 2Q (x) + 2Q (y) 
and the homogeneity equation 

(1.2) Q (ax) = aQ (x) a* 
holds. A biadditive mapping S : M x M — > R satisfying 

(1.3) S(aixi + a 2 x 2 ,y) = aiS(xi,y)+a 2 S(x 2 ,y) (ai,a 2 €R, xi,x 2 ,y e M) , 

(1.4) S (x, oij/i + 022/2) = S (x, yi) a* + S (x, y 2 ) a* 2 (01, a 2 € R, x, yi, y 2 € M) 

is a sesquilinear functional. 

Over *-algebra A an element with the property h* = h is said to be hermitian. 
An element a G A will be called normal if a* a = aa* . It is seen that over a complex 
*-algebra A each element a € A has a unique decomposition a — h + ik with 
hermitian h and k. A *-algebra being a Banach algebra is said to be Banach *- 
algebra. A Banach *-algebra is called hermitian if each hermitian element has real 
spectrum. If A be a hermitian Banach *-algebra and h G A be a hermitian element 
then it is convenient to write h > if the spectrum of h be positive. 

Now let M be a left R— module over a *-ring R and Q : M — > R be a quasi 
quadratic functional. It is interesting to know that is there a sesquilinear functional 
S such that Q (x) = S 1 (cc, x) for any x G M? 

In 1984 Vukman [10] possed the problem of representability of quasi quadratic 
functionals by sesquilinear ones over complex *-algebras. The complete solution 
was given in [2]. In our present work [1] we gave a solution to a general case, 
modules over special *-rings including complex *-algebras. However here we will 
give a solution of the problem of representability of some quasi quadratic functionals 
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MEHMET AQIKGOZ AND ALIAKBAR GOSHABULAGHI 

with sesquilinear functionals for ones over modules on general *-rings including 
commutative *-rings with trivial involution. 

2. Quasi-quadratic functionals over real Banach *-algebras 

Lemma 1. Let X be a real vector space and Q : X — > R be additive functional. 
Then the functional 

m ( x > y) = ^ [Q ( x + y) -Q{x- y)\ 

is symmetric and biadditive. 

Proof. See [10] . □ 

Theorem 1. Let A be a commutative Banach algebra and X be a left A— module. 
Moreover Q : X — > A be a mapping such that each invertible a G A and x,y G X 
satisfies: 

l)Q(x + y) + Q(x-y) = 2Q (x) + 2Q (y) 

2) Q (ax) = a 2 Q(x) 

then for the functional S : X x X — > A defined by 

s {x, y) = -^[Q {x + y) - Q (x - y)] 

the following conditions hold. 

1) S is biadditive; 

2) for any x, y G X, S (x, x) — Q (x) ; 

3) for any x, y G X and a, G A, 

S (ax, y) + S (x, ay) = 2a5 f (x, y) . 

Proof. (1) and (2) are clear. To prove (3), let x,y G X be fixed and the mapping 
/ : A — > A be defined in the way 

f(a) = S(ax,y) + S(x,ay). 

Since S is biadditive so / is additive. It is seen that for any invertible a G A, 
f ( a ) = a 2 f (a^ 1 ) . For any a G A the identity / (a) = af (e) holds(See [7]). So for 
any a G A and x, y G X: 

S(ax,y) + S(x,ay) = a [S (ex, y) + S (x, ey)} 

= a [S (x, y) + S (x, y)} 

= 2aS (x, y) . 

□ 

Theorem 2. Let A be a commutative Banach algebra with identity and X be a 
unitary left A— module and let Q : X — > A be a such mapping that for any invertible 
a G A and x, y G X, 

i)Q(x + y) + Q(x-y) = 2Q (x) + 2Q (y) ; 

ii) Q (ax) — a 2 Q (x) ; 

Hi) Let Q : X — > A be a functional such that a — > Q (ax + y) be continuous for 
any fixed x, y G X. 
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Then then the functional S : X x X — > A defined by 

s {x, y) = ^[Q ( x + y) - Q ( x - y)) 

is a bilinear form and for any x € X, S (x,x) = Q (x) . 

Proof. From Theorem 1, it sufficies to prove 

S (ax, y) = aS (x, y) , S (x, ay) = aS (x, y) . 

For fixed x,y € X, define / : A — > A such as 

f(a) = S(ax,y) -S(x,ay), 

f is additive since S is biadditive. From (iii) / is continuous and for any invertible 
a € A, f (a) = —a 2 f (a -1 ) holds hence from [10] , Corollary 1 (3), for any a € A, 
f (a) = (Sec [6] , [7]), that yields; 

S(ax,y) = S(x,ay), 

and from Theorem 1, (3), the proof completes. □ 

Theorem 3. Let X be a vector space over a complex *-algebra A having an identity 
element 1. For any quasi- quadratic functional Q : X — > A define S : X x X :— ► A; 

1 i 

s (x, y) = ^ [Q {x + y) - Q (x - y)] + - [Q (x + iy) -Q(x- iy)] . 

The following conditions hold. 

(a) S is biadditive; 

(b) For x, y e X and nei, 

S (ax, y) = aS (x, y) , S (x, ay) = S(x,y)a*; 

(c) For any x <G X, Q (x) = S (x, x) . 

Proof. Sec [10] . □ 

3. Modules over *-rings 
Theorem 4. Let R be a *-ring with identity and there exist a$ € R satisfying 

(3.1) a + a,Q = 0, a ftQ = 1 

(3.2) a^a — aao, (a <E R) . 

then for any quasi quadratic functional Q : M — > R, the functional S : MxM — > R 
defined by 

s {x, y) = ^{Q (x + y)-Q(x- y)) + — (Q (x + a y) - Q (x - a y)) 

is the unique sesquilinear functional satisfying Q (x) = S (x, x) for any x G M. 

Proof. From, Theorem 1 of [1], S is sesquilinear and for any x € M, S(x,x) — 
Q (x) . The only fact remains to prove is uniqueness. Let T be an other sesquilinear 
functional satisfying the condition of theorem. Now for x,y E M; 

S(x,x) + S(x,y) + S(y,x) + S(y,y) = S (x + y,x + y) = Q (x + y) 

= T(x + y,x + y) 
= T(x,x)+T(x,y)+T(y,x)+T(y,y) 
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So 

(3.3) S (x, y) + S (y, x)=T (x, y)+T (y, x) 

Now by replacing x with a$x we conclude 

S (x, y)- S (y, x)=T (x, y)-T (y, x) 
This with (3.3) yields S = T. 



□ 



Proposition 1. Let R be a *-ring with identity then i? © R is a *-ring with the 
addition (a, b) + (c, d) = (a + c,b + d) , product (a, b) . (c, d) = (ac — bd, ad + be) and 
involution (a, b) — (a* , —b*) . 

Proof. Since 

(c, d) -(a,b) — (c* ,—d*) . (a* ,—b*) — (c*a* — d*b* , —c*b* — d*a*) 

= (ac — bd, ad + be) 

- ((o,6).(c,d))*- 
Reminder of proof is clear. □ 

Proposition 2. Let M be a left R-module then M®M is a left module over R® R 
with the module action defined by 

(a, b) . (x, y) — (ax — by, ay + bx) (a, b G R, x, y € M) . 

Proof. For any a,b,c,d e R, x, y € M we have; 

(a,b).[(c,d).(x,y)} = (a, b) . (ex - dy, cy + dx) 

= (acx — ady — bey — bdx, acy + adx + bcx — bdy) 
= ((ac — bd,) x — (ad + be) y, (ac — bd) y + (ad + be) x) 
= (ac — bd, ad, + be) . (x, y) 
= ((a,b)(c,d)).(x,y). 
One can easily check other module action properties. □ 

Proposition 3. i) R = R © C R © R, 

ii) (1, 0) is the identity of R® R and ao = (0, 1) satisfies (3.1) , (3.2) . 

Theorem 5. Let M be a left module over *-ring R with identity such that 2 be a 
unit in R. Moreover, let q : M — > R be a functional such that for any a, b G R, 
x,yeM; 

(3.4) q (ax — by) + q (ay + bx) = a (q (x) + q (y)) a* + b (q (x) + q (y)) b* , 
and 

(3.5) aq (x) b* — bq (x) a* 
then the functional S : M x M — > R defined by 

S (x, y) = - (q (x + y) -q(x-yj), 
is sesquilinear and S (x, x) = q (x) for any x € M. 
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Notice 1. By giving a = b = 1 and a — b, y — in (3.4) we get parallelogram 
law and homogeneity equation, respectively. 

Notice 2. In the case of commutative *-rings with trivial involution (3.5) holds. 

Proof of Theorem 5. Consider Q: M®M^>RCR®R&sQ {(x,y)) = 
(q (x) + q(y), 0) then 

<9 ((#1,2/1) + (#2,2/2)) +Q((xi,yi) - (#2,2/2)) 
= <9((#i +x 2 ,yi +2/2)) +Q{{xi -x 2 ,yi -2/2)) 

= (q (xi +x 2 )+q (2/1 + 2/2) + q (xi -x 2 )+q (2/1 - 2/2) , 0) 

= (2(? ( Xl ) + 2q (x 2 ) + 2q ( yi ) + 2q (y 2 ) , 0) 

= 2(q(x 1 )+q(y 1 ) 1 0) + 2(q(x 2 )+q(y 2 ),0) 

= 2Q((x l +y l )) + 2Q((x 2l y 2 )), 

also 

(a, b) Q ((#, y)) (a, b)* = (a,b) (q(x) + q(y) ,0) (a*,-b*) 

= (aq (x) + aq (y) , bq (x) + bq (y)) (a*, -b*) 

= (aq (x) a* + aq (y) a* + bq (x) b* + bq (y) b* , bq (x) a* 

+bq (y) a* — aq (x) b* — aq (y) b*) 

= (q (ax — by) + q (ay + bx) , 0) 

= Q ((ax — by , ay + 6.x)) 

= Q((a,b).(x,y)) 

So Q is quasi quadratic, now by theorem 4, the mapping £ : (M © M) x (M © M) — > 
R(B R determined by 

T((x 1 ,y 1 ),(x 2 ,y 2 )) 

(Q((xi +22,2/1 +2/2)) -Q{(xi -#2,2/1 -2/2))) 



4 
(0,1) 



(Q ((#1,2/1) + (0, 1) • (#2, 2/2)) - Q ((#1,2/1) - (0, 1) • (#2, 1/2))) 



4 
= ^ (Q((#i +#2,2/1 +2/2)) -<2((#i -#2,2/1 -2/2))) 

H — ^— (Q((#i -2/2,2/1 + 2/2)) -<9((#i +2/2,2/1 -#2))) 

= ^ (<? (#1 + #2) + 9 (2/1 + 2/2) - q (#1 - #2) -q{yi- 2/2) , 0) 

H ^— (? (#1 - 2/2) + 9 (2/1 + #2) - 9 (#1 + 2/2) - 9 (2/1 - #2) , 0) 

= ^(q( x i +#2) + 9(2/1 + 2/2) -g(#i -#2) -9(2/1 -2/2), 
<7 (#1 - 2/2) + 9 (2/1 + #2) - q (#1 + 2/2) - 9 (2/1 - 2/2)) 

is sesquilinear and T ((x, y) , (x, y)) = Q ((x, y)) — (q (x) + q (y) , 0) . Now let _B (x, y) 
T ((x, 0) , (y, 0)) then clearly B : M x M -> i? © R is biadditive. Also for a,b £ R, 
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x.yeM; 



B (ax, by) 



On the other hand B (x, y) 



= S((ax,0),(by,0)) 
= S((a,0).(x,0),(b,0)(y,0)) 
= (a,0)S((x,0),(y,0))(b*,0) 
= aS((x,0),(y,0))b* 
= a,B (x, y) b* . 
\(q(x + y) -q (x - y) , 0) so by giving 
1 



s {x, y) = ^ (<? (x + y) - 1 (x - y)) 

the proof completes. 

Corollary 1. Let M be a module over a commutative *-ring R with trivial involu- 
tion and identity element such that 2 be a unit in R. Moreover, let q : M — > R be a 
functional such that for any a,b € R, x, y G M: 

(3.6) q (ax -by) + q (ay + bx) = a 2 (q (x) + q (y)) + b 2 (q (x) + q (y)) , 

then the functional S : M x M — » R defined by 

S (x, y) = -(q(x + y)-q (x - yj) , 

is sesquilinear and S (x, x) — q (x) for any x € M. 
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SOME INEQUALITIES EQUIVALENT TO TRIANGULAR 
INEQUALITY IN NORMED AND 2-NORMED SPACES 

ALIAKBAR GOSHABULAGHI AND MEHMET AQIKGOZ 



Abstract. We give an equivalent definition of semi norm and 2-norm extend- 
ing the notion of q-norm to q S R — {0}. 



1. INTRODUCTION 
It is known that the parallelogram equation 

||x + y || 2 + ||x-y|| 2 =2(||x|| 2 + ||y|| 2 

characterizes Hilbert spaces among normed spaces. S. Saitoh [Sa] noted that the 
inequality ||x + y\\ < 2 ( ||x|| + ||y|| J may be more suitable than the usual trian- 
gular inequality. He used this inequality to the setting of a natural sum Hilbert 
space for two arbitrary Hilbert spaces. Obviously the triangle inequality implies 
the above inequality so one motivates to consider an extension of the triangle in- 
equality. In [Mos] , it was shown that every g-norm which is defined by replacing the 

triangle inequality by ||x + y\\ q < 2 q ~ 1 I ||x|| + ||y|| J , where q > 1, is a norm in 
usual sense. Here we will give an extension of the notion of g-norm by determining 
some results. Finally, we will assert the previous results for 2-normcd spaces, a 
notion which is defined naturally different of g-normed spaces. 

2. Normed spaces 

Definition 1. Let X be a real or complex vector space and q e [1, oo). A mapping 
\\.\\ : X — > R is called a q-norm on X if it satisfies the following conditions: 

(i) y = 0^ = 0, 

(ii) \\Xx\\ = |A| ||x|| for all x € X and scalar A. 

{Hi) \\x + y\\ q < 2Q- 1 {\\x\\ q + \\y\\ q ) for all x, ye X. 

Theorem 1. |.| is a norm iff it is a q-norm for any q e [1, oo). 

Proof, see [2]. □ 

Now we obtain the following theorems. 



Date: September 04, 2008. 

1991 Mathematics Subject Classification. Primary 44B20, Secondary 46C05. 
Key words and phrases. Triangular inequality, parallelogram law, normed space, 2-normcd 
space, q norm. 
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Theorem 2. Let q < be real. Then the triangular inequality holds iff the inequal- 
ity 

2*- 1 (||*|r + ||y|r)<||* + 2 /|| 9 (x,yeX) 
holds. 

Proof. (=*>) Consider the function / (t) = ^f- - (^p) 9 on (0, oo) . It is seen that 
/ has a negative derivative on [l,oo) and so for any < t < 1, / (£) < 0. Now let 
INI > \\V\\ then 

2 ~ 1 2 

Hence 

N' + lll/ll' nNI + |M|\* /||a: + tf|| 



< " " """ < 



2 9 - l (bir + iiyin<N+2/ir- 

g — 1 1 

(<=) conversely, the function / (£) = 2 « (t 9 + l) 9 — i — 1 has positive derivative 
on (0, 11. Then for t = 114 with llyll < llxll , f (t) < 0. So 

ll 2 - II 

2^(\\xr + \\y\\^<\\x\\ + \\y\\, 

Hence 

(llxH + ||y|ir<2"- 1 (||x|r + || 2 ;|| 9 )<||x + 2/ |r 
which yields the triangular inequality. D 

Theorem 3. Let q <G (0,1] and ||.|| : X — ► i? satisfies \\Xx\\ = |A| ||x|| /or all x e X 
and scalar A. TTien triangular inequality holds iff the inequality 

\\x + y\\ q < N« + 2«- 1 |M|« ) (x,yeX, ||y|| < |M|) 

/lo/ds. 

Proof. (=>) The function / (£) = ^-^- — (^y^) is increasing on [0,1] since the 
derivative function of / is nonnegative on (0,1). So for £ = W!- with ||j/|| < ||x|| , 
/ (*) > 5 - 3? that i 



is 



« / M..II \ 1 



1 + (S) i i/i+a\ ^u^ir 



2 29 2 - I 2 | " V 2 Hxll 

Hence 

\\x + y\\" < 2*" 1 (||x||* + \\y\n + (l - 2*" 1 ) ||x||* = ||a:|| 9 + 2"" 1 ||y|| 9 . 

(<$=) Conversely, the function / (£) = (t 9 + 2 9-1 )' — t — 1 is increasing on [0, oo) 
and / (0) / ( 2^~ j < so there exists c € f 0, 2^~ j such that /(c) =0 and for 
any t€ [0,c], / (t) < / (c) = 0. Now for i = jjfjj where ||y|| < c||x|| ; 

( ( H )9 + 2 ^ 1 ) 5 " ^ + 1 ^(NI 9 + 29 ~ 1 INI 9 )^INI + NI 

=► \\x + y\\<((h\\ q + v- l \\x\\ q y)<\\x\\ + \\ y \\. 
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Similarly, for x,y <E X which ||x|| < c ||y|| , ||x + y\\ < \\x\\ + \\y\\ . 
Now let c ||x|| <\\y\\< ±\\x\\, then 

X ll ll 

\cy\\ 





X 




1 




— 


> 


— 




c 




c 


X 




1 


- +cy 


< 


— 


c 






c 



(2.1) 
and 



Nl+c||y|| 



\x + c 2 y\\ < \\x\\ + c 2 \\y\\ 



INI 



y 

< C ~2 
C l 

< H + — ii/zii 

c l 



1 



(2.2) ||c 2 x + y|| < c 2 ||x|| + ||y||. 

Now if both c x + c 2 y\\ > \\c 2 x + y\\ and c \\c 2 x + y\\ > \\x + c 2 y\\ hold then 

(II Oil 110 1 1 \ MO II II Oil 

x + c y\\ + c x + y) > c x + y + x + c y\\ => c > 1 or > 

which is a contradiction. Now let c ||x + c 2 y|| < ||c 2 x + y|| then by (2.1) and (2.2) , 

(1 + c 2 ) \\x + y\\ = \\x + c 2 y + c 2 x + y\\ < \\x + c 2 y\\ + \\c 2 x + y\\ < (c 2 + l) (||x|| + ||y||) 

so the triangular inequality holds. D 

Theorems (1) , (2) and (3) show that the definition of a semi-norm is equivalent 
to the following: 

Corollary 1. Let X be a real or complex vector space. A mapping ||.|| : X — > R 
which satisfies ||Ax|| = |A| . |jx|| for all x G X and scalar A, then the following 
conditions are equivalent: 



1) ||x + 2/||<||x|| + ||y||forallx,yeX 

2) For any gG [l,oo), ||x + yf < (||xf 



|y|| 



for all x, y G X. 



3) For any q£ (0,1), ||x + y|| 9 < \\x\\ q + 2^ 1 \\y\\ q where x,y £ X, \\y\\ < \\x\\ . 

4) For any q<0, 2?- 1 (||x|| 9 + \\y\\ q ) < \\x + y\\ q for all x, ye X. 

If one of the above four conditions satisfied then the function || .|| is a semi norm 
onl. 

It is known that the parallelogram equality 

ll^ + ?/ir + l|.x-y|| 2 = 2(||x|| 2 + y| ' 

characterizes Hilbert spaces among normed spaces. Now for the equation 

(2.3) \\x + y\\ q + \\x-y\\ q = 2 q - 1 (\\x\\ q + \\y\\ q ), q + 2. 

we state the following proposition. 

Proposition 1. For any q ^ 2 the equation (2.3) yields |.| = 0. 

Proof. First give x = y — and then give y — in (2.3) . Note that the limitation 
||0|| = is necessary in case q = l. □ 
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3. 2-Normed Spaces 

Definition 2. Let X be a vector space of dimension greater than one over F, where 
F is the real or complex numbers field. Suppose ||., .|| be a non-negative real function 
on XxX satisfies the following conditions: 

i) \\x,y\\ = if and only if x and y are linearly dependent vectors, 

H) \\x,y\\ = ||y,a;|| for all x,y e X, 

Hi) || Ax, y\\ — |A| ||x, y\\ for all A G F and x, y S X, 

iv) \\x + y,z\\ < \\x,z\\ + \\y,z\\ for all x,y,z E X, 

Then ||., .|| is called a 2-normed space. 

Clearly, for any 2-norm ||., .|| and each y E X the mapping |.| defined by ||x| = 
|| x, y || is a semi- norm. So we can obtain the results of section II to the 2-normed 
spaces. 

Theorem 4. Let X be a vector space of dimension greater than one over F, where 
F is the real or complex numbers field. Suppose ||., .|| be a non-negative real function 
on X x X satisfies the following conditions: 

i) || x, y\\ = if and only if x and y are linearly dependent vectors, 

H) \\x,y\\ = ||y,a;|| for all x,y E X, 

Hi) || Ax, y\\ — |A| \\x, y\\ for all A E F and x, y £ X, 

Then the following statements are equivalent: 

1) \\x + y,z\\ < \\x,z\\ + \\y,z\\ for allx,y,zE X. 

2) For any qE [l,+oo), \\x + y,z\\ q < 2^ 1 (||x, z\\ q + \\y, z\\ q ) for all x,y,z E X. 

3) For any q e (0, 1) , \\x + y,z\\ q < \\x, z\\ q + 2 q ~ 1 \\y, z\\ q where x,y,z € X, 

lto.*ll<IIMI- 

4) For any q < 0, 21- 1 (\\x, z\\ q + \\y,z\\ q ) < (||x + y, z\\ q ) for all x,y,z € X. 

If one of the above four conditions satisfied then the function ||., .|| is a 2-norm 

onl. 
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On Distributions of Order Statistics of Random Vectors 

1 2 

M. Giingor and A. Turan 
Department of Mathematics, University of Firat, 23119 Elazig, Turkey 
Department of Statistics, University of Firat, 23119 Elazig, Turkey 



Abstract. In this study, the probability density and distribution functions of order statistics of the innid random 
vectors expressed as the probability density and distribution functions of order statistics of the iid random 
vectors using permanents. Moreover, we collect some results concerning the probability density and distribution 
functions of order statistics for the specialized cases. 

Keywords. Order statistics, permanent, joint probability density function, joint distribution function, iid random 
variables, innid random variables, recurrence relations. 

MSC 2000: 62G30, 62E15. 
1. Introduction 

Balakrishnan[l] considered recent developments on order statistics arising from 
independent and not necessarily identically distributed(mmci) random variables based 
primarily on the theory of permanents. 

Balasubramanian et al.[2] established identities satisfied by distributions of order statistics 
from non-independent non-identical variables through operator methods based on difference 
and differential operators. 

Beg[3] obtained several recurrence relations and identities for product moments of order 
statistics of innid random variables using permanents. 

Childs and Balakrishnan[4] obtained, using multinomial arguments, the probability 
density function(/7^/) of X rn+l (l<r<n+l) if another independent random variable with 

distribution function(^/) F. and pdf f. {i=l,2,...,n) is added to the original n variables 

X l ,X 2 ,...,X n . 

David[5] considered the fundamental distribution theory of order statistics. 

Gan and Bain[6] obtained the joint probability function(/?/) of any k order statistics and 
also conditional distributions of discrete order statistics from a general discrete parent by "tie- 
runs". 

Guilbaud[7] expressed probability of the functions of innid random vectors as a linear 
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combination of probabilities of the functions of independent and identically distributed(n'fiT) 
random vectors and thus also for order statistics of random variables. 

Khatri[8] examined the pf and df of a single order statistics, the joint pf and df of any 
two order statistics and joint df of any three order statistics of iid random variables from a 
discrete parent. 

Reiss[9] considered the joint pdf, marginal pdf and df of any k order statistics of iid 
random variables under a continuous df and discontinuous df. He also considered pdf of 
bivariate order statistics by marginal ordering of bivariate iid random vectors with a 
continuous df by means of multinomial probabilities of appropriate "cell frequency vectors", 
defining multivariate order statistics by marginal ordering of iid random vectors with a 
continuous df. 

Vaughan and Venables[10] denoted the joint pdf and marginal pdf of order statistics of 
innid random variables by means of permanents. 

If a j, a 2 ,... are defined as column vectors, then the matrix obtained by taking m x copies 
a j , m 2 copies a 2 ,. . . can be denoted as 

[ a i a 2 •••] 

and perA denotes the permanent of a square matrix A, which is defined as similar to 
determinants except that all terms in the expansion have a positive sign. 

Consider x = (x m ,x (2) ,...,x (h) ) and y = (y m , y (2) ,...,y (h) ) , then it can be written as x<y 

if x (v) < y (v) , v=l, 2, ..., b andx + y = (x (1) + y m ,x (2) + v (2) ,...,x (b) +y (b) ). 

Let^. = (£ / (1) ,£ / (2) ,...,£ / ( * ) ) , i=l, 2, ..., nben innid random vectors which components of 
£. are independent. The expression 

X^=Z r . M (tf\&\...,^) (1) 

is stated as the rth order statistic of the vth components of ^ , £ 2 , . . . , E, n . 

From (1), the ordered values of the vth components of<^ ,£ 2 , ..., t, n are expressed as 

X^<X^<..<X^. (2) 

From (2), we can write 
X„=(X«,X^,...,X^), \<r<n. 
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Let F. be df of £. and be continuous at any x ; =(xf } ,x\ 2) ,...,x\ h) ) , 1=1, 2, ..., d; d=l, 
2, ..., n. 



In this study, the df and pdf of X r . n ,X r . n ,...,X r . n , l<r x <r 1 <...<r d <n will be 
given in Theorem 1 and Theorem 2, respectively. Let X (v) = (Xl v J l ,XJ. v ) n ,...,XJ y ) n ) and 
x (y) = (x ( l v) ,x ( 2 v) ,...,x ( d v) ) . For notational convenience we write ^^ and ^ instead of 



m x jn 2 ,---,m d 

n fn 3 m 2 



^(-1)"~* — ^ and ^ ... ^ ^ in the expressions below, respectively. Moreover, 



k=l '*" n s =k m d =r d ni 2 =r 2 m x =r x 

X M,s =(X^ n ' s ,X^ s ,...,X^) are random vectors with common df F s and pdf f s , 
respectively, defined by 

F s (4 v) ) = -Y,F i (4 v) X a=l,2,...,d. (3) 

and 

f s (4 v, ) = -^f i (x i ; ) ), a=l,2,...,d (4) 



Here, s is a non-empty subset of the integers {1, 2, ..., n) with n s >l elements. 

The following theorem connects the df of order statistics of innid random vectors to 
that of order statistics of iid random vectors using (3). 



Theorem 1. 

K, n w (i,,v,«>II£I I 41 [ r„ v >• 

v=l m l ,m 2 ,...,m ll a=\ \"*a ™a-\)' 

Xj <x 2 <...<x d , m =0, m d+1 =n, F' s (x^) = and F'(jc^) = 1. 
Proof. It can be written 

^ 1) , 2) ... > , rf :„( X n X 2v,X rf ) = P{X r|: „ <X 1? X r2: „ < X 2 ,...,X rd . n <X d } 

= />{X (1) <x (1) ,X (2) <x (2) ,...,X (A) <x w } 

= fj j P{X (y) <x (y) }. (5) 

v=l 

(5) can be expressed as 

t\[YZ p {X^ s <x[ v \X^ <4\...,X^ <x d v >}] 



i.-i 



b d+x \F s (x (v) \-F s (x (v) W (m " " Vl) 

TIEE S "TI - '• } _ ( *"' )] >■ 

v=l m i ,m 2 ,...,m tl a=\ V"*a ^ a-\> ' 



The proof is complete. 
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Theorem 1 will be specialized to the following results. 



Result 1. From Theorem 1, we can write 

b _ 

i7 r„r 2 ,...,,:»( X l. X 2v..,xJ = n Z C ^ rA 

v=l m l ,m 2 ,--;fn < j 



=nzi z <4i 



-[F'(x,«")-F'(x«,)] < "- |, 1 



F=l 



m, ,m-> ,...,tn./ a=\ 



( m a- m a-l) ] 



(6) 



where C = [m l \(m 2 -m l )\...(n-m d )\] 



» 



(v)> 



A= [F(x, w ) F(jc™ ) - F(x, w )...!- F(x ( ;> )] is matrix, 



»\ 77 Z-vM 



O'b 



>h 



,W\V 



f(<o-fW) = (^i(<0-^W).^(<0-^W)v..,^(<0-^W)) 



t=l,2,...,d+l is column vector, F(x^ ) 1 ) = l and F(Xo l) ) = 



Result 2. 



' n — w ' 



" ^«^ 



^« - 7M^ 



i—i i-^ , n — m -— , -— , I—, i^-i n i-^ , n — m , /n\ 

m^^'l" my. l=Q y I J „ j= „_; »-/ m=r y m )i=o y ' y 



Proof. In (6), if b=\,d=\ and using properties of permanent and binomial expansion, we can 
write 



1 



F, n (*) = Z "77 77 ^ F W l - F (^)] 



=1 



m!(n — m)\ 

1 w— m 



m h— m 



J r m\(n - m)\ t^ 



Inr 



m-/ 



^ n-tn^ 



v i y 



per[¥(x) 1] 



=z 



1 



^m!(n-m)! /=0 



£(-ir 



■m-/ 



^n — rn^ 



/! X /*r[F(*)][j/.) , 



(8) 



V J n s =n~l 



n-l 



where F(x) = (F 1 (x),F 2 (x),...,F„(x))', 1-F(x) = (l-F 1 (x),l-F 2 (x),...,l-F„(x))' , 

l=(l, !,...,!)' are column vectors and A[s / .) is the matrix obtained from A by taking rows 
whose indices are in s. 



Furthermore, 



^ 



v m y 



(F s (x)) ffl (l-F s (x)) M 
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Yl \ n ~ m 



\ m J 1=0 



X 1 / n n-m— I 



'n — rri^ 



s / \\n-l 



(F s (x)) 



(9) 



V l J 



(7) is immediate from (8) and (9). The proof is complete. 

In addition, if ^ denotes the sum over all n\ permutations {i x ,i 2 ,...,i^) of (l,2,...,n), 



*U*) = X 



1 



m\(n — m)\ 



^F. (x)F i2 (x)...F im (x\\-F L+i (x))...(\-F. (x)) 



= Z^t — ^Z F * w* w- -^ w£(- 1 ) 7 E F 4 w-^ (*)> 



1 n -m * 



»S=J 



Zii hi 
denotes the sum over all subsets s-{l x ,l 2 ,...,lj} of {/ m+1 , i m+2 ,...,/„} 



i ; 



Result 3. In (7), if r = 1, 



Result 4. In (7), if r =«, 

^ to = ~, per[¥(x)] = X Z (F ' to)" • 



The following theorem connects the pdf of order statistics of innid random vectors to 
that of order statistics of iid random vectors using (4). 

Theorem 2. 

b d d+x \F s (Y (v) \-F s (Y (y) W (r "~ r "- l ~ ]:) 

u 2 r< ,(x 1 ,x 2 ,...,x rf )=n£s^(n/ j (^ ) ))n [ a fe- i)] >■ 



a=l 



«=1 



(''.-^1-1)! 



where r = and r rf+1 = n + 1 



Proof. Omitted. 



Theorem 2 will be specialized to the following results. 
Result 5. From Theorem 2, we can write 

b 

f ri , r2 ,..., rd .n( X l, X 2,-, X d)=Yl D P erB 

v=l 
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ncixnr^n 



^[F s (x^)-F s (x^)f'- r ^ 



(r a -r a _ x -\)\ 



}, (10) 



where D = [(r l -l)!(r 2 -r x -!)!...(« -r,)!] 



d >-i ' 



<vb 



»- 



B=[F(xD f(*H F(*r)-F(*H W- f (*D l"F(xr)]is 



r,-l 1 



',-1-1 



-( y )A ^ fv-M 



WW 



matrix and f(jc, w ) = (/ 1 (x r w ),/ 2 (x, w ), -,/„ (<))' - t=l,2,...,d is column vector 



Result 6. 



1 



^-^ 



(r-l)!(#i-r)!^ 



X(-l)" ^ . ^ E ^ F (*) f (^)][^-) 



V J n s =n—l 



n-l-l 1 



V 



f n - r ^ 



=YL r rwX(-i)"^ 



vv 



/=() 



[F s (x)]"-'- 1 . (11) 



V l J 



Proof. In (10), if 6 = 1, d = 1 and using properties of permanent and binomial expansion, we 
can write 



/«.(*) = 



1 



(r- 


-1)!(«- 

1 


-r)\ 


(r- 


-l)!(#i- 

1 


-r)\ 



per[¥(x) f(x) I-F(jc)] 

r—\ 1 n— r 



£(_!)—' 



'#i-#^ 



/=o 



per[F(x) f(x) 1] 



v l y 



fn-r^ 



n-l-l 1 



(r-l)!(n-r)! 



/=o 



X(-l)"^ , ?! X ^[FW f(x)][s/.) 



\ J n s =n—l 



n-l-l 1 



(12) 



Furthermore, 



/„oo= E2> 



^ 



S / \nw— /* 



v r y 



^ 



[F'(x)r7' OOP -*"(*)] 



E2> rwS(-i)"^ 



^-^ 



v r y 



/=o 



/ 



[F s (x)] 



n-l-l 



V l J 

(1 1) is immediate from (12) and (13). The proof is complete. 
Result 7. hi (11), if r =1, 



(13) 
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f, n (x)=r^per[f(x) i-f(x)] =£5y (xHl-F'OOr 1 . 

(n-l)\ 1 n-l ^^ 

Result 8. In (11), if r =n, 

(n-l)! n-i i '—*.<—' 

Result 9: In (10), if 6 = 1 , d = 2 and r x = 1 , r 2 = n , 

Result 10: In (10), if r x =\, r 2 =2,...,r k =k , 



Ai \ .4/n i 



/ 1AJb ,(x 1 ,x 2 ,...,x k )=n{XZ w! (f[/'(^ ) )) - P^r >» *,<x 2 <■■■<* 

v=l a=l l M ^j' 



k 
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A-Equistatistical Convergence of Positive 
Linear Operators 

Htiseyin Aktuglu a , Mehmet Ali Ozarslan a Halil Gezer a 

^Eastern Mediterranean University, Department of Mathematics, Gazimagusa, 

Mersin 10. Turkey 

Abstract 

Recently, the concept of equistatistical convergence which is stronger than statis- 
tical uniform convergence was introduced by Balcerzac, Denis and Komisarski. In 
the present paper we introduce the concept of A-equistatistical convergence which 
extends equi-statistical convergence. Moreover, we construct examples to show that 
A-equistatistical convergence lies between A-statistically pointwise and uniform con- 
vergence. We also obtain A-equistatistical case of Korovkin result and finally we 
compute the rates of A-equistatistical convergence of sequences of positive linear 
operators. 

Key words: Statistical convergence, A-statistical convergence, equi-statistical 
convergence, Korovkin type approximation theorem, modulus of contininuity, 
Bernstein polynomials 



1 Introduction 



The concept of statistical convergence has been initiated by Fast [11] and 
so far various kinds of generalization of statistical convergence and their ap- 
plications have been studied by different researchers (see [4], [7], [12], [13], [18]). 
Recently, Balcerzak et al. [3] have introduced the notion of equi-statistical 
convergence which is stronger than the statistical uniform convergence. Then 
Korovkin type approximation theorem via equi-statistical convergence is con- 
sidered in [15]. In the present paper our main interest is to introduce the 
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notion of A— equistatistical convergence which extends equi-statistical con- 
vergence and to prove a Korovkin type approximation theorem by means of 
A— equistatistical convergence. 

Recall that for an infinite summability matrix A = (a m k) m,k — 1,2, .. . and 
a sequence x = (xj) - eN , the A-transform of x is denoted by Ax = (Ax) m and 
defined as; 

oo 
(Ax) m = J2 a mkX k 
k=l 

provided that the series converges for each m G N. The matrix A is said to 
be regular if A-transform of x preserves the limit of x. Suppose that A is a 
non-negative regular summability matrix and fcN, then 

oo 

5a{K):= Ea mkXK (k) 

k=l 

is called the mth partial A— density of K where Xk denotes the charac- 
teristic function of K [12]. The A— density of K is defined as 5 a (K) := 

lim 6™ (K) provided that limit exists. A sequence x := (xj) is called A- 
statistically convergent to L and denoted by stA — lim x n = L, if for every 
e > 0, 5 a {n G N: \x n — L\ > e} = 0. For the case A — C\, the Cesaro ma- 
trix of order one, A— statistical convergence reduces to statistical convergence. 
Also, taking A = I, the identity matrix, A— statistical convergence coincides 
with the ordinary convergence. We also note that if a non-negative regular 
summability matrix A = (a m &) satisfies the condition lim m maxfc {a m k} = 0, 
then A— statistical convergence is stronger than ordinary convergence [16]. 



2 Types of convergence for sequences of functions 



In this section we introduce A— equistatistical convergence which is lying be- 
tween A— statistical pointwise and A— statistical uniform convergence, for se- 
quences of real valued functions. 

Let X be a subset of K and assume /,/„ : X — ► M, for all n G N, then we 
have the following well known definitions. 

Definition 1 Let A = (a m k) be a non-negative regular summability matrix 
then (/ n )nsN is said to be A— statistically pointwise convergent to f on X and 
denoted by f n — > A f if 

st A - lim f n (x) = f(x) 
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for each x G X, i. e. for every e > and for each x G X, 

S A ({neN :\f n (x)-f(x)\>e}) = 0. 

Definition 2 Let A = (a mk ) be a non-negative regular summability matrix 
then (f n )neN is said to be A— statistically uniform convergent to f on X and 
denoted by f n =U / if 

StA ~ r^oWf^- fWc(X) =° 

i.e. for every e > 0, 

^({neN: \\fn(x)-f(x)\\ cix) >e})=0. 

In [3], the concept of equi-statistical convergence was based on the Cesaro 
matrix of order one. In the following definition we extend this idea for an 
arbitrary non-negative regular summability matrix A. 

Definition 3 Let A = (a mk ) be a non-negative regular summability matrix 
then (/„) n eN is sa >id t° be A— equistatistically convergent to f on X and de- 
noted by f n ^>a f if for every e > 0, the sequence of real valued functions 

(WLeN Where 

h m M = $7 i{n e N : \f n (x) - f(x)\ > e}) , x G X (2.1) 

uniformly converges to the zero function onX. i.e. linin^oo H/im^Ollcm = u - 

Choosing A — C\ then above definition reduces to the one considered in [3] 
and [15]. As a direct consequence of the definitions, we can state the following 
lemma. 

Lemma 2.1 Let X be a subset ofM. and assume f, f n : X — ► R, for alln G N 
then 

i) /n =U / on X^ f n ^ A f on X 

ii) fn -»a f on X =>- f n — > A f on X. 

The following intriguing examples guarantee that, in general the inverse im- 
plications of (i) and (ii) does not hold. 

Example 1 Consider the sequence of continuous functions f n : [0, 1] — >■ R, 
n G N, defined as 



, otherwise 




AKTUGLU et al: ABOUT A-EQUISTATISTICAL CONVERGENCE 27 

and let A = (a m k) be the non-negative regular summability matrix such that 
imk < b m , k = 1, 2, ... and lira b m = 

then f n -»a but f n =4 a does not hold. Indeed, for each e > and for 
all x G [0, 1] , the set {n G N : \f n (x)\ > e} has cardinality at most one. Thus 
for every e > and x G [0, 1] 

h m M = Sa {{n e N : \f n (x)\ > e}) < 6 m . 
Taking limit from both sides as m — > oo, we nave 

Jm ||W(0llc[o,i] = °- 
Hence f n -»a • Finally, choosing e = 1 and taking into account that 

ll/n|| C roii = SU P \fn(x)\ = I for all neN 
xe[o,i] 

we nave 

5a {n G N : ||/„|| c[0il] > 1} = S A {N} = 1 ^ 0. 

Example 2 Consider the sequence of functions f n : [0,1] — >■ R, n G N, 
defined by f n (x) := XfJ-X an d ^ A — ( a nk) be the non-negative regular 
summability matrix, where 



a nk — \ 



7T , n < k < 3n — 1 

, otherwise 



then for each e > and /or every x G [0, 1] , 

h m ,e (x) = n ({n G N : |/ n (x)| > e}) < -^- 

2m 

thus f n -»a 0. But f n =4^ does not hold. 

Example 3 Consider the sequence of functions f n : [0,1] — >■ R, n G N, 
defined by f n (%) = x n and let C\ = (c n k) be the Cesaro matrix of order one, 
i.e. 

' ± , 1< k < n 

Cnk 

, otherwise 



and take e — \, then VneN, 3m > n such that for any x G ( v/|, 1 
{l,2,..,m}c{nGN : |/ n (x)| > ^} 
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which implies that 

1 = <&£ ({1,2, ...,m}) < S& ({n G N : \f n (x)\ > i}) 

$ follows from (2. 1) that f n is not equi- statistically convergent to the ordinary 
limit function. 

3 Korovkin type approximation theorem 



As it is well known, many researchers obtained many Korovkin type approx- 
imation theorems via ^-statistical convergence (see [1],[2],[4], [6], [8], [9], [10] 
and [14]). Recently, a Korovkin type approximation theorem by means of equi- 
statistical convergence was given in [15]. The primary goal of this section is 
to prove a Korovkin type approximation theorem via A— equistatistical con- 
vergence. 



Theorem 3.1 Let A = (a m k) be a non-negative regular summability matrix 
and X be a compact subset of R. Suppose that {L n } is a sequence of posi- 
tive linear operators defined on C(X r ), the space of all continuous real valued 
functions on X r into itself, where X r = X x • • • x X. Then for all f G C(X r ), 

L n (f) -»a f 

is satisfied if the following holds; 

L n (f v ) ^ A f v ,u = 0,1,..., r + 1 (3.1) 

where, for ~y =(y 1 ,...,y r ) eX r , f {~y ) = 1, f v (~y)=y u , v = 1, 2, . . . ,r, 

r 

and f r+1 (If) = Yj/l- 

v=l 

Proof. Let / be a continuous function on X r and let x — (xi, x^, • • • , x r ) be 
a fixed point in X r . For every e > there exists a real number 5 > such that 
IfCv) - f(x)\ < £ for a11 ~V = (2/i,2/2, ■■■ ,y r ) e X r satisfying \y v - x v \ < 5, 
v = 1, 2, • • • , r. If X r s := X r f] K r 5 where K r 5 := {if G W : \y v - x v \ < 5) , 
then 

\f(~y) - f(~x*)\<\f(-y) - f(-x>)\xxr(~y) 

+ \f(lf) - f(^)\ X X r\ X r (If) 

<e + 2M Xx r\ X r (~y) , 
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where M :- 



C(X r ) 



. After some simple calculations we may write that 



xxr\xv (V) < T2Y, (y 



V ^v 



x. 



v=\ 



Therefore, we get 



\fdthf(^)\<e+-^ , E(yu-x v ) 2 

v=l 



for all y G X r . By linearity and positivity of the operators {L n } , we have 



<L n (|/(^)-/(^)/ |;^) + |/(^)| |L n (/ ;^)-/ (^)| 
< eL n (f ; ~x)+—2~l J2 L n(^ - x v? 5 ^ 

+M|L n (/ ;^)-/ (^)| 

<e + (e + M)|L n (/ ;-?)-/oC?)| 

2M 

7^ 



"~~?2~ l-^n {fr+l'i X ) — J r+ i ( X 



AM 






+ 



2M 



^ 






\L n (f ;lc) -/ ("x)| 



ArMWx 



2rM\\x 



\C(X r ) 



8 2 



\L n (f ;~x) - f (~x)\ 



+ 



C(X r ) 



8 2 



J2\ L n{U~x) -fi(~&)\ 



.u=l 



2M 

T 2 



+ ~F2~ \Ln {fr+l'i X ) — J r+ i ( X 



r+1 



< e + BJ2 \L n {f v - Y) - f v {Y 

v=0 



(3.2) 



ArM /..->..2 „-►,, \ 

where B := e + M -\ — -3- (J| x H^r) + II x || c(X r) + 1J • 

For a given s > 0, choose < e < s and define the following sets: 



£>,C?) : = {n G N : |L n (/, t) - f(l?)\ > s} 
D v a (l?) :=Ln: \L n (f u , t) - /„(^)| > 



S — 5 

'r + 2) 5 
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v — 0, 1, . . . , r + 1. Then from (3.2), we clearly have 

^)CU^). (3.3) 

Also define the following real valued functions 

Pm,s{~J) ■= $A({n E N : \L n (f,^) - ftf)\ > *}) 
and 

V v m A^) ■= K ( U e N : |L B (/„, "?) - /„C?)| > " U 



(r + 2) 5 



z/ = 0, 1, ...,r + 1, then by the monotonicity of the operators 6™ and (3.3), we 
find 

r+l 



Pm,s(~x) ^ J2P 



m,s\ ^ 



;y=0 



for all x G X r . This gives the inequality 



r+l 



u=0 



\\Pm,s(-)\\c(Xr)<T,\rm,s(-) C(X r V ( 3 - 4 ) 



Cpf) 



Taking limit in (3.4) asm-»oo and using (3.1) we have 

lim||p m , s (.)|| C(xr) = 

which completes the proof. 

Corollary 3.2 Let A = (a m k) be a non-negative regular summability matrix. 
Suppose that {L n } is a sequence of positive linear operators from C(X) into 
itself, where X is a compact subset o/R. Then for all f G C(X), 

L n (f) ~»A f 

is satisfied if the following holds; 

L n (ei) ^A^i ,i = 0,1,2 

where ej(y) = y l . 

Remark 1 Let A — Ci, and let r = 1, then the Theorem 3.1 reduces to the 
Theorem 2.1 of [15]. 



AKTUGLU et al: ABOUT A-EQUISTATISTICAL CONVERGENCE 31 



4 Rates of A-equistatistical convergence 



Although, there is no standard definition for the rates of A— statistical con- 
vergence, in [4] Duman at al. defined this rates in four different ways. After 
these definitions, rates of A— statistical convergence of various classes of linear 
positive operators has been computed in several articles (see [5], [6], [7], [19], 
[20])- 

For the rates of A— equistatistical convergence we use the idea which was 
borrowed from the concept of convergence in measure: 



Definition 4 Let A = (a m k) be a non-negative regular summability matrix 
and let (a n ) be a positive, non-increasing and real valued sequence. We say 
that the sequence (f n )nen of functions is A— equistatistically convergent to f 
with the rate of o(a n ), if for every e > 0, 

h m ,e{x) = 6^({n e N :\f n (x) - f(x)\ > ea n }) 

converges uniformly to the zero function i.e. lim m ||/i m)£ (-)|| = 0. In this case 
we write 

fn-f= st A -equi- o{a n ) , (ttS U > 0) . 

Definition 5 Let A = (a m k) be a non-negative regular summability matrix 
and let (a n ) be a positive, non-increasing and real valued sequence. We say 
that the sequence (f n ) of functions is A— equistatistically bounded with the 
rate of 0(a n ), if there is a positive number S such that 

h m ,e{x) = 6% ({n e N :\f n (x)\ > Sa n }) 

converges uniformly to the zero function i.e. lim m ||/i m)£ (-)|| = 0. In this case 
we write 

f n = St A -equi ~ 0(a n ), (OS U > Oo) . 

Lemma 4.1 Let A = (a m k) be a non-negative regular summability matrix, 
(f n ) and (g n ) be sequences of continuous functions onX. Assume that f n ~f — 
stA-equi - o(a n ) on X and g n - g = st A _ equi - o(b n ) on X (as n -> ooj where 
a n and b n are both positive non-increasing sequences then the following hold: 

i) (fn + 9n) ±{f + g) = St A _ equi - o(c v 

ti) (fn ~ f) (g n ~ g) = StA-equi- 0(c r , 

c n = max{a„,6„}. 



-^nj 
■n ) 



Proof, (i) Given e > 0, by the assumption, we have 

Jim, \\h m , e (-)\\ C{x) = and ^lirn^ \\p m ,s(-)\\c(x) = ° ( 41 ) 



m^oo 
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where 



and 



Let 



hmM = b m A ({n G N : |/ n (x) - /(x)| > |a n }) 
Pm, e (a:) = <$™ Qn G N : |# n (x) - g(x)\ > |&„}j . 



r m>e (x) =^({n6N: |(/ n ± </„)(*) - (/ ± g)(x)\ > ec n }) 
where c n = max {a n , b n } . Then by the following inequality 

r m , £ (x) < h m>£ (x) +p m , c (x), x G X 

and (4.1), the result follows immediately. 

(ii) Using a similar method and the fact that if ab > e, then a > ^ or b > ^ 
for any a, b > 0, we get the result. 

Note that similar results hold when the little "o" is replaced by the big "O". 

Now we give the rate of A— equistatistical convergence of the operators L n (f; x) 
to f(x) by using the modulus of continuity. It is known that the usual modulus 
of continuity is defined as 

u(f;5)= sup sup \f(x + h) - f(x)\ 

0<h<5 ieG[0,oo) 

and satisfies 

u(f; \y - x\) < ( 1+ fc^H w(/; 5), 5 > 0. (4.2) 

Then we have the following theorem: 

Theorem 4.2 Let A = (a m k) be a non-negative regular summability matrix 

and let 

(i) L n (e (x)) - e (x) = st A - equi o(a n (x)) 

(ii) w (f, JL n (jjj - xf ; x H = st A -equio(b n (x)) 

where a n (x) and b n (x) are positive non-increasing sequences. Then 

L n (/; x) - f(x) = st A -equio(cn(x)), as n -+ oo. 

where c n (x) = max{a n (x), 6„(x)} . Similar result holds when little "o" replace 
by "O". 

Proof. Using linearity and positivity of the operators and then (4.2), we 
have 
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\L n (f;x) - f(x)\<L n (\f(y) - f(x)\;x) + \f(x)\ \L n (e ;x) - e (x)\ 
<L n (u>(f; \y-x\);x) + \f(x)\ \L n (e ;x) - e (x)\ 

u{f] 0) I e {x) + J 

+ \f(x)\ \L n (e ;x) - e (x)\ . 

Applying the Cauchy- Schwarz inequality, we get 

\L n (/; x) - f(x)\ <(1 + L n (e (x))) w (f, ^L n ((y- x) 2 ;x)\ 
+ |/(x)| \L n (e ;x) -e (x)\ 
< 2w If, ^L n [(y- x) 2 ;x)j + M \L n (e ; x) - e (x)\ 

+w f /, \j L n ({y - xf ; x) J \L n (e ; x) - e (x)\ . (4.3) 

Using the inequality (4.3), conditions (i) and (ii), and Lemma 4.1, the proof is 
completed at once. 

5 Concluding Remarks 

In this section, we first construct an example to show that A— equistatistical 
convergence is stronger than equi-statistical convergence. Then, we modify 
the well known Bernstein polynomials and show that A— equistatistical con- 
vergence is valid, while the ordinary and equi-statistical convergence are not. 
Finally, we compute the rate of A— equistatistical convergence of these modi- 
fied Bernstein polynomials. 

We start with the following example: 

Example 4 Consider the sequence of functions 

{0 , if n is even 
, x e [o, l] 
x , if n is odd 

and the non-negative regular summability matrix A = (a nk ) where 

\ , if k = 2n — 1 or k = 2n + 1 

"rat \ 

, otherwise. 
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Since 5™ ({n G N :\u n (x) - x\ > s}) = 8™ (2N) = 0, for every e > and 
x G [0, 1] , u n (x) is A— equistatistically and A— statistically convergent to x. On 
the other hand, one can easily see thatu n (x) is not equistatistically convergent 
to x. 

Now let u n (x) and A = (a n k) be the same as in the Example 6 and consider 
the following modified version of the Bernstein polynomials: 



n „ I k 



I 



n 



B* n (f; x) = E / - <(x) (1 - u n (x)) n - K , (5.1) 



x G [0, 1] and / G C [0, 1] . We immediately see that 



Bn(e ;x)=e (x), 

B* n ( ei ;x)=u n (x) (5.2) 



B* n (e 2 ]x)= [u n (x) + 



,, ^ i u n {x) (1 -u n {x)) 



n 



Therefore we obtain that 

B* n (f t ;x)^ A f l on [0,1] fori = 0,1, 2. 
Hence by the Corollary 3.2 we have 

B* n (/; x) ^ A f on [0, 1] for all / G C [0, 1] . 
Also by (5.2) and the Theorem 4.2, we have 

\B* n (f]x) - f(x)\ = st A -equio(w(f,S n (x))), as n -> CO. 

«„(x) (1 - UnW) 



where 5_(x) = 3. max < 2x \u n (x) — x\ , \u^(x) — x 



n 



Under the light of the above interesting application, we see that the Corollary 
2 of [4] and the Theorem 2.1 of [15] do not work for the operators defined 
by (5.1). This also shows that the Theorem 3.1 is a non-trivial extension of 
A— statistical and equi-statistical version of the Korovkin theorems considered 
in [4] and [15], respectively. 
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Abstract 

A new numerical method for second order nonlinear delay differential equations is constructed. 
The method combines the fixed point Banach-Picard technique with the trapezoidal quadrature rule 
and cubic spline interpolation. The effective error estimation of the method which gives a stopping 
criterion of the algorithm is obtained. 

Keywords and phrases : second order delay differential equations, numerical method, fixed 
point technique, cubic splines. 

2000 AMS Mathematics Subject Classification : .34K28. 

1 Introduction 

Some of the existing numerical methods for second order delay differential equations are based on Runge- 
Kutta procedures (see [6]), on spline functions (see [2]), on Adomian decomposition (see [4]) and on 
Taylor expansion (see [7]) Most of them require high order smoothness conditions in order to obtain 
the convergence of the method (for instance, this is the situation of Runge-Kutta procedures and of 
the spline functions method). Here, we present a new numerical method which combines the Picard's 
sequence of successive approximations with a quadrature rule and use spline interpolation only on the 
points where the modified argument appears. The interpolation procedure is repeated at each step of 
iteration using the values computed at the previous step. All procedures included in the algorithm are 
recurrent and therefore, easy to programming. The method is developed, in the aim to be an alternative 
to the well-known spline functions method, in general cases for / (without smoothness conditions, for 
instance). 

Consider the initial value problem: 

x"{t) = f{t,x(t),x{<p(t))), tG[0,o] m 

x(0)=x , x'{0)=v [1> 

where a > 0, xo € ffi and ip : [0,a] — ► [0, a] is such that <p(0) — 0, ip (t) < t for all t G [0, a]. The case 
ip(t) = At correspond to the second order pantograph equation used in electrodynamics (a numerical 
method for this equation can be viewed in [7]). We suppose that ip is Lipschitzian and / is Lipschitzian 
in each argument. These lead to the error estimation of the method which proves the convergence of the 
algorithm (the rate of convergence being 0(h)). The obtained error estimates lead to a practical stopping 
criterion of the algorithm. Finally, we present two numerical examples, of pantograph type, in order to 
illustrate the method. 
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2 Existence, uniqueness and approximation 

Consider the following conditions: 

(i) / € C([0, a] xRx R) and there is M > such that 

\f(s,u,v)\ < M , for all s£ [0,a],u, v £ R 

(ii) (p € C[0, a], p (0) = and (p (t) < t for all i G [0, a], 
(iii) exist Li, L 2 > such that 

|/(s,u,v) - /(s,u',i/)| < -^1 |w- w'| + ^2 |w - v'\ , for all s G [0, a], «,«', v, v' G R 

(iv) a 2 (Lx + i 2 ) < 1, 

(v) exist a, 7 > such that 

|/ (s,u,v) — f(s',u, v)\ < "f\s — s'\ , for all s,s' G [0,a],u,v G R 

and 

|<p(s) - ¥>(s')l < a|s- s'| , for all s G [0,a\. 

On C[0, a], we apply the fixed point technique (based on the Picard-Banach principle) to the operator 
A:C[0,a] ->C[0,a], given by 

/. 

A (x (£)) = xo + v a t + (t- s)f (s, x(s),x {if (*))) ds 



and obtain sufficient conditions for the convergence of the sequence of successive approximations: xq (t) — 
x , t G [0,a], 

t 

x m (t) =x + v t+ (t- s)f (s,x m -i(s),x m -i{v(s)))ds, te[0,a], m G N* (2) 



to the unique solution x*, of the initial value problem (1). So, we obtain: 

Theorem 1 Under the conditions (i)-(iv) the initial value problem (1) has unique solution x* £ C[0,a] 
and the sequence of successive approximations given by Xq (t) — Xo, t G [0, a], 

/. 

x m (t) = x + v t + (t-s)f(s,x m -i(s),x m -i(<p(s)))ds, te[0,a], m G N* 



uniformly converges to x* . Moreover, the following error estimation holds: 

,2m 

l^a 2 (L 1 +L 2 ) 



\x m (t) - x*(t)\ < ( y l f ) , 2 T \ ■ (\v a\ + M a 2 ), forallte[0,a], m G N*. (3) 



Proof. From condition (iv) the operator A is contraction and by the Picard-Banach fixed point 
principle follows the estimation 

\x m {t)-x*(t)\ < Y — 2(\ , r\ ■max{|a:ift)-Xoft)| :i€ [0,o]}. 
I - or (Li + iy 2 ) 

Since 

t 

\xi(t) — x | < \v t\ + / \t — s\ ■ |/ (s,x ,x )| ds < \v a\ + M a 2 , for all t € [0, a] 



we obtain (3). Moreover, after elementary calculus, we infer that x* G C 2 [0,a] and x* is the unique 
solution of (1). ■ 
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Remark 1 Under the hypotheses of the above theorem follows that x m € C 2 [0, a] for all m£N* , 

x m (t) = f{t,X m -l (t),X m -l(ip{t))) 

and 

t' 

\x m (t) -x m (t')\ < \v \ \t-t'\ + / (i-s)/(s,x m _! (s),a; m _i (ip(s)))ds + 

t 
/' 
+ f\f (s, x m _i (s) , x m -i (<p (*)))| • |t - i'| ds < (|«o| + 2aM ) ■ \t - t'\ (4) 

o 

for all t,t' G [0, a], to € N*. Moreover, since x m € C 2 [0,a] follows that x' m is Lipschitzian with the 
Lipschitz constant, 

max{\x' m (t)\ : * € [0,o]} = max(|/(£,a: m _i (t) ,a; m _ 1 (^(t)))| : t e [0,a]} < M . 

Consider the functions F m given by F m : [0, a] — ► K, 

fm(t) = /(*,a; m (*),a: m (<p(i))), togN. 

It is easy to see that the functions a;^ and F m have the same properties. 

In the aim to compute the terms of the sequence of successive approximations consider the uniform 
partition of [0, a] given by the knots U = — , i — 0,n. On these knots, the relations (2) became 

U 
x m {ti) = xo+voti+ (ti — s)f(s,x m -i(s),x m -i{<p(s)))ds, i = 0,n, .to <e N*. (5) 

o 

Let the functions G m ,i : [0, a] — > R, z = 0, n, to <G N, given by G m) ,(s) = (i, — s) • /(s, x m (s) , x m (y>(s)). 

Proposition 1 Under the conditions (i)-(v) the functions x'^ and F m , to € N* are Lipschitzian with the 
same Lipschitz constant L = j+(\vq\ +2aM ) (Li+aL 2 ). Moreover, the functions G m ,i, i = 0,n,TO<GN, 
are Lipschitzian with the same constant L = aL + Mq. 

Proof. Let i, t' e [0, a]. We have, \F (t) - F (t')\ <j\t- t'\ and 

\F m (t) - F m (t')\ < j\t - t'\ + L 1 \x m (t) - x m (01 + ^2 |a; ro (?(*)) - M¥>(*0)l < 
< [7 + Li(|uo| + 2aM ) • |£ - t'\ + ai 2 (|vo| + 2aM )] • |t - i'| 
for all t, £' G [0, a], to e N*. On the other hand, 

K(t)-x' 1 '(t')| = |/(i,xoW,x (^(i)))-/(i',x (0,a;o(^')))l<7|t-i'l 

and 

\x m (t) - x^(i')| < [7 + (\v \ + 2aM ) (Li + a£ 2 )] |t - t'| , 

for m e N*. We see that 

\G m ,i(t) - G m At')\ = \(U- t)F m (t) - (U - t')F m (t')\ < 

< \U - t\ ■ \F m (t) - F m {t')\ + \F m (t')\ ■ \t - t'\ <aL\t- t'\ + M \t - t'\ 

for all t, if e [0, a], i = UTn and to e N* . m 

To compute the integrals from (5) we apply the trapezoidal quadrature rule with recent remainder 
estimation obtained in [3] for Lipschitzian functions: 

b F(t)dt = <^> • [fp (a + ^) + F (a + (l±MzjO )] + tf„ (F) (6) 
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\R n (F)\<^^ (7) 

where L > is the Lipschitz constant of F. 

Applying the quadrature rule (6)-(7) to the integrals from (5) we obtain the following numerical 
method: x m (t ) — x , for all meN*, 

xo(U) = Xo, for all % = 0, n (8) 

U 
x m (U) = x + v U + (U- s)f (s, x m _i (s) , x m _i (<p (s))) ds = x + v ti+ 
o 

H i-l 

+ G m -i ti (s)ds = x +v ti + — ■ y^JjU -tj) ■ f(tj,x m -i(tj),x m -i(<fi(tj)))+ 
o " i=° 

+ (U -tj+l) ■ f(tj + i,X m -l(tj + l),X m -l(lp(tj+l)))] + Rm,i, (9) 

for alH = 1, n and meN*. 

Since the functions G m .i, i — 0, n, m € N, arc Lipschitzian with the same constant L = a,L + Mq, for 
the remainder estimation in (9) we have 

\Rm,i\ < -j- , foralU = l,n, meN*. (10) 

3 The algorithm 

The relations (8)- (9) lead to the following algorithm: 

xo{U) = xo, foraIH = 0,n and xi(£o)=xo (11) 

i-l 

x\{U) =x + v ti + — ■ y~*J{tj -tj) ■ f(tj,x ,Xo) + {U -tj+i) ■ f(t j+ i, x ,xq)] + 

3=0 



+Ri t i — x\(U) + Ri t i, for all i = l,n., (12) 

X2(to) — xo and 

i-l 

x 2 (ti) = x + u t 4 + — • y^[(*j -tj) • f(tj,Xi(tj) + R lj ,x 1 (ip(t j ))) + 

j=o 



+(U -tj+i) ■ f(tj+i,xi(t j+ i) + R-Lj + i,xi(ip(tj + i)))} + R 2 ,i = x + u ^+ 
«-i 

+(ii - ij+i) • /(ij+i,a;i(tj + i),si(^(ij + i)))] + i? 2 ,i = x 2 (i l ) + #2,; (13) 

for all i = l,n, where si : [0,a] — > R, is the cubic spline generated by initial conditions, inspired by the 
construction from [5], which interpolates the values xo, x\(ti),i — l,n and has the restrictions to the 
intervals [tj_i,4»], i = l,n, 

^\t) = M ^^ r .(t-tor+ M ^-(t-t r + z[°\t-to)+x , (M) 

t€ [to,*i], 

4° (*) = *,, T 1 x • (* - i-i) 3 + ^V" • (* - *-i) 2 + *i' -1) (* - *i-i) + *i (*i-i), (15) 

0(£i — tj-lj ^ 
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(«) ~W „• 



£ € [ii-i, tj], z = 2, n. Here, the parameters M\ , z\ , i = 1, n are recurrent given in 

/ z W^A.[^^)_ a;o ]_2z( 0) -^.M 1 (0) 
\ Mf = § • [zi (ti) - 0=0] - & • *{ > - Mf<°> 

W _ 3 . \ZTTTS _ ^TTTTTTi _ oJ'- 1 ) _ Zr . lut*- 1 ) 



(16) 



1 - T ' M i 



*1 = t • [*1 (*i) " *1 (*i-l)l " 2 *i < : • ~ 

m« = £ • Mto - Mt^oi - 1- • 4 i_1) - ^-^ ' * " 2 ' n (17) 



starting from z[ — v , M\_ = /(0, a; ,x ). By induction, for m > 3, we obtain 

i-l 

a; TO (ii) = £ + «o*i + ^- ' ^[fe - *j) • f(tj,x m -i(tj) + R m -i,j,x m -i{<p(tj)))+ 

3=0 



■(ti - tj+i) ■ f(t j+ i,x m -i(tj+i) + Rm-ij+i, x m -i(if(tj + i)))] + R m ,i = ^o +uo*i+ 
i-i 



+ (<» - *j+l) ' /(tj+l,X m -l(*j+l),Sm-l(¥'(*j+l)))] + Rm.i = aJm(*t) + -Rm,* (18) 

for all i = l,n, where s m _i : [0, a] — ► K, is the cubic spline generated by initial conditions, interpolating 
the values xo, x m -i(ti),i — l,n and having the restrictions to the intervals [tj_i,ij], i = l,n 

e t (t) = -\ ..J- 1 • (t - *o) 3 + ^-(t - to) 2 + «W i(* - *>) + x , (19) 



ie [to,*i], 



(*) /.-, Jw m-1 Jw m-1 /, , -,3 . Ivl m-1 /. . x2 , (»-1)/ji . \ , 



(21) 
(22) 



+x m _i(ti_i), te[tj_i,<i], i = 2,n. (20) 

Here, the parameters M^_ x , z^_ 1 , % = 1, n are recurrently given in: 

f r (1) - 3 [^ (TT t 1 9r (0) ft i A/f (0) 

1 M^l, = § • [x m _! (ix) - *„] - ^ • z™! - 2Mi°l 1 

{ z m-i = h~ ' Fm-i (ij) — 2; m _i (ii-i)J — 2z m _ 1 f ■ M m _ 1 
Mil, = a . [^iTfe) - x— i (^oi - ^ • *£:¥ - 2Mi:i) 

i = 2, n, m G N*, m > 3, starting from 

z<£_i - « , M^ = f(0,x ,x ). (23) 

4 The main result 

Firstly, we get a new result about the error estimation in spline approximation, which held in the inter- 
polation of functions with Lipschitzian first derivative. 
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Lemma 2 Iff: [a, b] — > R is a continuous function such that f (£,) — t/i,i = 0,n and its restrictions to 
the intervals [ti—i,ti], i = l,n are differ entiable on (t»-i,ij) feeing Lipschitzian together with their first 
derivatives, then for any cubic spline s of interpolation of the values y^i = 0,n we ftave t/ie following 
error estimations: 

\\f-s\\ c <(L' + N(s)).h 2 

and 

\f (t) - s< (t)\ < (L< + N (s)) ■ h 

for all t G [a, b]\{to, ...,£„}, where N (s) = max{|Mj| : i = 0,71},-/^ = s"(ti), i = 0, n, 1/ = max{Lj : 
i = l,n},/i = max{/ii : i = l,n}. Here, Li,i — l,n are the Lipschitz constants of the derivatives of the 
restrictions of f to the intervals [i,_i,i,], i = l,n. 



Proof. If s <G C 2 [a, b] is cubic spline then the Lipschitz constant of s' is N (s 



max{|Mi| : 



i = 0, n}. Let /j, i = 1, n be the restrictions of / to the intervals [£j_i,ij], i = 1, n. Consider ip = f — s 
and let ^, z = l,n be the restrictions of i/? to the intervals [ij_i,tj], i — l,n. We have i/j € C[a, 6] and 
y>i € C 1 (ii_i,t i ),V £ = l,n. Moreover, <^(ij) = f(U) — s(ij) = for all i = 0,n, and according to the 
Rolle's theorem we infer that exists & € (t»-i, tj) such that ^(£i) = 0, Vi = 1, n. Therefore, fl(^i) = Si(£i) 
for all i = 1, n. Let arbitrary t <E [a, b]. Then there is j € {1, ..., n} such that £ G [£j_i, £/]■ We get 

\f(t) s '(t)\ < \f>{t) - /j(o)| + I4&) - 4WI < 

<(Lj+tf( a ))|t-&|< (!/ + #(«))■& 



and 



l/(*) - «(*)! - l/(*) - *(*) - (/fe-i) - *fe-i))l < 



< 



|/j(«) - 4(w)| du < (Lj + N («)) • h 2 < (£' + AT («)) • /i 2 . 



4.1 The error estimation 

Theorem 3 Under the conditions (i)-(v), if (L\ + 2L2)a 2 < 1, then the unique solution of the initial 
value problem (1), x* is approximated on the knots i, = '^ , i — l,n by the sequence (x m (ti)) m given in 
(4)-(6), (13) and the apriori error estimation is: 

a 2 L 



X \vi) %m [J'i) 

a 2 L 



< am( ^ +L2 > . . (\ Vo a\ + M a 2 ) + — , + 

-l-a 2 (ii+L 2 ) ll ° ' ° ' 4n[l - a 2 (L x + 2L 2 )] 



1 - a 2 (Li + 2L 2 ) 
for all m € N* and i = 1, n. 



(M + max{ 



M, 



W 



fc = 1, to — l,i = 0, n}) 



(24) 



Proof. For to, <G N* and i = 1, n, we have 
= |-R m ,J and 



X V^zJ 3-m l,Wj — |*£ v^V ^^i v^zjl "i - *^ttc v^V *^77l V^/ 



*£m \ti) &m l^i/ 



a 2m /■£ + L ) m 

\x* {U) - x m {U)\ < - \ ) T , % r • (|woo| + Af a 2 ), 

1 - a/ (Li + L 2 ) 

according to Theorem 1. From (12) and (10), follows 

La 2 
~4n~' 



(25) 



xi (U) -x\ (U) = |i? M | < 



Wi = l.n. 
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We define the functions V m , m € N*, V m : [0, a] — > K given by its restrictions to the subintervals [i»_i, U], 
i = l,n, by 

Kn (*) = ^m (<) + [X m (*l) - £ m (ti)] • — , t G [t ,*l] 



ti — to 



t - fc-i 



v% i'i—l 



u-t 

U — U-i 



t e [ti-i,ti],i = 2,n. 



(26) 



We see that V TO (t ) = £m (to) = %o and V m (i,) = x m (ti), V m (t;_i) = a? TO (t,-i) for all i = 2,n and 
to G N*. So, the spline function s m _i interpolates V m _ 1 on the knots ti, i — 0, n. Moreover, the restrictions 
of Vm given in (26) have the same properties as the terms of the sequence of successive approximations, 
x m (that is, with Lipschitzian first derivative having the same Lipschitz constant Mo). On the other 
hand, for the splines given in (14)-(17) and (19)-(23) we obtain, 

\x k (*) - s k (t)\ < \ Xk (t) - V k (t)\ + \V k (t) - s k (t)\ , Vt G [0,o], 



with 



\Vk (t) - x k (t)\ < x k [U) - x k (U) 
U-t 



t — U-i 

vi £« — 1 



Xk (U-i) - x k (ti-l) 



L") Ij'i 



< 2 • max \Rk,i\ , \R k ,i-i\ 



for all i — 0, n — 1 and k = 1, to — 1. From Lemma 2 follows 



\V k (t) -s k (t)\<(M + max{ M£> : i = 0, n} 



r(') 



< 



< ( M + max{ Mf : i = 0,n, fc = 1, to - 1} ) • ^, Vt G [0, a], Vm G N* 



(27) 



Now, we proceed to estimate the remainders R m ,i, m G N*,to > 2,i = l,n. In this aim, firstly we get 

* _1 ,2 



■R 



2.i\ 



'':: (ti) - ^2 (U)\ < \R 2 ,i\ + Y ■ Y^&i - *i) ' ( L l l-Rljl + ^(Wl ■ ^ 

j=0 



-max(2 IJZij-l , 2 |i?i J+ i|)) + (t, - t j+1 ) • (ii |i?i J+ i| + £ 2 (wi ■ -^ + max(2 (i^l , 2 |i?i,,- + i|))] < 



£ fl 2 fl 2 

< - r (l + a 2 (L 1 + 2L 2 )) + sVi2' -j, Vi = l,n 



4n 



where Wi = Mo + max{ 
Analogously, 



M{ 



(') 



= 0,n}. 



LR 



:s.» 



8-1 



^3 (*i) - ^3 (*i)| < \Rs,i\ + y ■ Yj&i - tj) ■ (Li \R 2 j\ + i 2 (max(2 \R 2 



J I • 



2 2 

, 2 |i? 2 j+i|) + w 2 • ^ )) + (ti - t j+ i) ■ (Li |i?2,j+i| + i 2 (max(2 |^J| , 2 |i? 2 ,j+i|) + w 2 • ^))] < 

7" 2 2 2 

< -^- • [1 + a 2 (L x + 2L 2 ) + (a 2 (L x + 2L 2 )) 2 } + a 2 Wi-L 2 a 2 (£i + 2L 2 ) ■ % + a 2 L 2 uj 2 ■ \ 
An n z n z 



where a; 2 = M + max{ M 2 : i = 0, n}. Let w = max(cj 1 , u> 2 ). Then 



r a 2 

\R 3 ,i\ < [l + a 2 (L 1 +2L 2 )+a 4 (L 1 + 2L 2 ) 2 }- — + 
1 ' 4n 
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+a 2 L 2 [l + a 2 {L 1 + 2L 2 )]-uj — , Vt = l,n. 



r('<) 



By induction for to <G N*,to > 3 let u>k — Mo + max{ M^ : i — 0,n}, k ~ 3, to— 1 and w 

max{wi,w 2 , •••,w m _i}. 
We get 



•Emv'i) •KmKpi) 



j— [/ Jfe — *j) ' (-^1 l-^rn-1,. 



2n 



i=o 



+L 2 (2max(|i? m _i J -| , |i? m _i ;:) - + i|) + w • -3))+ 



+(U -t j+ i) ■ (L-i \R m _i tJ+1 \ +L 2 (2max(i? m _i J , \R m _ ltj+1 ) + w • -5-))] < 



< [1 + a 2 ^! + 2i 2 ) + a 4 ^! + 2L 2 f + ... + {a 2 )^ 1 ^ + 2L 2 ) 



m—li 



La 2 
An 



+a 2 L 2 [l + a 2 (L x + 2L 2 ) + ... + (a 2 ) m - 2 (Li + 2L 2 ) r 



-, Vi = l,n. 



We can see that lo — Mq + max{ 



M. 



W 



£m\ti) %my>i) 



i = 0, 71, fc — 1, to — 1}. Consequently, 
1 - a 2 " 1 ^! + 2L 2 ) m ia 2 






l-a 2 ^! +2i 2 ) An 
2 



2 l-a 2( - m - 1 '>(L 1 +2L 2 ) m - 1 uja 
+a L2 l-a 2 (L 1 +2L 2 ) ^2 



Since a 2 (L\ + 2L 2 ) < 1 we conclude 



ooa 4 L 2 
i 2 [l-ai(L 1 +2L 2 )} 






La 2 



4n[l-a 2 (ii+2L 2 ) 



and 



0, Vi = l,n,VmeN*,m> 2 



La 2 



xi(tj) -xi(tj) = |-Rii| < - — , Vi = l,n. 

4n 



These complete the proof. 



Remark 2 from estimation (24) follows the convergence of the method and of its algorithm. Now, we 
can see that the same estimation can give a practical stopping criterion of the algorithm. This can be 
stated as follows: For given e' > and given n <G N* (previously chosen) it determines the first natural 
number meN* for which, 



•Em ["i) %m—l \ti) 



< s for all i — 1, n 



we stop to this m, retaining the approximations x m (ti), i = l,n, of the solution.A demonstration of 
this criterion is the following: 
For each i = 1, n we have 



X \ti) Xm \ti) ^ \X \ti) Xm \H)\ < %m \pi) &m \pi) 

a 2 (L 1 +L 2 ) 



< 



< 



l-a 2 (Li+L 2 ) 



\%m \yi) %m—l \ti)\ ~r -*nn,z 
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\%m y^i) %m — l \yi)\ _ %m \pi) %m \pi) \ •^m \yi) $m— 1 \yi) 



%m— 1 \W J ^m— 1 v i ) 



$m v i/ %m—l \yi) 



So, 



X \Ji) X m Vyi) 



< \Rn 



a 2 (Li+L 2 ) 
l-a 1 {L 1 +L 2 ) 



•Em \pi) %m—l \pi) 



a 2 (L l +L 2 ) 
l-a 2 (Li+L 2 ) 



^ \-^m,i | t |-n-m— l,i| 



The 



X \Ji) Xyji [J'i) 

For given e > we require 
and 



< a- 



l + a 2 {L 1 +L 2 ) a 2 (ii+L 2 ) 



l-a 2 (ii + L 2 ) l-a 2 (L! 



9 l + a 2 (L 1 + L 2 ) e 



Ln 



%m Xyi) %m— 1 y^ij 



l-a 2 (Li+Z 2 ) 2 



(28) 



Since 



ft < 



a 2 (-Li+£ 2 ) 
l-a 2 (ii + i 2 ) 

La 2 



LOO^L 2 



< 



+ 



4n[l - a 2 (Lx + 2L 2 )] 4n[l - a 2 (Li + 2L 2 )] 

/or n > 5, we can chose the least natural number n for which the inequality (28) holds. Afterward we find 
the least natural number m (this is the last iterative step to be made) for which 

e 1- a 2 (L 1 +L 2 ) 



■Em \yi) %m— 1 \yi) 



< 



for all i = l,n. With these, we obtain 



X Kyi) Xjxi Kyi) 



2 a 2 (ii + L 2 ) 
< e, for alii = l,n. 



Remark 3 If is east/ to prove that if f G C 1 ([0,a] x R x R) /ias bounded partial derivatives -J- , -J- 
such that all its first order partial derivatives are Lipschitzian in each argument, and if tp € C [0, a] with 
Lipschitzian first derivative, then F m € C 1 [0, a] and £/ie functions F' m are Lipschitzian with the same 
Lipschitz constant L' . 

Theorem 4 Under the conditions (i)-(v) and in the conditions mentioned in Remark 3, ifa 2 (Li + 2L 2 ) < 
1 then the unique solution x* , of the initial value problem (1), is approximated on the knots U = —, 
i = l,n by the sequence (x m (ti)) m given in (4)-(6), (13) and the apriori error estimation is: 

a 2m (L 1+ L 2 ) m ,_ a 3 L> 



X {J'i) %m [J'i) 



< 



l-a 2 (i!+i 2 ) 



(\v a\ + M a z ) + 



a 2 L 2 



l-a 2 {L 1 + 2L 2 ) 
for all m G N* and i = 1, n. 



(M + max{ 



M, 



W 



12n 2 [l-a 2 (Li + 2L 2 )} 

r,1 



+ 



l,m — l,i = 0,n}) 



(29) 



Proof. Is similar to the proof of Theorem 3, with the difference that instead of inequality (10) it is 

used the estimation 

L'a 3 



\R 



in .i\ _: ^ .-, 2 ' 



12n 2 



for alH = 1, n, meN* 



(30) 



The inequality (30) is obtained using the remainder estimation in (6) 

L'{b-af 



\Rn{F)\< 



Yin 2 



which holds for functions with Lipschitzian first derivative (see [1]). Here, II is the Lipschitz constant of 
F'. m 
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4.2 Numerical examples 

Example 5 Firstly, we consider the initial value problem (1) with ip(t) 



Xt. 



<i 



X 



3-0 



1 and f{s,U,v) = -^ + | • e s ' 2 which has the exact solution x* (t) — e*. The stopping condition is 
< e', for all i = l,n. On t/ws example, the condition of convergence (Li+2L2)a 2 = 






(*i) - Im-l (*») 



1+, 



< 1 is fulfilled. Using the algorithm with e' = 10 , n = 10, we get m = 4, i/ie number of iterations, 
and the approximations x m {ti) o/ i/ie exact solution on the corresponding knots (which can be compared 
with the exact values of e fi ) are in Table 1. We observe a very good accuracy and the order of convergence 
stated in Theorem 2 is confirmed to be 0{h 2 ), where h — - . Moreover, on the interval [0, 0.3] the accuracy 
is better, having a convergence order 0{h A ) on this interval. If we take e' — 10~ 9 and n — 10, we get 
m = 7, and the values are represented in Table 2 (we can observe a similar accuracy as in Table 1). 



ti 


%m yj'i) 


x* {ti) = e*« 


ti 


$m \yi) 


x* {ti) = e*« 


0.05 


1.0512500 


1.05127109637 


0.3 


1.34946602 


1.3498588075 


0.1 


1.1051273 


1.10517091807 


0.35 


1.41811653 


1.4190675485 


0.15 


1.1617571 


1.16183424272 


0.4 


1.49342171 


1.4918246976 


0.2 


1.2213094 


1.22114027581 


0.45 


1.56962813 


1.5683121854 


0.25 


1.2839754 


1.28402541668 


0.5 


1.63131058 


1.6487212707 



Table 1 



ti 


%m yj'i) 


x* {U) = e*- 


U 


*£m \vi) 


x* {U) = e** 


0.05 


1.0512500000 


1.05127109637 


0.3 


1.34946602403 


1.3498588075 


0.1 


1.1051273393 


1.10517091807 


0.35 


1.41811653455 


1.4190675485 


0.15 


1.1617571992 


1.16183424272 


0.4 


1.49342174410 


1.4918246976 


0.2 


1.2213094121 


1.22114027581 


0.45 


1.56962803549 


1.5683121854 


0.25 


1.2839754824 


1.28402541668 


0.5 


1.63131062924 


1.6487212707 



Table 2 

Example 6 Consider the initial value problem 
x"{t) = || • sini • cos{x{t)) 



x{0) 



1, 



+ | • cost • sin(a;(0.5t))| 
a/(0) = 0.5 



t e [0, 1] 



which is nonlinear and the kernel function cannot be differentiable. On the other hand, this function is 
continuous and Lipschitzian in each argument having the Lipschitz constants 7=t|, Li = I, -^2 = 4 
and the convergence condition is {L\ + 1L,2)o? = ^i < 1. For this example we cannot use the well-known 
methods (Runge-Kutta, collocation, splines) because these methods require, in the proof of convergence, 
high order of smoothness properties for the kernel function. But here, we can use the above presented 
method, which according to the previous example, has good accuracy. The stopping criterion is similar to 
the previous example. For e' = 10~ 5 , n — 10 we get m = 2 and the results are in Table 3. 



ti 


%m y&i) 


U 


^m yj'i) 


0.1 


1.05 


0.6 


1.30 


0.2 


1.10 


0.7 


1.35 


0.3 


1.15 


0.8 


1.40 


0.4 


1.20 


0.9 


1.45 


0.5 


1.25 


1 


1.50 



Table 3 
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5 Conclusions 

A new numerical method for second order delay differential equations is presented. This method combines 
the Picard sequence of successive approximations, the trapezoidal quadrature rule and spline interpola- 
tion. The interpolation is used only on the modified argument. The method's algorithm has recurrent 
form easy to programming and a practical stopping criterion of the algorithm is obtained using the error 
estimate. The main result of the paper is Theorem 3. 

The method is created in the aim to be an alternative to the well-known methods (Runge-Kutta, 
collocation, spline functions method) in the cases in which these methods are not applicable (when 
the kernel function are not smooth). The above presented method is convergent even in the case of 
Lipschitzian kernel function and such example is presented (in Example 2). Consequently, the presented 
method covers the situations unsolved by other methods. The accuracy of the method is illustrated in 
Example 1. 

The principle of the method (the use, in numerical integration, of an interpolation procedure only 
on the points where the argument is modified) gives its generality, being extensible to other types of 
functional equations with modified argument. 

Acknowledgement : The research of the first author on this paper is supported by the grant 2Cex- 
06-11-96/19.09.2006 of the National Authority for Scientific Research from the Minister of Education and 
Research, Romanian Government. 
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Abstract In this paper the pointwise approximation of the integrated MKZ-Bezier 
operators for bounded functions is studied for the case 0< a < 1. By using the method 
of [ J. Approx. Theory 104(2000) 330-344] and some analysis techniques, we obtain an esti- 
mate formula on this bczicr type operators. Our results extend the work of Zeng [Corn- 
put. Math. Appl. 39(2000) 1-13]. 
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tions, Lebcsguc-Stieltjcs integral 

Classiflcation(MSC 2000): 41A30, 41A35, 41A36, 41A60 

1. Introduction 

For a function / G £i[0, 1] and a > 0, the integrated MKZ-Bezier operators arc defined 
as 

fe=o Jl " 

where Q { " k \x) = (J n ,k( x )) a - (Jn,k+i(x)) a , J n ,k( x ) = Y%Lk m nj( x )' and 

■ ' '' k + > },m nj (x) = ( n+ t 1 )x j ^-x) n ,j = 0,1,2.... 



n + k n + k + 1 

The approximation of bounded variation functions with the operators M„ >a for the 
case a > 1 was studied by Zeng [1]. Some related investigation about this bezier type 
operators, we can see Refs. [2-4]. In this paper, we discuss the pointwise approximation 
of M n>a for the case < a < 1. Our results extend the work of Zeng. 

The main theorem of this paper is as follows: 

Theorem 1 Let f be a bounded function on [0, 1], < a < 1, and f(x+), f{x—) exist at 
a fixed point x £ (0, 1), then for n sufficiently large, we have 

Mn,a(/,*)-^/(*+)-(l-^)/(*- 

_ -=L—\f(x+)-f(x-)\+ 5 + 4C J2n x (g x ,l/Vk) (2) 

— + 1 nxil — x) t— 1 

K ' k=\ 
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where C is a positive constant, £l x {f, A) = sup te r a ,_ A x+X] \f(t) — f{x)\ and 

f(t)-f(x+), x<t<l, 
g x (t) = { 0, t = X, 

f(t)-f(x-), 0<t<x. 

For further properties of fl x (f, A), we refer the readers to [10]. 
Let 

OO 



K n , a ( X ,t) = J2Qnk(x)Xk(t)\h\- 1 



fc=0 



and 



K, a (x,t) = / K n , a (x,u)du, 



(3) 



(4) 



(5) 



where \k is the characteristic function of the interval Ik = [k/(n + k),(k+ l)/(^ + k + 1)] 
with respect to I = [0,1], and \Ik\ denotes the length of Ik- 

Then by Lebesgue-Sticltjcs integral representations, there holds 



M n , a (f,x)= I f(t)K n , a (x,t)dt = f(t)d t X n ^(x,t). 







(6) 



ii 



2. Auxiliary results 



The proof of our result is based on the following lemmas. 
Lemma 1. [11, Theorem 2] For every k G N, x G (0, 1], we have 

m nk (x) < 



\/2enx 
Lemma 2. Let < a < 1 and x G (0, 1), as n > lAA/x and k' = [nx/(l — x)], we have 



(7) 



(i) 



\k>nx/(l-x) / 



< 



nx + 1 



(ii) Q$(*) < 2 



mi + 1 
Proof, (i) By mean value theorem, we have 



J2 m ^{x) - — 



^k>nx/(l — x) 



= a(£,nk{x)Y 



^ m nk (x) 



k>nx/(l — x) 



where £, n k{x) lies between \ and Sfe>nx/(i-x) TO «fc(a;)- 
From [1, Lemma 4], there holds 



Yl m n k(x) - - 



k>nx/(l — x) 



< 



/nx + 1 



Thus 



€nk{x) > ^ m nk (x) > - 



k>nxf(l—x) 



(8) 
(9) 

(10) 



(11) 



(12) 
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for all n > 144/x. 

From (10),(11),(12) and noting 3a < 4 Q , we get 



E m nk (x) 



,k>nx/(l—x) 



2" 



< 



la-l 



3 4 

< 



/nx + 1 Jnx + 1 



,(«) 



(ii) Noting the expression of Q f " k ,(x). and along the same method of (i). we can get 



Q { " k \x) < a^- a m n ^{x) 



< 



ai 1 



< 



1 



V2enx \/nx 

The second inequality of (13) is obtained from Lemma 1. 
Since Q^,(x) < 1, (9) is proved. 

Lemma 3. For < a < 1 and < t < X < 1, i/iere /ioWs 

/"* /"* 2x(l - a;) 2 

Jo 7o "(z - *) 



(13) 



(14) 



Proof. Let t G [k*/(n + k*), (k* + l)/(n + fc* + 1)). Then we can write £ = [(n + k* 
l)k* + 8}/{n + k*)(n + k* + 1)(0 < (5 < n). So 

„t .( DO OO „t 

/ /Y„, Q (x, W )d U = / Y,Qnk(x)Xk(u)\I k \- 1 du = Y / Qnk(x)\h\- 1 Xk(u)du 

Jo JO ,„_ n u-n JO 



fc*-l 



/■[(n+fe*+l)fe*+5]/(n+fe*)(n+fe*+l) 

E^w + i^r 1 ^^)/ ldu 

fc= o Jfe*/(«+fe*) 



fc*-l 



= E <&fc (*) + «&>.(*) = 1 - (1 - S)(J n , k . (X)T - 5(J n , k . + 1 (x)) a 

k=0 

< 1 - (1 - S)J n . k ,(x) - SJ n . k , +1 (x) = / K, hl (x,u)du. 

Jo 

The right hand inequality of (14) follows from [l,Lemma 6]. The proof is complete. 
Lemma 4. For < a < 1 and < x < t < 1 , there holds 

ft Cx 1 ~ a (l — x) 2 ~ a 

1 - K.a(x, t) = 1 - / K nt(x (x, u)du < -^ , 

JO n V ; ~ x ) 

where C is a positive constant. 
Proof. 



1 — / K n _ a (x, u)du 



rl oc ,.\ 

= / K nta (x,u)du = E^ifc (a:)|Jfe| — x / Xk(u)du 

Jt fe=0 J * 

fe+1 

< e oifcWi^i -1 r^'\k{u)du 



E <&*(*) = E (■£,*(*) -■£,*+! (*)) 



(15) 



t<- 



E m nk (x) = E m n,k-i(x) 



>fc>. 
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< 



E /n-\-k\ k f 1 \ n+ 1 

nt (n + k)(n + k-l)x(l-x) { k )X { ' 



1 i v- 

2^ M nk 



{x(l-x))° ^ mnk{x) 



where M nk{x) = ( n + k )x k (l - x) n+1 



Since < x < t < 1, so |^^ — x| > |i — x| for all k > f^i- Thus we have 

l-f Q K n Ax,u)du < {x{1 l _ x))a (^ Xt k -^ a Mnk{x) 

1 / °° k \" 

< — r-- nr (Vl r - d 2/a M nfe (a;) . 

" (x(\-x))«(t-xY \{^n + k ' nfcl ^ 

we can choose p, q > 1, i.e., — I — = l.Thcn by the Holder inequality, we have 

\fe=0 / \fc=0 ' / 

\fc=0 / 

since (£r=o M "fc(aO) Q = l. 

Choosing p = a[l/a+ 1], then 2p/a = 2[l/a + 1] is a positive even integer. By [9, Theorem 

2.1] and with a simple calculation, we obtain 

(Ei4* -*i* /a M*(*)V " < Cx(1 '" )2 - 

This completes the proof of Lemma 4. 

Lemma 5. Lei f be a bounded function on (0,1), when n sufficiently large, we have 

\M n , a (g x ,x)\<^ -J2n x (g x ,l/Vk) . (16) 

1 v ' nx(\ — x) *— ' 

v ' fe=i 

Proof. By (6), we have 



M n!a (g x ,x)= g x {t)dt\ n , a {x,t) = Si + S 2 + S 3 , (17) 



where 



s i = / g x {t)dt\ n ,oi{x,t), S 2 = / g x {t)d t \ n , a {x,t), 



o 



S3 = / g x (t)d t \n.a(x,t). 



Observing that 32,(2;) = 0, we first have 



S 2 < / !&;(*) -fl'x(x)|dtA nia (a;,t) 
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1 " 
< il x (g x , l/\/n) < - Y] ^ x (9x, l/Vk). 



(18) 



fc=i 



To estimate Si, let y = x — x/^/n and using Lebesgue-Stieltjes integration by parts, we 

have 



Si < 



Q x (g Xl x - t)d t \ n . a (x,t) 



Q x (g x ,x - y)KA x >y+) + / K, a {x,t)dt(-fi x (g x ,x-t)), 



where A„. Q (x,£) is the normalized form of \ n ,a{x,i). 
Also X n . a (x,t) < A„. Q (x,i) on [0,1], by(14), it follows that 

ii^, N 2x(l-x) 2 2x(l-x) 2 f y 1 , . „ , N , 

\Si\<il x (g x ,x-y) J_ ' +^ M d t (-n a ( ga ,o;-t)). (19) 



n(x — y) 2 



(x-i)= 



Since 



1 , / n / ,xN ^x(5x,a; -t) ]V + f y 2Ct x (g x ,x-t) 
^dt(-Ct x {g x ,x-t)) = -, ^ — | n J -, ^ dt, 



/o (x-t) 

from (19) it follows that 

2(1 -x) 2 



(x-t) 



2 10 







{x-ty 



, „ , N 2x(l-x) 2 f x ~VS 2Cl x (g x ,x - t) , 

Si < —to x (g x ,x) + — ^ '- / x . Kyx ' ; rft. 

1 ' m n J (x — t) a 



Putting £ = x — x/y/u for the last integral, we get 

i i 2(1 -x) 2 2(1 -x) 2 /"" . . „ , 

Ei < il x {g x ,x) H / il x (g x ,x y/u)du 

1 ' nx nx Ji 

< 4 ^-^ y)n,(fl„i/Vt). 

nx * — ' 
fe=i 

Using the similar method to estimate | S3 1 , we obtain 

N< 2C( *~ff~ a f;n,(fe,i/v5). 

1 1 nx L+a L — ' 

fe=i 



(20) 



(21) 



Combining the estimates of (17), (18), (20) and (21), also noting the properties of £l x (f, A), 
we get the required result. 

3. Proof of Theorem 1 



Let / satisfy the conditions of Theorem 1, we can decompose f(t) into four parts as 
/(*) = ^f(x+) + (1 - ^)f{x-) + g x (t) + f{xJr) ~J {x ~ ] ^n{t x) 



+S x (t) 
where g x (t) is as defined in (3) 



f(x) ^f(x+) (1 - hf{x-) 



(22) 



sign(t — x) 



2 Q -1, t>x, 

0, t = x, 

— 1, t < x, 



LIAN: MKZ-BEZIER OPERATORS 



53 



and 



Therefore, 



S x (t) = 



1, t = X, 

0, t^x. 



M n , a {f,x) - ^f(x+) - (1 - hf{x-) 



+ 



2 a y ' v 2 
f{x+) - f{x-) 



< |M n , a (flf x ,a;)| 



2° 



/(*) - ^/(*+) - (1 - ^)f(x-) 



M n>a (sign(t — x),x 

M na (6 x ,x) 



It is obvious that 



M n>a (S x ,x) = 0. 



Next we estimate M„ jC , [sign{t — x) 

Let a; € [— ttt, — ttttt), we have 

fe'-l 



(23) 



(24) 



M n>a (sign(t-x),x) = ^(-l)Q^(x) + ^gM f ( _i )dt 

fe=0 n+fc' 

+ %^/" + * + >-l)* + £ (2"-l)0i Q fc ) (x) 

,J " C ' 1 Jx fc=fc'+l 

fe=fc'+i |7fc ' 1 Jx 

< E 2a Qifc(aO -i + ^Fr / 2 " di - 



Hence, we get 

M n ^ a (sign(t — x) , x] 



< 



fe=fe'+i 

2 Q 



+ 2 a Q$(*) 



]T 2«g2(ar)-l 

:' + l 

E o2?(*)-* 

c>nx/(l-i:) 
\ i fe>nx/(l-x) y 






(25) 



Theorem 1 now follows from (23), (24), (25), Lemma 2 and Lemma 5. 
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Abstract 

There is considered the system of differentional equations on graph which is the 
mathematical model of traffic flows on network. The qualitative properties of solutions, 
stationary points and system behavior in the neighborhood of critical regimes are 
studied. 

The paper continues the investigation of flow stabiity on graphs [l]-[3]. 

1. We consider an one direction moving on the graph as shown in Fig. 1. 



(2) 
Pi 




Figure 1: (2+a) chain 

The graph has two nodes N and S, three edges of the same length 1 and the state 
function, which means the dependence of the flow intensity from density. In this case the 
state function is defined by x(l — x), < x < 1. Next, an a-part of flow from edge (2) (NS) 
goes to the edge (3) (SS), and (1 — a) - part of flow goes to edge (1) (SN). 
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We assume that 9(t) is the step function with two values. The value of the function is 
equal to if the movement is forbidded over node S 'on' and 'out' the edge (3) and the value 
is equal to 1 if the movement is permitted. 

Thus if p^ 1 < i < 3 denote the densities on edges of the graph, then 



dp} 
dt 



-f( Pl ) + (l-a)f(p 2 ) + 6f(p 3 ), 
<^-f( Pl ) + ((l-a) + 9a)f(p 2 ), 
9af(p 2 ) - 9f(p 3 ), 



<// 



dps 
dt 



i.e. 



/ dpi \ 
dt 


( 


dp2 
dt 


= 


dp-i 
V dt ) 


V 



-1 (1-a) 

1 -(1-a) -9a 

9a -6 



\ 



/ 



V 



fipl) 

ffa) 

f(Ps) 



It is clear that 



(dpi . dp2 . dp 3 \ ,_ 



i.e. 



Pi (*) + P2 (*) + P3 (t) = C, 

where C is the flow mass, < C < 3. Since 



(2) 



(3) 



0< Pi (£)<!, z = l,2,3 



(4) 



and if any function p io (T) = 1 , then 



p l0 (t) = 1 Vt > T. 



(5) 



The solution (5) is called critical. 
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2. The maximal network (0 = 1) 

We consider in this section that the edge with number (3) is always open. The system 
T)-(2) will be transformed as below: 



dpi 
dt 

dp2 
dt 

dp:i 
dt 



(6) 



-/ ( Pl ) + (1 - a) f (p 2 ) + f (p 3 ) , 

/(Pi)-/(P 2 ), 

af {p2) ~ f (ps) 

By virtue of (4)-(5), if at some time T the density on any edges becomes maximum, then 
the input and output flows become zero for all t > T. 

Therefore, the behavior of solutions (6) in neighbourhood of admisable value cube's (4) 
boundary is a very important characteristic. 

When a = 1 the system (6) becames a full 3-vertex graph and is equivalent to the graph 
as shown in Fig. 2 [1]. 



P2 




P3 



Figure 2: 3 vertices full graph (with 3 edges) 



When a = 0, we get system 



dpi 
dt 

dp2 
dt 



dt 



-f(pi)+f(p2)+f(ps) 
/(Pl)-/(P2), 
-/ (P3) 



(7) 



and the initial conditions are 



Pi (0) = Pio, P2 (0) = p 2 o, P3 (0) = p 3 o- 
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From (7) we have 



p-i , t 

dpz 



f(Ps) 
and according to / (p 3 ) = p 3 (1 — p 3 ) , we get 

#3 



hi 



(1-P3) 



/'■', 



/'.-!(] 



i.e. 

Ps(t) 1 -P30 

1 - P3 (*) P30 

P30 



-1 



It is clear that the function p 3 (t) monotonously decreases and from (3) 



Pi(£)+p 2 (t)/ , C. (10) 

If C < 1, then 

Pi(t)+p 2 (t)=C , -p 3 (t)/C<l, 

and from (2) it follows that the flow on two edges will be stable. 
If C > 1, then for finite time T\ the condition will be achieved 

pi(t)+p 2 (t)>l 

for all t > Ti. 

Thence, from [2] it follows that the flow on subgraph with edges (l)-(2) will certainly be 
in critical regime. 

Hence, for a = 0, the (2 + 0)— flow is equivalent to the two-section graph position [2]. 
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3. Qualitative properties of solutions (6) in boundary neighbourhood 

We consider the set D of permissible values p = (pi, p 2 , P3) meet Eqs. (3), (4) in depen- 
dence on parameter C. 

When < C < 1, we have the set D as shown in Fig. 3. 





4 








^3 








P2 = 


/* 




Pi = 




/ fti l 


i 






A? 


P3 = 




^A 2 





Figure 3: The set D when p\ + p 2 + P3 = C < 1 



If 1 < C < 2, the set D is shown in Fig. 4. 

i 

P3 = 




Figure 4: The set D when 1 < p\ + p 2 + P3 < 2 



If C = |, we have the regular hexagon as shown in Fig. 4. The cross-sections of the 
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hexagon are symmetric with certain accuracy that surely depends on rotation on angle 7r/3 
with regard to the above mention value of parameter C. 

The similar property is trust also for the set of parameters (0 < C < 1) and (2 < C < 3) . 

Hence, if 2 < C < 3, we have the set D as shown in Fig. 5. 




Figure 5: The set D when p x + p 2 + p?, = C > 2 

Assume that C < 1. 

The normal vector Hi to A2A3 in Fig. 3 is equal to 

(2/V6, -1/V6, -1/V6 

We consider the function 



which represents the velocity of system moving away from bounding (critical) regime p 

If < C < 1, we have 

F _ dfh \dp2_ _ 1^P3 _ 
~ di 2 dt 2 dt 
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(-/(ft) + (1 - a) f(p 2 ) + /(p„) - ±/( Pl )+ 
+^/(P2) - ia/Gto) + \f{ P ,)) ^ = 
\/|/(Pi) + \/f/(fl») (1 ~ «) + \/|/(P3) 



If p G ^2^3, then pi = 0, p 2 + P3 = C and 



o+o Co _ =\ 5 ((l-«)/(p 2 )H-/(p3)) 



Analogously, n 2 = ( — l/y/E, 2/y/E, —1/y/Ej , and 



n: 



Thus n 3 



Pl+P3=C, P2=0 y/Q 

■1/VE,-1/VE,2/VE), 



f(Pl) = \ o/(Pl)" 



p 1+ p 2 ^,p3,o = ;|rt*) = vl a/( * : 



(12) 



(13) 





A, 










A, --< 


A 2 







Figure 6: Tria-gram of velocities, C < 1 

Therefore, the following is existed. 

Proposition 1. If C < 1, the system (6) moves away from bounding regime with 
velocity close to zero (11)-(13). 
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Figure 7: Diagram of velocities, 1 < C < 2 

Then we have nyi = —^3, ^13 = —^2, and 7J23 = —n\. 
Hence, from (11)-(13), if C > 1, C < 2, 



P2+P3=C— 1, pi = l 

— > 



'-((l-a)/(p 2 ) + /(p 3 )), 



W +P3=C-1, pa=l V 2 ^ pi/ 



Summarizing the above statements, we have the diagram of velocities on the boundary 
as shown in Fig. 7, if 1 < C < 2. 

When C > 2, we obtain the case as shown in Fig. 8. 
4. On quantity of stationary points (6) 
Let p a be a minimum solution of the equation 



/ (P) = -/ (Pa) 



a 



(14) 



where p a = p a (p) , < a < 1, < p < 1. 
It is clear that 

Pa = (1 - P) c 



(15) 
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Figure 8: Case C > 2 



Moreover, Q = and 

p a /(o.5) a if pe(o,i) 

Analogously, if p E (0, 0.5) , then it holds 

Pa / Pi = P ^ Ol£ (0, 1] 

Proposition 2. The unequality is true 



(16) 



(17) 



Pa + P < 1 



for all p E [0, 1] and a E [0, 1]. 

Proof: If p E (0, 1/2), from p a < p, we get 

p a + p<2p<l. 

If p E (1/2, 1) , then p a — (1 — p) Q < 1 — p, consequently, p + p Q < 1. 
The stationary points (6) are the solutions of the system 

f (Pi) = f (to) , 
f (ps) = «/ (P2) • 



(19) 
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From symmetry of the function / (p) relatively to p = 0.5, we get the following stationary 
points 

(1) (p,P,P«), 0<2p + p a <2; 

(2) (l-p,l-p,p a ), 0<2-2p + p a <2; 

(3) (p,l-p,p a ), l<l + P«<l + (0.5) a ; 

(4) {l-p,p,p a ), l<l + Pa<l + (0.5) a ; 

(5) (p,p,l-p a ), l<2p+l-p Q <3; 

(6) (1 - p, 1 - p, 1 - p a ) , 1 < 2 - p < 3 - 2p - p a < 3; 

(7) (p, 1 - p, 1 - p a ) , 2 - (0.5) a < 2 - 2p a < 2; 

(8) (1 - p, p, 1 - p a ) , 2 - (0.5) a < 2 - 2p a < 2; 
From p a = (1 — p) a , the family (1) and (2) are equivalent. 

Hence, the following families are equivalent: 

(3) «=► (4), (5) «=► (6), (7) «=► (8). 

Thus it is true 
Proposition 3. 

When a G (0, 1) is fixed, there exists four families of stable states of system (6) < p < 

1 : 

(a) (p,p,Pa), 0<C<2; 

(b) (p,l-p,p Q ), l<C<l + (0.5) a ; 

(c) (p,p,l-p Q ), 1<C<3; 

(d) (p,l-p,l-p Q ), 2-(0.5) Q <C<2. 
Corollary 1. When a = 1 

Pa = {p, < p < 0.5; 1 - p, 0.5 < p < 1} = 

= min{p, 1-p}, (0.5) 1 = 0.5. 

Combining the families (a) and (c), we have 

(a') {p,p,p), 0<p<l; 
(c') (p,p,l-p), l<p<l; 
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Analogically, from (b) and combining the families (d), we get the following 

(b') (p,l-p,p), 0<p<l; 
(d f ) (p,l-p,l-p), 1<P<1, 

where sets (a') — (d') are derived in [lj. 

Definition. Let m (C) be a quantity of stable point (6), m (C) = m (C, a) . 

Theorem 1. For all a £ (0, 1) 

1, 0<C<1; 
4, KC<l + (0.5) a ; 

2, l + (0.5) a <C<2-(0.5) a ; 
4, 2 - (0.5) a < C < 2; 
1, 2<C<3. 



m(C) =m(C,a) = < 



Proof. 

As C — 1p + p a (p) monotonically increases, then for C G (0, 1) , the family (a) generates 
the unique stable point. 

Analogically, when C £ (2,3), the family (c) is uniquely admissible. 
And the equation 

2p + 1 - p Q = p + 1 + (p - p a ) = C (20) 

has the unique solution as the function C — 2p + p a (p) is monotonic. 

Analogically, if the parameter C satisfies the condition 1 + (0.5) Q < C < 2 — (0.5) a , then 
the equation (20) has the only solution from the family (c) and one solution from the famiy 
(a) with the same reason. 

If 1 < C < 1 + (0.5) a , then the following families give one solution for each: (a) and (c) 
and the family (b) gives exactly two solutions. 

The function 

p+(l -p) +p a {p) = l+p a {p) 

grows monotonously for p £ (0, 0.5) and is symmetrically relative to the point p = 0.5. 
From similar consideration, the statement is true in the case 2 — (0.5) a < C < 2. 
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The Theorem 2 is proved. 

Remark. For a = 1, we get the following values [1] 



m(C) =m(C,l)= < 



1, 0<C<1; 

4, 1<C<1.5; 
1, C=1.5; 

4, 1.5<C<2; 



1, 2<C<3. 
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5. On qualitative properties of the solutions in the neighbourhood of the 
stationary point 

We consider the system of differentional equations (6) in general form 

'p = F(p)=F(p,a), (21) 

where p= (p 1 ,...,p n ), 

0< Pi <l, i = l,...,n, (22) 

\\p\\q=Pl + ... + Pn = C. (23) 

Let p* be a stationary point, i.e. it means that 

F(p*) = 0, 0<p*<l, 

1 II — * II /Hf 

t—l,...,n, \\P Wgn = C. 

Let p be an arbitrary admissible point satisfying (21), (22) and (23). 
Then 

= (F(p>),p-p*). 
Suppose A = p — p* and let T denotes the ortonormal matrix of size n x n satisfying 

A = Tx (24) 

where x — (x\, . . . , x n ) , 

x n = A 1 + ... + A n = 0. (25) 

Thus the map 

p = p* + Tx 

fulfills the orthogonal tranformation. It is a rotation and transferring of co-ordinates so that 
the stationary point becomes point of origin, and the hyperplane (23) has an equation x n = 
in new co-ordinates. 
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Hence, we have the follows 



\(\\P- fT\\ q )' t = (F (p,a) , p- fT) = (F (fT + A,a) ,A 



(P (p* + Tx, a) , Tx) = G(x). 



Proposition 3. 

The function G(x) = G(x, p*) satisfies the following properties 

(a) G (0) = 0; 

(b) grad G\ s= ^ = 0. 

Proof. It is proved by substitution in right part. 

Let H = H (jy*,a) denotes the matrix F" _., and by T* = T _1 the adjoint of the 
matrix T. 

Theorem 2. 

If matrix T*HT is positively definite on hyperpane x n = 0, then the stationary point p* 
is unstable. 

If the matrix T*HT is negatively definite on the same set, then the point jy* is stable. 
Proof. 

As 

V-/nUV=2G(2) 



for the function G{x) when x = and the sufficient conditions of extremum is fulfiled. 
Then the function \\p — p'Wp is monotonous, where from the property of strict unstability 

of the point follows. 



BUSLAEV et al: ON STABILITY... 



69 



6. Transform to (#1,2:2, #3) = x co-ordinates 

In this part, the following system is introduced for reference 



Let 



i.e. 



ei 



VJ V2 n \ 

2 ' 2 ' /' 



c 2 I 6 ; 6 ) 3 J, 

_-» _ ^VJ VJ v^3\ 
c 3 v 3 ' 3 ' 3 r 



xi = (pi,P2,P3) -e? 

#2 = (P1,P2,P3) -^2 

#3 = (pi,P2,P3) -ei 



Pi el + p 2 el + p 3 e"3 = Siel + x 2 e"2 + x 3 e 3 , x = T*p, 



'O 



x 2 

x 3 J 



( _VJ 

2 
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VI 
2 u 



^^ 



^6 
6 



V 



3 



V6 
3 

v^3 v{3 

3 3 / 



P2 

\PS J 



( P^ 

P2 
\P3 ) 



( _VJ VJ VJ \ / - \ 



2 
2 





6 3 

_Ve vj 

6 3 

%/6 yj 
3 3 / 



#2 

V* 3 y 



p = T*x = {T*Y 1 x = Tx. 
As f = TV, and £ = T*F(p, 



a 



x x = V2f( Pl ) - f (2 - a)/(p 2 ) - f /(p 3 ) 
X2 = • /( Pl ) + f a/(p 2 ) - ^f(ps) 
x 3 = 



Consider that (pi + p 2 + P3) = C, we get 




V^/(pi) - f (2 - a)/(p 2 ) - f /(c - pi - p 2 ) 
+ ^a/(p 2 )-f/(c-pi-p 2 ) 



(26) 



(27) 
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x = W(p, c), x = (xi, x 2 ), p = (pi, P2) 

The properties of solutions in the neighbourhood of stationary point is defined by eigen- 
values of the matrix 
W' = 

' V2f'( Pl ) + 4f\C - Pl - p 2 ) f (a - 2) f'(p 2 ) + &f'{C - Pl - p 2 ) 



(21 
3 , v- „i „, 



&f(C - pi - P2 ) faf(p 2 ) + ff(C - Pl - p 2 ) 



We consider all branches of stationary points one by one (a) — (d), found in Proposition 

2. 



V2f'(p) + ^f'(Pa) 4 (a - 2)f(p) + 4f( Pa ) 
(a) W(p,p,p a ) = - 

^f(Pa)f faf'(p) + ff'(p a ) 

V'(P) + f'(Pa) (a - 2)f'(p) + f'(p a ) U| 

f'M ctf'(p) + f( Pa ) ) { f 

As multiplying at diagonal matrix is equivalent to the stretching of system of reference, 
so the picture of qualitative behavior of the matrix W in stationary points neighbourhood 
is equivalent to the matrix given below 

w , = _hf'(p) + f'(p a ) (a-2)f(p) + f(p a/ 

{ f(Pa) *f'(p) + f'(p«) 

When a = 1, we obtain 

<krU \ ( 3f '( p) ° 

W'(p,p,p) = - 

{ f'(p) V'(p) 

wherefrom 

' Ai < 0,A 2 < ^^ p< 0.5 

Ai > 0,A 2 > ^^ p> 0.5 

This case is investigated in [1]. 

The characteristical polynomial (29) has the following form 

P(X) = A 2 + ((2 + a)f'(p) + 2f(p a ))\ + (2a(f (p)f + Af(p)f(p a )). (30) 
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Obviously that when p < 0.5, the both zeroes of P(X) are negative, and when p > 0.5 

V\P) («f (p) + 2f (Pa)) < 0, 

since 

af'(p) + f'(p«) V P G(0,1) 

by virtue of the convex up of the function /. 
(c) W'(p,p,l-p a ) = 

V2f'(p) + ^/'(l - Pa ) ^{a - 2)f'(p) + f /'(l - p c 
^/'(1-P«) f «/'(p) + f /'(I - Pa) 

and analogically 

w , = _ | 7 2f(p) + f(l - P.) (a - 2)f (P) + /'(l - p a ) 
f(l-p Q ) a/'(p) + /'(l - p a ) 

P(A) = A 2 + ((2 + a)f'(p) + 2/'(l - p a ))A + (2a(f (p)) 2 + 4/' (p)f (1 - p a )) = 

= A 2 + ((2 + a)f'(p) - 2f'(p a ))\ + (2af'(p) - Af'{p a ))f'{p) (31) 

the polynomial -P(A) has V p G [0, 1) at least one positive null. 
Consequantly, the branch (c) is absolutely unstable. 
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7. Application: vector fields maps (a = 0.5) 
7.1. 0<C< 1 




-0.4 -0.2 0.2 0.4 0.6 



Figure 9: Velocity field and integral cuirves in the case C = 0.6 

7.2. 1 < C < 1 + (0.5) a 

(a) {p,p,p a ) 

(b) (p, l-p,p a ); (1- p,p,p a ); 

(c) (p,p,l -Pa) 




Figure 10: Velocity field and integral cuirves in the case C — 1.1 



7.3. 1 + (0.5) Q <C< 2- (0.5) £ 
(a) (p,p,p a ) 
(c) (p,p,l -Pa) 
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Figure 11: Velocity field and integral cuirves in the case C — 1.5 

7.4. 2- (0.5) Q <C<2 
(a) (p,p,p a ) 

(c) (p,p,l -Pa) 

(d) (p, 1 - p, 1 - p Q ) ; (1 - p, p, 1 - p a ) 



0.6 

0.4 

0.2 



-0.2 

-0.4 

-0.6 

-0.8 




-0.5 



0.5 



Figure 12: Velocity field and integral cuirves in the case C = 1.8 



7.5. C > 2 



74 



BUSLAEV et al: ON STABILITY... 



(c) (P,P, 1 "Pa) 



0.5 

0.4 

0.3 

0.2 

0.1 



-0.1 

-0.2 

-0.3 

-0.4 

-0.5 




-0.2 



0.2 



0.6 



Figure 13: Case C = 2.3 
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Abstract. In this paper, it is shown that, if Ishikawa's type iterative se- 
quence associated with the nonlinear mappings G and H converges to a point, 
then the limit point is a common fixed point of the mappings G and H in 
£-fuzzy metric spaces. 
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1. Introduction 

In the recent years, several authors [3, 8, 9] have studied the convergence of 
the sequence of the Mann iterative sequence [5] of a mapping if to a fixed point 
of H under various contractive conditions. The Ishikawa iteration scheme [3] 
was first used to establish the strong convergence for a pseudo contractive 
self-mapping of a convex compact subset of a Hilbert space. Very soon, both 
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iterative sequences were used to establish the strong convergence of these it- 
erative sequences for some contractive type mappings in Hilbert spaces and 
then in more general normed linear spaces. 

In this paper, we used Ishikawa's type iterative sequence for finding a com- 
mon fixed point for two mappings in £-fuzzy metric spaces. 

In the sequel, we shall adopt the usual terminology, notation and conventions 
of £-fuzzy metric spaces introduced by Saadati et al. [10]. 

Definition 1.1. ([2]) Let C = (L;<l) be a complete lattice (i.e., a partially 
ordered set in which every nonempty subset admits supremum and infimum) 
and U a non-empty set called the universe. An L- fuzzy set in U is defined as 
a mapping U — ► L. For each u in U, A(u) represents the degree (in L) to 
which u satisfies A. 

Classically, a triangular norm T on ([0,1], <) is defined as an increasing, 
commutative, associative mapping T : [0, l] 2 — ► [0, 1] satisfying T(l,x) = x 
for all x G [0, 1]. These definitions can be straightforwardly extended to any 
lattice £ = (L, < L ). 

Definition 1.2. ([1, 4]) A triangular norm (t-norm) on £ is a mapping T : 
L 2 — > L satisfying the following conditions: 

(i) (Vrr G L)(T(x, 1^) = x) (: boundary condition); 

(ii) (V(x,y) G L 2 )(T(x,y) = T(y,x)) (: commutativity); 

(iii) (V(x, y, z) G L 3 )(T(x, T(y, z)) = T(T(x,y), z)) (: associativity); 

(iv) (V(x,x',y,y') G L A )(x < L x' and y < L y' => T(x,y) < L T(x',y')) 
(: monotonicity). 

A t-norm T on C is said to be continuous if, for any x,y G L, any sequences 
{x n } and {y n } in L which converge to x and y, respectively, 

lim T(x n ,y n ) = T(x,y). 

n— »oo 

For example, T(x, y) = min(x, y) and T(x, y) = xy are two continuous 
t-norms on [0,1]. 

A t-norm T is said to be of Hadzic type if T(x, y) >l A(x, y) for all x,y G L, 
where 

x if x < L y, 



A(x,y) — -, ., 
v ' I y it y <l x. 

The t-norm T can be defined recursively as an (n+l)-ary operation (n G N) 
by T 1 = T and 

T [x±, • • • , x n +i) = T[T (x±, • • • , x n ), x n+ i) 

for all n > 2 and Xi G L. 
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Definition 1.3. A negator on C is any decreasing mapping M : L — > L 
satisfying A/"(0 £ ) = l c and A/"(l £ ) = £ . If J\f(J\f(x)) = x for all x <E L, then 
A/" is called an involutive negator. 

Next, we use a fixed involutive negator. The negator N s on ([0, 1], <) defined 
&sN s (x) = 1 — x for all x G [0, 1] is called the standard negator on ([0, 1], <). 

Definition 1.4. The triple (X,Ai, T) is said to be an C-fuzzy metric space if 
X is an arbitrary (non-empty) set, T is a continuous t-norm on £ and .M is 
an £-fuzzy set on X 2 x ]0, +oo[ satisfying the following conditions: for every 
x,y,z & X and t, s g]0, +oo[, 

(a) M(x,y,t) > L C ; 

(b) _M(x, y, t) = lc for all t > if and only if x = y\ 

(c) M(x,y,t) =M(y,x,t); 

(d) T(M(x, y, t),M(y, z, s)) < L M(x, z,t + s); 

(e) Ai(x, y,-) : ]0, oof — > L is continuous; 

(f) ]im t ^ 00 M(x,y,t) = l c - 

In this case, M. is called an C-fuzzy metric. 

If, in the above definition, the triangular inequality (d) is replaced by 

(NA) T(M(x,y,t),M(y,z,s)) < L M(x,z,max{t, s}) 

for all x, y, z G X and t, s > or, equivalently, 

T(M(x,y,t),M(y,z,t)) < L M{x,z,t) 

for all x,y,z G X and t > 0, then the triple (X,M.,T) is called a non- 
Archimedean C-fuzzy metric space [6, 7]. 

Definition 1.5. (1) A sequence {x n } in an £-fuzzy metric space (X,Ai,T) 
is called a Cauchy sequence if, for each s £ L\ {0c, lc} and t > 0, there exists 
n G N such that, for all n,m > n , 

M(x n ,x m ,t) > L M{e). 

(2) A sequence {x n } is said to be converges to a point x G X, which is 

denoted by x n — ► x if A4 (a; n , x, t) — ► ljr whenever n — >• +oo for all t > 0. 

(3) A £-fuzzy metric space (X,Ai,T) is said to be complete if every Cauchy 
sequence in X is convergent. 

Lemma 1.6. ([10]) Let (X,Ai,T) be an C-fuzzy metric space. If we define a 
mapping E\^ M : X 2 — >■ R + U {0} by 

Ex,m (x, y) = inf {t > : M (x, y, t) > L M(\) } 

for all A G L\ {0c, lc} an d x, y G X . Then we have the following: 
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(1) For any // G L \ {0 C , l c }, there exists A G L \ {0 C , l c } such that 

E^ M (x,z) < E X;M (x,y) + E XM (y,z) 
for all x,y,z G X; 

(2) A sequence {x n } is convergent with the £-fuzzy metric M. if and only if 

E XM (x n) x) -> 0. 

Also, a sequence {x n } is a Cauchy sequence with the £-fuzzy metric M. if and 
only if it is a Cauchy sequence with the E\ t M- 

2. Main Result 

Definition 2.1. Let (X, Ai,T) be an £-fuzzy metric space and / = [0, 1] the 
closed unit interval. 

(1) A continuous mapping W : X 2 x / — > X is said to be a convex structure 
on X if, for all x, y G X, k G / and A G L \ {0 C , lc}, 

(2.1) E XM [u,W(x,y,k)} < kE XM (u,x) + (1 - k)E XM (u,y) 

for all ti£l. 

(2) A £-fuzzy metric space (X,Ai,T) together with a convex structure is 
called a convex C-fuzzy metric space. 

Theorem 2.2. Let C be a nonempty closed convex subset of a non- Archimedean 
convex C-fuzzy metric space (X,Ai,T) in which T is of Hadzic type. Let 
G,H : X — > X be two self-mappings satisfying the following condition: 

(2.2) M(Gx, Hy, t) > L T 2 (M(x, y, ^),M(x, Hy, ^),M(Gx, y, *-)) 

for all x,y G C and t > in which /iG (0,1). Suppose that {x n } is Ishikawa's 
type iterative sequence with G and T defined by 

x G C, 

y n = W(Gx n ,x n ,(3 n ), (*) 

x n+ i = W(Hy n ,x n ,a n ) 

for all n > 0, where the sequences {a n } and {(3 n } satisfy < a n , f3 n < 1 
and {a n } is away from zero. If {x n } converges to a point p G C , then p is a 
common fixed point of G and H. 

Proof. From (*), it follows that 

Ex,m(xu, x n +i) = E XM [x n , W(Hy n ,x n ,a n )] = a n E x ,M( x n,Hx n ). 

Since x n — ► p, A4(x n ,x n+ i,t) — > lc and, by Lemma 1.6 (2), it follows that 

E x ,M(x n ,x n+1 ) — > 0. 



80 



ON CONVERGENCE OF ISHIKAWA'S TYPE ITERATION 

Since {a n } is away from zero, it follows that 

(2.3) lim E x>M (x n , Hy n ) = 0. 

Using (2.7), we get 

M(Gx n ,Hy n ,t) 

(2.4) t t t 
> L T 2 (M(x n ,y n , -),M(x n ,Hy n , -),M{Gx n ,y n , -)). 

By the property of E and (2.4), we have 
E XM (Gx n , Hy n ) 
= mf{t>0:M(Gx n: Hy n ,t)> L Af(\)} 

< inf{t >0 :T 2 (M{x n ,y n ,-),M{xn,Hy n ,-),M{Gx n ,y n ,-)) > L M{\)} 

< hmt{t > : T 2 (M{x n ,y n ,t),M{x n ,Hy n ,t),M{Gx n ,y n ,t)) > L M{\)} 

< hmi{t> : A 2 (M(x n ,y n , t),M(x n , Hy n , t), M(Gx n ,y n , t)) >lA/"(A)} 

< h[E XM (x n ,y n ) + E XM (x n ,Hy n ) + E XM (Gx n ,y n )]. 

It follows from (*) that 

E Xj M( x n,y n ) = E x ^ M [x n , W(Gx n ,x n , p n )} = (3 n E x ^ M (x n , Gx n ), 

E XM (Gx n ,y n ) = E XM [Gx n ,W(Gx n ,x n , p n )] = (1 - /3 n )E XM (x n ,Gx n ). 
Thus we have 

(2.5) E XM (Gx n , Hy n ) < h[E XM (x n , Gx n ) + E XM (x n , Hy n )]. 
By the triangular inequality (NA), we have 

(2.6) T(M(Hy n ,Gx n ,t),M(x n ,Hy n ,t)) < L M(x n ,Gx n , t). 
By the property of E, since the t-norm is of Hadzic type, we have 

E X ,M( x n,Gx n ) 

= inf{t>0:M(x n ,Gx n ,t)> L N'(\)} 

< inf{£ > : T(M(Hy n ,Gx n ,t),M(x n ,Hy n ,t)) > L Af{\)} 

< inf{t>0: A(M(Hy n ,Gx n ,t),M(x n ,Hy n ,t)) > L JV(A)} 

< E XM (Hy n , Gx n ) + E XM (x n , Hy n ). 

Hence, from (2.5) and the last inequality, we have 

2h 

E XM (Hy n ,Gx n ) < - -E XM (Hy n ,x n ). 

1 — h 

Taking the limit as n — > oo, by (2.3), we obtain 

lim E XM (Hy n ,Gx n ) = 0. 
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Since Hy n — ► p, we have Gx n — > p. From E XM (x n , y n ) = /3 n E XM (x n , Gx n ), 
it follows that y n — > p. Further, from (2.2) and the property of E, we have 

E XM (Gx n , Hp) < h[E XM (x n ,p) + E XM (x n ,Hp) + E XM (p,Gx n )]. 

Taking the limit as n — >■ oo, we obtain 

E XM (p,Hp) < hE XM (p,Hp). 

Since h G (0, 1), we have E x ^ M (p, Hp) = and hence Hp = p. 
Similarly, from (2.2) and the property of E, it follows that 

E\,m(Gp, Hx n ) < h[E x>M (x n ,p) + E XM (p, Hx n ) + E XM (x n , Gp)]. 

Taking the limit as n — ► oo, we obtain 

E\,m{Pi G P) < hE XM (p,Gp). 

Since h G (0,1), we have E x<M (p,Gp) = and hence Gp = p. Therefore, 
Gp = Hp = p and so the point p is a common fixed point of the mappings H 
and G. This completes the proof. □ 

If G = H in Theorem 2.2, then we have the following: 

Corollary 2.3. Let C be a nonempty closed convex subset of a non- Archimedean 
convex C-juzzy metric space (X,Ai,T) in which T is of Hadzic type. Let 
G : X — ► X be a self-mapping satisfying the following condition: 

(2.7) M(Gx,Gy,t)> L T 2 (M(x,y,t),M(x,Gy,t),M(Gx,y,t)) 

for all x,y G C and t > in which h G (0, 1). Suppose that {x n } is Ishikawa's 
type iterative sequence with G defined by 

Xq G C, 

y n = W(Gx n ,x n ,(3 n ), 

x n+1 = W(Gy n ,x n ,a n ) 

for all n > 0, where the sequences {«„} and {f3 n } satisfy < a n , j3 n < 1 and 
{«„} is away from zero. If {x n } converges to a point p G C , then p is a fixed 
point of G. 
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Abstract. By modifying the initial terms with "±1", we review few known 
identities of Rogers- Ramanuj an type and establish several new ones. The 
approach is fundamentally based on known theta function identities. 



For two indeterminate q and x, the shifted-factorial of x with base q is defined by 

(x;q) Q = 1 and {x;q) n = (1 - x) (1 - xq) ■ ■ ■ (1 - xq 11 ^ 1 ) for neN. 

When \q\ < 1, the q-shifted factorial of infinite order and the modified Jacobi theta 
function read respectively as 

DC 

( x 'i)oo = Y[( l -<i kx ) and (x;q)oo = (x;q)oo(q/x;q)oo- 

For the sake of brevity, their multiparameter forms are abbreviated to 

[ «» A • • • . r, q L = («; ?)oo (ft 9)00 •• • (7; 9)00 . 
(a, p, ■■■ ,r,q)<x> = (a; «) <»(/?; q)oo • • • (7; <z>oo- 

Following Gasper-Rahman [12], the basic hypergeometric series is defined by 



l+r<Ps 



ao, ffli, ■ ■ ■ , a r 
h, ■ ■■ ,b s 



q;z 



E{(-W^} 6 



ao, oi, • • • , a r 
q, &!,■■■, ^ 



where the base g will be restricted to \q\ < 1 for nontcrminating q-series. 

In the g-series theory, there arc numerous identities expressing infinite sums as 
infinite products. Two typical ones are the celebrated Rogers-Ramanujan identities 
(see Andrews [1, §1] and Chu [8, §4] for example): 

x — and x — 



^ (q;q) n [q,q 4 ;q 5 ]oo ^ (q;q)n [q 2 ,q 3 ;q 5 ]oo' 

For a comprehensive investigation of Rogers-Ramanujan type identities, refer to 
Slater [19] in her collection of 130 identities and Sills [17] with an excellent up-to- 
date annotation. 

The purpose of this paper is to present a new approach to a class of Rogers- 
Ramanujan type identities. By employing the theta function identities appeared 
mainly in [9], we shall review few known Rogers-Ramanujan identities and establish 
several new ones simply by modifying the initial terms with "±1". 
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f Corresponding address: Dipartimcnto di Matcmatica, Universita del Salcnto, Lecce-Arncsano 

P. O. Box 193 Lcccc 73100, Italy. Email: chu.wenchang@unile.it and wang.chenying@163.com. 



84 



Wcnchang Chu and Chcnying Wang 



§1. In this section, we shall establish three pairs of new identities of Rogers- 
Ramanujan type through the following two thcta function equations (cf. [4, En- 
try 25(i-ii), P40] and [9, Eqs 3.1a and 3.1b]): 

(-q;q 2 )oo + (q;q 2 )oo = rA [g 16 , -g 6 , -g 10 ; g 16 ]co, 



(-g;g 2 )oo - (q;q 2 )c 



(g 4 ;g 4 ) 
2g 



(g 4 ;g 4 



-[g 16 ,-g 2 ,-g 14 ;g 16 ] 



(la) 
(lb) 



Firstly, recalling the g-Kummer theorem (cf. Gasper-Rahman [12, II-9] ) 



2<Pl 



a, c 
qa/c 



g; -g/c 



ga,g 2 a/c 2 ;g 2 )oo 

= -g;goo7 — -, -, t— where g/c < 1 

ga/c, -g/c; g oo 



we may derive, by letting a — > — g 2 and c — > oo, the identity [20, Eq 3.14] 



y, (- g ;g) ro+1 m (-g;g) 4 o o 4] 



m— 



(g;g) 



(g; g)c 



i 2 2 h ( g; g )c 
g ,g ;g ]oo = 



(g;g 2 



According to (la) and (lb), modifying the initial term of the last sum by "±1" 
leads us to the following two identities. 



Theorem 1 (New identities of Rogers-Ramanujan type). 



y (-«W m = 2 



m—0 

oc 



(g;g) 



(-g;g 2 ) 
(g 2 ;g 2 )c 



~[g 16 ,-g 6 ,-g 10 ;g 16 



i+ y ( 7 g ^ )m+2 g(?) 

±1 (g;g) m +i 



-2m _ q ( gig ^ U^ _„2 14 161 

(g 2 ;g 2 )J 9 '«'«'« J c 



= 2 



(2a) 
(2b) 



Secondly, recall the g-Gauss summation formula [12, II 

[c/a, c/b; g] 



a, fe 
c 



g; c/afe 



c/ab;q] c 



where |c/ofe| < 1. 



When g — ► g 2 , a — ► — g 2 , c — ► g 3 and fe — ► oo, it reduces to [7, Eq 2.4] 



g 



g 2 ;-g 



l 



00 f „2.„2 



E 



(-g ;g )m m 2 (-g;g 2 ) c 



1 - ? i-'o (« ; 9 ) 2m + 1 



g 



(g; g 2 )c 



Combining this equation with "±1" , we derive the two identities. 
Theorem 2 (New identities of Rogers-Ramanujan type). 



00 ( „2.„2\ 

1+ y- {-q ,q hn m 2 



(g;g) 



= 2 



2m+l 



i+E 



(-g 2 ;g 2 )m+ 



1 m -\-2m 



(g 2 ;g) 



= 2 



2m+2 



(-g;g 2 ) 
(g 2 ;g 2 

(-g 3 ;g 2 ) 
(g 4 ;g 2 )c 



[g">,-g b ,-g 10 ;g lb ]c 



x [?V? 2 ,-g 14 ;g 16 ]c 



(3) 



(4a) 
(4b) 



Finally, the g-Gauss summation formula (3) may be specified, by g — > g 2 , a — ► — 1, 
c — > g 3 and fe — > 00, to another identity 



(1+9) E 



(-l;g 2 )m m 2 +2m _ ("gi g 2 )c 



m ^0 (<z; ?)2m+1 



(g; g 2 )c 



Its combinations with "±1" yields the following two identities. 
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Theorem 3 (New identities of Rogers-Ramanujan type). 



i+(i + q)J2 



(-q 3 ;q 2 ) 

=i (g 2 ;g) 2m y (g 4 ;g 2 ) 



( g i g )m-l m 2 +2m 



[« lb ,-g b ,-9 10 ;9 lb ]oo, (5a) 



oo / 2 2\ / 3 2\ 

i+(i + «) E g j, g )m g - 2 + 4 -+ 2 = ( ~l ; l Jo v 6 , v, - 9 14 ; g 1 v (5b) 



m -^ (9 2 ;g)2 m+ 2 



(gW) 



Furthermore, it is not difficult to verify that (1.7a-1.7b) and (1.9a-1.9b) in Chu- 
Wang [10] are two equivalent pairs under the "±1" rule in view of (la) and (lb). 

§2. Next, we reproduce the two thcta function identities from [4, Entry 25(vi-v), 
P40] (see [9, Eqs 3.1c and 3. Id] also) 



(-9; q z )L + (9; q z )L = ,„ 2 .^ [q s , -«r, -«T; q% 

4q 



(q 2 ;q 2 jo- 



(-q;q )«, -{q;q )«, = 



-[g 8 ,-g 8 ,-g 8 ;g 8 ] 



(q 2 ;q 2 )oo 

They will be used to prove two pairs of Rogers-Ramanujan type identities. 
Recall the q-analogue of the second Gauss 2-Fi(— 1) sum [12, 11-11] 



a 2 , b 2 

abq 1 / 2 , -abq 1 ' 2 



q;-q 



[qa 2 ,qb 2 ;q 2 ] 



For a = b 



[q,qa 2 b 2 ;q 2 ] c 
T, it reduces to the following identity 

(-g;g 2 )L 



y (-l;g) m q{m}1) 

^ (g; q) m (q; q 2 ) m 



(q;q 



2^2 

00 



(6a) 
(6b) 



(7) 



In view of (6a) and (6b), we may modify the initial term of the last sum by "±1" 
and therefore establish the following two identities. 



Theorem 4 (New identities of Rogers-Ramanujan type). 

-, 1 v^ (-i;g) m (-g;g)m-i («■+*) _ (-g;g)oo r 8 _4 4 8l 

1+ 2-. (n- n\-(n- n2\_ Q ~ ~. ^ L« > "9 , "9 , 9 Jc 



r^ (9; g)m(g; g 2 )m 
(-g;g&gW +2r 



E 



(g; g)oc 

( — gjgjoor 8 „8 „8. 



(g;g)m+i(g;g 2 )m+i 



(g; g)c 



-[ q s,- q *,- q S;q% 



(8a) 
(8b) 



Similarly, for a = y/—l and b = q\f— 1 in (7), the corresponding identity reads as 



E (-l;g)m(-g;g)m+l ("+!) 



(-g;g 2 ) 



2^2 

oo 



^ (g;g)m(g;g 2 )m+i 



^2 

/oo 



(g ; g 2 )^ 

Its combinations with "±1" lead us to the further two identities. 
Theorem 5 (New identities of Rogers-Ramanujan type). 

1 | >fi (-g;g)m-l(-g;g)m+l («■+*) _ (-g;9)oo r „8 4 4. 8l 

1+ ^ (g;gUg 3 ;g 2 U q ~Jq^qU [q '- q >- q ' qU 



771=1 



1+ V- (-g;g)m(-g;g)m+2 ( ? ) 

±1 (g;g)m+i(g 3 ;g 2 ) m +i 



+ 2,„ = 2 ^k[/, V,-9 8 ;9 8 ]c 

(g 2 ;g)oo 



(9a) 
(9b) 
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§3. Recall the two cubic theta function identities (cf. [5, Theorem 2 and Corol- 
lary 2] and [9, Eqs 3.16a and 3.16b]): 

(-«;«)«, , (g;g)oo 2 ^2^^^^.^^ (10a) 

[? 12 ,-«,-« n ;« 12 ]oo- (10b) 



(-g 3 ;g 3 )oo (g 3 ;g 3 )oc (g 3 ;g 3 )c 
(-q;q)oo (q;q)oo _ 2q 



(-q 3 ;q 3 )co (g 3 ;g 3 )oo (g 3 ;g 3 ) 

They will be employed to show three pairs of Rogers-Ramanujan type identities. 
Firstly, combining "±1" with the identity [19, Eqs 24 and 30] 

y- (-i;g)2m m = (-g;g)oo r 6 q 3 q 3. q 6] = (-g;g)°o (g 3 ;g 3 )°o 
£^ {q 2 ;q 2 )m (g;g)oo °° (g;g)oo (-g 3 ;g 3 )o= 

and then using (10a) and (10b), we derive the following two identities. 
Theorem 6 (New identities of Rogers-Ramanujan type). 

1+ y- (~g;g)2m-l m = [g 12 ,-g 5 ,-g 7 ;g 12 ]oo ^^ 

~i (g 2 ;g 2 )™ (g;g)oo 

v^ (-g; g)2m+i m = [g 12 ,-g, -g n ;g 12 ]oo (uh] 

^ (g 2 ;g 2 Wi (g;g)co ' l ! 

Similarly, combining "±1" with the identity [14, Proposition 6C] 

>p (-l;g)m(-g;g)m+l m 2 +m = [g 3 > ~g> "g^ g 3 ]oo = (~gi g)oe (g 3 ;g 3 )oo 

£? (g;g)2m+i (g;g)oo (g;g)oo (-g 3 ;g 3 )oo 

leads us to the following two Rogers-Ramanujan type identities. 
Theorem 7 (New identities of Rogers-Ramanujan type). 

1 , V^ (-g;g)m-l(-g;g)m+l m 2 +m [g 12 , -g 5 , -g 7 j g 12 ]oo . , 

l+ 2^ TTflTTT- 1 - 7^2— y- > y U& > 



m— 1 



DC 



(g 2 ;g)2m (g 2 ;g) 



! y- (~g; g)m(~g; g)m+2 m 2 +3m+l = [g 12 , ~g, "g"; g 12 ]oo /^ 

i^ (g 2 ;g) 2m+2 ~ (g 2 ;g)co 

Finally, combining "±1" with the following identity [19, Eq 26] 



v^ (-g; g)m _ (-g;g)oo r 6 „3 „s. «i (-?;?)«> (g 3 ;g 3 ) 

Z^ r„. „w„. „2i_ , « r«-«^. w ' y ' y ' y 



3. „3-\ 

oo 



^ (g; g)m(g; g 2 ) m +i (g;g)oo • • • (g;g)oo (-g 3 ;g 3 )oo 

we establish the two identities displayed in the following theorem. 
Theorem 8 (New identities of Rogers-Ramanujan type). 

oo /\ r i o r 7 1 0i 

1 , V^ (-g;g)m g ,-g°,-g';g oo , , 

1+ > 7 : — t ^t g = 2 , (13a) 

^ (g; g)m(g; q z ) m +i (g; g)oo 

i+ v , , ( ' g v g) r + 2 \ — * m2+2m = 2 [gl2 ''V" ;gl2] - . (i3b) 

^ (g; g)m+i (g 3 ; g 2 )m+i (g 2 ; g)oo 

In addition, there is also a fourth equivalent pair based on relations (10a) and (10b), 
which can be found in Chu-Wang [10, Eqs 1.18a and 1.18b]. 
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§4. Rewrite the theta function equation [9, Example 4] as 

(~g;g)°° fag)°° = 2q ( ~ g;g) - [« 8 -a* -a s - a 8 l (14) 

(g 4 ;-g 4 )co (- q i ;-q i W 2q (-q i ;- q i )J q ' q ' q ' q Jo °' (14) 

Taking into account of 

(-g;g) 00 r „ 8 „4 „4, „si _ (-g;g)oo(-g 4 ;-g 4 )oo 

/ n g > g > g ; g J oo — , s , 4 4 s 
(y;?)oo (g;g)oo (g , -g 4 )oo 

and then applying the "—1" rule to Theorems 4 and 5, we find that the identities 
displayed there constitute two equivalent pairs of Rogers-Ramanujan type identities. 
Similarly, one can show that the following identities due to Chu-Wang [10, Eqs 1.12a 
and 1.12b] result also in an equivalent pair 

1 + 2 £ (-gig)m-l ^(^^[8 _,4 ; _ g 4. ^ (15a) 

^ (g; g)2m (g; g)oo 

00 / 2 2\2 / \ 

E r% ; m g m = 1 r ^ i [g 8 I -g 8 I -g 8 ;g 8 ]oo. (i5b) 
^ (q-qhm+2 (q;q)oo 

§5. According to the two quintuple theta function equations (cf. Chu [9, Eqs 3.17a 
and 3.17b]) 

[ ~' f ' lK [ ' f<lK -2(- q S; q S)U-q\-q i ;q W )o , (16a) 



(-y 5 ;y 5 )oo (g 5 ;g 5 )c 

(-Q'>^°° (y-;g)oo -Oat-a^-a 5 ) 2 (-a -a 2 -a w ) ■ (mh) 

(-q 5 ;q 5 )oo (g 5 ;g 5 )co 9( q ,q joo( q ' q ,q )oc, [ ' 

we may apply the "±1" rule to the identity due to Sills [18, Eq 5] 

y, (-i ;g ) m f-+i| = (-y; g)oo ,iq g5 g6 g ioi = (-g;g)°o (g 5 ;g 5 )°o 
^ (g; g)m(g; g 2 )™ (g;g)oo ' °° (g;g)oo (-g 5 ;g 5 )oo 

and derive consequently the following two strange identities, where the second one 
is due to Bowman-Laughlin- Sills [7, Eq 2.28]. 

Theorem 9 (Identities of Rogers-Ramanujan type). 

1 | y (-g;g)m-i ("+i) (-g;g)oo (g 10 ;g 10 )oo , 17g , 

~i (g; g)m(g; g 2 )™ (g;g)oo (-g, -g 2 ;g 10 )oo' 

y (-gj g)m f?)+2m = (-g:g)oo (g^j g 10 )oo ,-^jx 

~o (g; g)m+i (g; g 2 ) m +i (g;g)oo (-g 3 ,-g 4 ;g 10 )oo' 

§6. Recall the theta function equation (cf. [6, Eq 2.16] and [9, Example 16]) 

( — g; g)oo (g; g)oo „ (~g; g)oo r „is 3 „i5.„i8i /- 1fi \ 

^g / q- n\ [g >g )g )g Joo- (.18) 



(-g 9 ;g 9 )co (g 9 ;g 9 )co y (g 9 ;g 9 )oo 

Taking into account of the equality 

(-?! g)oo r is 9 9. i 8l _ (-?! g)oo(g 9 5 g 9 )c 



(g;g)oo ' °° (g;g)oo(-g 9 ;g 9 ) c 
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and then applying the "—1" rule to the two identities appeared in [2, Eq D3], [3, 
Eq 7.2] and [19, Eq 78] 

1 + £ ( f'- l( - 1; ^ r) - ^H 18 , g 9 , g 9 ; g 18 U d9a) 

^ri (q;qj2 m -i{q;qj m (g;g)oc 

1 + 2 £ r 2 (g6 2f U 7 1<? T = i 7 : # 2i b 18 ^ 9 ^ 9 ;? 18 ]oo (19b) 

^ri (e ; q )m-i{q; q)i m (g; q)oo 

we recover, respectively, the two identities of Rogcrs-Ramanujan type. 
Theorem 10 (Bailey [2, Eq Dl] and [3, Eq 7.1]). 

g (g 3 ;g 3 U-g;g) m g (?) + 2 m= H[ig)oc [g i8 |g 3 |g i 5;g i8 ]oo| (20a) 

^ (q; q)2rn+i(q; q) m +i (g;g)oo 

E ra ( ^w )m f = ^^[g 18 ,g 3 ,g 15 ;g 18 ]oo. (20b) 

^ (? ; r)m(«; gW+2 (g; g)oc 

§7. In view of the theta function equation (cf. [9, Example 18] and [16, Eq 4.3]) 

(-<r;<r)oc (g 9 ;g 9 )oc (g 9 ;g 9 )oo 

applying the "—1" rule to the three times of (19a) and (19b), we derive the following 
two Rogcrs-Ramanujan type identities, respectively. 

Theorem 11 (New identities of Rogers-Ramanujan type). 

1+3 f fayWiNgWi g (t') (22a) 

^ri (q; qhrn-i(q; q)rn 

= { -j^[q e ,-q,-q 5 ;q e ]oo X [g 4 , g 8 ; g 12 ]^; (22b) 

1+3 V (g ig Jm-lg , 23 x 

^(gWU-ifegW 

_\ g; g)oo r k „ „5. „6i „ r„4 8 „12i 



(g; g)c 



■[^.-(I.-^^looX^^^oo. (23b) 



§8. For A, &, c, d, e subject to A 2 = bede, there holds Weirstrass' classical three 
term relation (cf. Chu [9, Theorem 1]): 

{A/b, A/c, A/d, A/e; q) x - (b, c, d, e; q)^ = b(A, A/bc, A/bd, A/be; q)^ 

which can be used to prove the following theta function equations 

[q 2 , qw, q 3 w; g 3 ^ - (g; g)oo = g(l - w)[q 27 , q e , q 21 ; q 27 ]^, (24a) 

[q, q 2 w, q 3 w; q^w]^ - (q; q) x = g 2 (l - w)[q 27 , q 3 , q 24 ; q 27 }^; (24b) 

where lu =/= 1 denotes the cubic root of unity. In fact, manipulating the difference 
displayed in equation (24a) 

[q 2 , qw, q 3 w; g 3 w]oo - (q; g)^ 

= [g 9 ,g 2 ,g 7 ;g 9 ]oo{(g^,g 3 w,g 5 w;g 9 )oo- (g,g 3 ,g 5 ;g 9 }oc} 

[g j g j g j g Joo r/ 3 5 32 9\ / 3 5 3 2 9\ "l 

{{qw,q a w,q°w,q a w ;g a )oo - (g,g ,g ,g w ;g M )oo} 



[q 3 w 2 , q 6 w; q 9 

, [g 9 ,g 2 ,g r ;g £ 

[q 3 w 2 , q 6 w; q 



[g > g > g i g Joo / 6 2 2 2 9\ 

g r 3 o r 5^(g w,w,q w,q w ;q ) c 



89 



Identities of Rogcrs-Ramanujan Type via "±1" 

and then simplifying the products in the last line, we get the right member stated 
in (24a). The equation (24b) follows analogously from the reformulation: 

[q, q 2 w, q 3 w; q 3 w] ca - (q; q)^ 

= [q 9 , q, q S ; g 9 ]co{(gV q 3 w, q 4 w; q 9 )^ - (q 2 , q 3 , q 4 ; q 9 )^} 

r 9 8. 91 

|g ! gj g i g Joo r , 2 3 4 3 2 9\ / 2 3 4 3 2 9\ 1 

= r 3 2 6 ■ 91 IW w,q w,q w,q w ; q ) 00 - (q ,q ,q , q w ;q ) 0O ) 

[q W , Q W, Q Joo 
2 [g 9 ,g»g 8 ;g 9 ]oo / 6 2 9\ 

= 1 r 3 2 6 9T - W w,w,qw,qw ;q ) 00 . 

[q i w 2 ,q b w;q y \ 00 

Recall the following two Rogers-Ramanujan type identities due to Bailey [2, Eqs 
B2 and 10.8] (see [19, Eqs 91 and 90] also) 

°° (n 3 T,3\ n m 2 +2m [„27 „6 „21.„27l 

V^ {1 1 g Jing _ [g ) g 1 g 1 g JOO /r>r x 

^ (g; g)m(g; g)2+2m (g! g)oo 

\T^ lg l g Jmg _ [g ; g ; g l g joo (O^W\ 

~^ Q (g; g)m(g; g)2+2m (g! g)oo 

Applying the "+1" rule to these two identities multiplied, respectively, by q(l —w) 
and q 2 (l — w), we recover the two strange identities of Rogcrs-Ramanujan type. 

Theorem 12 (Ismail-Stanton [14, Theorem 9]). 

-,,/-, v V 2 ^ (g 3 ;g 3 )m-lg m [q 3 w,q 2 ,qw;q 3 w] oc 

l + (l-w)> -. r -, r = -, r '— , (26a) 

^ (g; g)m-l(g: g)2m (g; g)oo 

, , ,, x v- (g 3 ;g 3 )m-ig m2+m [g 3 w,g,g 2 w;g 3 w]oo 

1 + (1-W)> -: r ? r = ■; r . (26b) 

^ri (g;g)m-l(g;g)2m (g;g)oo 

§9. According to the two theta function equations [9, Eqs 3.3a and 3.3b] 

(-g;g 2 U , (g 2 ; g 4 )^ _ o (-«g)°° r 3 _ fl4 _ 5 _ 8 . 8 l2 , 27 x 

(g;g 2 )oo + (-gW) 2 . - 2 (-g 2 ;g 4 )L [ g ' g ' q ' ff ,<? ]o °' (27a) 

t^It^ - r44l- = 2g r ( "? g h H. -g 4 > -g 7 > -? 8 ; g 8 ]- ( 27b ) 

(g;g 2 )oo (-g 2 ;g 4 )So (-g;g)So 

modifying with "±1" the initial term of the following identity [10, Eq 1.11a] 

(~l;g)2m m _ (-g;g)oo r 4 2 2. 4l _ (~g5 g 2 )oo (~g 2 \ g 4 )L 



y- ^-i,c/;2m m r^^oc ,4 _ 2 2 4i = 

^ (g;g) 2m 9 (g;g)oo [9 ' ? ' 9 ' 9jo ° " (g;g 2 )oo (gW) 2 , 

we derive further the two identities with strange product expressions. 
Theorem 13 (New identities of Rogers-Ramanujan type). 

1 \p (~g;g)2m-l m _ (-g;g)oo r 3 _ 4 _ 5 8. 8l2 /90 x 

i («;«)*» ~ (g 2 ;^ "' "' "' 9,9jo °' ( } 

£ ( 7 g; f 2m+1 g m = |^|f hg,-g 4 ,-g 7 ,-g 8 ;g 8 ]L- (28b) 

^ (g;g)2m+2 (g 2 ;g 4 )So 

§10. Further bisections on triple products. In a recent paper [10] by the au- 
thors, several identities of Rogers-Ramanujan type have been reviewed by applying 
the multisection method to Jacobi's triple product identity [15] 

+00 
[q,x,q/x;qU = ]T {-l) n q®x n . (29) 
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Splitting the sum into two parts according to the parity of summation index n, we 
get the following expression 

+00 +OG 

[q,x,q/x;q] 00 = ]T q 2n ^ n x 2n - x £ q 2n2+n x 2n . 



n— — 00 n— — 00 



Factorizing each infinite scries by means of (29) leads to the equivalent identity 

[q,X,q/x;q]oo = [q 4 ,-qx 2 ,-q 3 /x 2 ;q 4 } 00 - x[q 4 ,-q/x 2 ,-q 3 x 2 ;q 4 ] oc (30) 

which can also be derived from the sextuple product identity appeared in a recent 
paper by Chu-Yan [11, Corollary 2]. 

Letting x — > q and q — > q 3 in (30), then writing alternatively 

(q;q)oo = [q 3 , q, q 2 ;q 3 ]oo 

we find the following thcta function equation: 

(<?; <z)oo = [q 12 , -q", -q 7 ; q 12 ]oo - q[q 12 , -q, -q 11 ; q 12 ]oo- (31) 

According to the "—1" rule, it is not hard to check that the following identities [19, 
Eqs 58 and 56] (see Chu-Wang [10, Eqs 1.18a-1.18b] for correction) are equivalent: 

1+ y* (~g; q)m-iq m2 = [q 12 ,-q 5 ,-q 7 ;q 12 }oo .^ 

°° ( n- n\ n m! + 2m In 12 n n 11 ■ n 12 ] 

sr^ l~g ; q) m q [g ,—q,—q ,q joo c*2Ki 

~^ {q;q)m+i{q;q 2 ) m +i {q;q)oo 

Similarly by expressing the factorial fraction in terms of triple product 

{q i q )oo r 4 3 4i 

7 ^— = [q ,q,q ;q oo 

(-<?;r)oo 

we may specify (30) , under x — > g and g — ► g , to another theta function equation 

[q i q Joo r 16 6 10 I61 r 16 2 14 I61 /oo\ 

- [9 ,-q,-q;q ]«, -<?[<?,-« ,-« ;<? Joo- (33) 



(~q; q 2 )c 



In accordance with the "—1" rule, we have consequently the following three equiv- 
alent pairs of Rogers-Ramanujan type identities. 

• Chu-Wang [10, Eqs 1.4a and 1.4b]: 

oo/ 2 . 2\ / . 2\ 

1 , V^ \ 1 '1 )m-l m \~TiQ Joo r 16 6 10 16i tn» \ 

1+ Z_. "~ TT^T\ 1 ^~TT^K~ w >-9>-9 5 9 oo, 34a 

^[ (q 2 ;q 2 )m f»-»-i 



(-«;« 2 )oOr 16 

(g 2 W 2 )oo [<Z ' 


-/, 


W 6 W 


h;9 2 )=°. i6 
(<? 2 ;? 2 )oo 


-q\ 


-g 14 ;g 16 ]oo. 



oo / 2 2\ 

E ?2? g" = R^ [g 16 ; -g 2 ,-g 14 ;g 16 ]oo. (34b) 

^ (<r;<r)m+i (r;r)oo 

Gessel-Stanton [13, Eqs 7.13 and 7.15]: 



m— 1 



g (gjgk g (?) + 2m = ( |j g 2 )oo [g l 6) _ g 2 ; _ g 14. g 16 ]oo _ (35b) 



m=0 
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Slater [19, Eqs 69 and 72]: 



>T^ (-9 iff )m m 2 +2m= (-<?;<? ) oo r„16 

4^ (?;«)2m+2 (ff 2 ;ff 2S; 



m— 



/ oc 



i+E 



( f'^-' q"' = ( , 2 g;g 2 2 , )oo [g 16 ,-g 6 ,-g 10 ;g 16 ]oo. (36b) 
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Abstract: Let if be a holomorphic self-map and g a fixed holomorphic 
function on the unit ball B in C". This paper studies the boundcdness and 
compactness of the following Volterra composition operator 

f 1 dt 

T a<v f{z) = / f{<p{tz))Stg{tz)-, 

Jo T 

from the mixed-norm space H (p, q, ip) to the Bloch-type space of holomorphic 
functions on B. 

MSC 2000: 47B38; 30H05. 
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1 Introduction 

Let B be the unit ball of C" and H(B) the space of all holomorphic functions 
on B. Let dv be the normalized Lcbcsguc measure of B, i.e. v(B) = 1. For 
/ e H(B), let 

»/(*) = 5>|f:(*) 

3 = 1 J 

represent the radial derivative of / <G H(B). 

A positive continuous function /i on the interval [0, 1) is called normal if 
there is S € [0, 1) and s and t, < s < t such that 

Hi t) ll\t) 

is decreasing on [S, 1) and lim — — = 0; 



(1 - r) s & L ' ' r-i (1 - r) 6 

il\T] LL\T] 

rr is increasing on [S, 1) and lim — = oo. (1) 

(1 — ry ' r-»i (1 — ry 
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If we say that /U : B — ► [0, oo) is normal we will assume that /i(z) = /i(|z|), z e B. 
Let /i : B — > [0, oo) be normal. For < p, q < oo, the mixed norm space 
H(p, q, v) = H(p, q, v)(B) consists of all / e H{B) such that 

WfUip*,*) = (J MI(f,r)^dS) < oo, 

where 

1/9 



M g (/,r)=(|j/(rC)Na(C)) 



For p = q and ^?(r) = (1 — r ) a+ , the mixed norm space is equivalent to the 
weighted Bergman space A v a — A^(B), which consisting of all / e H(B) such 
that 

ll/lftg= /"|/W| p (l-N 2 ) a dt;W<oo. 

Let /j, : B —> [0,oo) be normal. The Bloch-type space B^ = B^(B) is the 
space of all functions / £ H(B) such that 

M/) = sup/i(z)|3?/(z)| < oo. 

zee 

,6 M is Banach space with the norm ||/||e = |/(0)| +b^(f). The little Bloch-type 
space B^,o = £> Mj o(-B) consists of all / <G H(B) such that 

lim /,(*)|R/(*)|=0. 

|z|-»l 

It is easy to see that Z? M] o is a closed subspace of B^. When p(r) = (1 — r 2 )", 
a £ (0,oo), we obtain a-Bloch spaces and little a-Bloch spaces (see, e.g., [21]). 
Let ip be a holomorphic self-map of B. The composition operator C v is 
defined by 

(<V)(«) = (/° ¥>)(«), f£H(B). 

The book [2] contains plenty of information on composition operators on various 
function spaces. 

Suppose that g : B — > C 1 is a holomorphic map, define 

f 1 dt 

T g f{z)= f(tz)$tg(tz)-, f£H(B), z e B. 
Jo l 

This operator is called the extended Cesaro operator (or the Ricmann-Sticltjcs 
operator), which was introduced in [3], and studied in [1, 3, 4, 5, 7, 8, 9, 10, 11, 
12, 13, 17, 19, 20]. 

Motivated by the definition of operators C v and T g , in [22] Zhu defined the 
so-called Volterra composition operator as follows. 

f 1 dt 

T g , v f{z) = J f(<p(tz))Xg(tz)j, f£H(B), zeB. (2) 
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It is easy to see that T g , z = T g . In the setting of the unit disk D, the Volterra 
composition operator has the following form 

T g , v f(z) = f (/ o ?)($)</(£)<%, / e #(£>), z e D, 

Jo 

which was first introduced and studied in [6]. 

In [22] , Zhu studied the boundcdness and compactness of the Volterra com- 
position operator from generalized Bergman spaces to Bloch type spaces. In 
[23] , Zhu studied the boundedness and compactness of the Volterra composition 
operator on logarithmic Bloch spaces. Recall that a linear operator is said to be 
bounded if the image of a bounded set is a bounded set, while a linear operator 
is compact if it takes bounded sets to sets with compact closure. 

In this paper, we study the operator T 9yip from mixed norm spaces to Bloch 
type spaces in the unit ball. The sufficient and necessary conditions for the 
operator T 9iV , to be bounded or compact are given. As some corollaries, we can 
obtain the characterization of the boundedness and compactness of the extended 
Cesaro operator from mixed norm spaces to Bloch type spaces, which generalize 
the corresponding results in [13]. We omit the details. 

Throughout the paper, constants are denoted by C, they are positive and 
may not be the same in every occurrence. 



2 Main Results and Proofs 

In this section we state and prove the main results of this paper. First we quote 
several lemmas which are used in the proofs of the main results. The following 
characterization of compactness can be proved in a standard way (see, e.g., the 
proofs of Proposition 3.11 of [2]), hence we omit its proof. 

Lemma 1. Assume that < p, q < oo, g G H(B), ip is a holomorphic self- 
map of B, v : B — > [0, oo) and fi : B — > [0, oo) are normal. Then the operator 
T g . v '■ H{p, q, v) — > B^ is compact if and only ifT 9yLp : H{p 1 q, v) — ► B^ is bounded 
and for every bounded sequence (fk)k£N C H(p, q, v) converging to uniformly 
on compacts of B we have 

lim H^WfclK =°- 

K — >00 

Lemma 2. Assume that /j, : B — ► [0, oo) is normal. A closed set K in B^p is 
compact if and only if it is bounded and satisfies 

lim sup fj,(z)\$lf(z)\ = 0. 

Lemma 3. [18] Assume that < p, q < oo and v : B — > [0, oo) is normal. Then 
there is a positive constant C independent of f such that 

\f(z)\<C ''f" g(p ^ a , ZGB. (3) 
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Now we are in a position to state and prove our main results. 

Theorem 1. Assume that < p,q < oo, g G H{B), ip is a holomorphic 
elf-map of B, v : B — > [0, oo) and \i : 1 
H{p, q, v) — ► B^ is bounded if and only if 



self-map of B, v : B — > [0, oo) arwi ^ : B — > [0, oo) are normal. Then T glf 



M := sup ^ )|5Rg(z)l . < oo. (4) 

, e BI/(^))(l-|^)|2)« 

Moreover, if T gj(fi : H(p, q, v) — ► Z?^ is bounded then the following asymptotic 
relation holds 

NT II /i(z)|Sftg(z)| 

IMfl,vl|j?(p,g, v )-B M - sup -— «-. (5) 

ze s i/(^(z))(i- i^u)r)« 

Proof Assume that (4) holds. A calculation with (2) gives the following 
formula (see, e.g. [3, 22]) 

X[T g ,M)K*) = f(<P(*))*9(z). 

Moreover (T gip f)(0) = 0. Then by Lemma 3 and the condition (4), we have 

IIWII*, = I(W)(o)| + supM*)I%(*)II/(«)I 

< gsu P ; ; , U1 — i / m 2 ^^ = CM\\f\\ H( j,, q , v ), (6) 

i.e. T 9iV : H(p, q, v) — ► ,6 M is bounded. 

Now assume that T s-¥ , : i?(p, q, f) — > Z?^ is bounded. Set 



Mz)= , 1 ' ' \^ +0 , zEB, (7) 



(i-HY 

</?(«;) (1 - (z,w})« 
where /3 > 1. By [18] we know that sup„, eB ||/m||fl"(p,g,^) < C. Therefore 



c \\ T g,v>\\H(p, q ,v)^Bu ^ \\ T g,vU(w)h» = sup/j(z)|%(z)||/ ¥ , w (¥>(z))| 

zGB 

> v(u>Wg(w)\\f v{w) (ip(w))\ = . . , |9 ,n , 

Kv(w))(i- iwr)« 

from which (4) follows, moreover 

faU P , , ,,,, 1 , ^» ^ c ll T s,<plliy(p,<M')-iV (8) 

»£B J/(y(w))(l - |</?(w)| 2 ) " 

From (6) and (8), asymptotic relationship (5) follows. □ 
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Theorem 2. Assume < p, q < oo, g £ H(B), <p is a holomorphic self-map of 
B, v : B — > [0, oo) and /j, : B — ► [0, oo) are normal. Then T g _ v : H(p, q, v) — ► 6 M 
is compact if and only if g £ B^ and 

lim ^)l^)l „ =0 . ( 9 ) 

lv(*)l-ii/(¥>(«))(l-|p(*)| 2 )« 

Proof. Suppose that g £ B^ and (9) holds. From g £ B^ and (9), it is easy 
to see that (4) holds. Hence T gip : H(p, q, v) — ► B^ is bounded by Theorem 1. 
From (9) we have that for every e > 0, there is an r £ (0, 1) such that 

/j,{z)\$tg{z)\ ^^ 

K^))(i-|^)| 2 )? 

when |y(z)| > r. Let (fk)ken be a bounded sequence in H(j>,q,v) such that /& 
converges to uniformly on compact subsets of B as k — > oo. Let G = {w £ 
£? : |iy| < 5}. From the fact that g £ B^ and (10), we have 

WTg^fkh^ = svp [i{\z\)\f k {<p{z))$lg{z)\ 

z£B 

= ( sup + sup U(z)|s%0)||/ fc O0))| 

V {z£B: |v(z)|<(5} {z£B:^<| ¥ )(z)|<l} / 

II II 1/ I \\ J r-iu II MWI%WI 

= ||ff||S M SUp l/fcHI+CH/fcllafp,,,,,) sup - 1 . ..„.» 

wee {zeB-.s<Mz)\<i} v(ip(z)){l- \<p{z)\ 2 )* 

h\W sup 1/fcHI + C\\f k \\ H(piqiV) e. (11) 



< 



Note that G is a compact subset of B, we have linife^oo sup„, eG |/fc(w)| = 0. 
Using this fact and letting k — > oo in (11), we obtain limsupfc^^ ||T S;¥ ,/fc||g M < 
C\\fk\\H(p,q,i>)£- Since s is an arbitrary positive number, we obtain 

limsup||T giV / fc || eM = 0. 

k — >oo 

Employing Lemma 1, we get that T g>lp : H(p, q, v) — > B^ is compact. 

Conversely we assume that T g>tp : H(p,q,u) — ► B^ is compact. We need to 
prove that (9) holds. This can be done by contradiction. We assume that (9) is 
not true. Then there would be some £o > and a sequence (zk)kefi ^= B with 
lim |</?(zfc)| = 1, and such that 

k — >oo 

n(z k )\$lg(zk)\ > £ - 12 . 

v(<p(z k ))(l-\<p(z k )\*)5 - °' 



for every k £ N. Set 



i/(^(2 fe ))(l- (z,^(z fe )))t- 



/*(*) = , , :;,, 'T"',' * +g , ***> ( i3 ) 
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where > 1. Then sup feeN \\fk\\H(p,q,v) < C> an d /fe converges to uniformly 
on compacts of B. Hence by Lemma 1, 

lim ||T fli „/ fc ||B„ = 0. (14) 

k — >00 

On the other hand, we have 

\\Tg, v fk\\Bu = supv,{z)\&{Tg iV f k )(z)\>iA{z k )\$lg{zk)\\fk{ip{zk))\ 
n(zk)\$lg{zk)\ . 



v(ip(z k )){l - \ip(Zk)\ 2 )« 
which contradicts to (14). This completes the proof of this theorem. □ 

Theorem 3. Assume that < p,q < oo, g G H(B), ip is a holomorphic 
self-map of B, v : B — > [0, oo) and /i : B — > [0, oo) are normal. Then T Qtlp : 
H{p 1 q, v) — ► S^.o is bounded if and only if g € B^,o onrf T SjV : i?(p, q, v) — ► i3^ 
is bounded. 

Proof. Suppose that T 9jV3 : if (p, q, i/) — ► £^.0 is bounded, then T g , v : 
H{p 1 q^v) — * B^ is bounded. Taking f{z) = 1, and employing the bounded- 
ness of T 9iV , : H(p 7 q, v) — ► B^,o, we get g € Bju.o, as desired. 

Conversely, suppose that T g>tp : H{p,q 1 v) — * ,S M is bounded and g € ^,o- 
For each polynomial p(z), we obtain 

ti*)\*HTg,<pP){*)\ = /i(*)b(v(*))ll%(*)l < IN|ooM*)l%(*)l- (15) 

From the above inequality, it follows that for each polynomial p, T gyip (p) € B^,o- 
Since the set of all polynomials is dense in H(p,q,i>), for every / € H(j>,q,u) 
there is a sequence of polynomials (pk)kefi such that \\pk — f\\H(p,q,v) ^ as 
k — ► oo. From the boundedncss of T 5]V : _ff (p, g, z/) — + B^, we have that 

HTg^Pfc - T g ^f\\ Bii < \\Tg^\\ H{p , q , v) ^ Bti \\p k - f\\H{p, q ,u) -► 0, as fc -> oo. (16) 

From this and since 23 Mi o is a closed subset of B^, we obtain 

Tg. v f = lim T g!V p fc e B^. . (17) 

fe — >oo 

Therefore T 9iV , : H{p 1 q, v) — » £> M .o is bounded. The proof is completed. □ 

Theorem 4. Assume that < p,q < oo, g G H{B), ip is a holomorphic 
self-map of B, v : B — ► [0, oo) and /u : .B — ► [0, oo) are normal. Then T 9)lp : 
H{p 1 q, v) — ► y8 M .o is compact if and only if 

lim ^»^ , = 0. (18) 

W-ii/Mz))(l-|¥>(*)| 2 )« 
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Proof. Suppose that T 9iV : H{p, q, v) — ► B^.q is compact. Then T g _ v : 
H{p 1 q^v) — > Bfj_fi is bounded and T g , v : H(p,q,i>) — ► B^ is compact. By 
Theorems 2 and 3 we obtain 

lim ^)'^)l , =0 , (19) 

l*>(*)l-»ii/(¥>(*))(l-|¥>(*)l 2 )« 



and 



lim /x(*)|K 5 ( Z )| = 0. (20) 



By (19), for every e > 0, there exists a <5 € (0, 1), 

M*)|9WI <£ 

I/(^))(l-|^)|2)? 

when <5 < |(/j(z)| < 1. By (20), for the above e, there exists are (0, 1), 

n{z)\Stg{z)\<ev{S)(l-\S\ 2 )< 

when r < \z\ < 1. 

Therefore, when r < |z| < 1 and 8 < \<p{z)\ < 1, we have that 



H(z)\ttg(z)\ <£ 



v{ V {z)){l-\ V {z)\>)-« 
If \f{z)\ < 8 and r < \z\ < 1, we obtain 

MZ) '^ (Z)I <WWm(M)I**(*)I<*. (22) 



i/(p(*))(l-|¥>(*)l 2 )* -i/(<J)(l-|dP)« 

Combing (21) with (22) we get (18), as desired. 

Conversely, suppose that (18) holds. From Lemma 2, we see that T 9tV : 
H{p 1 q, v) — ► S^.o is compact if and only if 

lim sup M (*)|R(T fliV /)(*)|=0. (23) 

For any / e F(p, g, z/) with \\j\\ H ( P , q ,v) < 1, by (3) we have 



At(^)|»(T SjV /)(«)| < CH/llff^,,,,,) 



«/(^))(l-bWI 2 )« 

Using (18) we get 

lim sup M*)|H(W)(*)I < C lim - -^ffL = , 

as desired. This completes the proof of the theorem. □ 
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1. Introduction and preliminaries 

In 1929, Knaster, Kuratowski and Mazurkiewicz [11] deduced the celebrated 
KKM theorem. In 1961, Ky Fan [7] gave an extended version of the KKM 
theorem to infinite dimensional spaces and made useful variations such as 
geometric property of convex sets, best approximation theorem and minimax 
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inequality. Since then, many authors have given numerous generalizations of 
the known results and new applications (see Granas [8], Park [15, 17] and 
references therein). Later, this theorem was extended to convex spaces by 
Lassonde [12, 13] and to space having certain families of contractible subsets 
(simply, iJ-spaces) by Horvath [10] and was further developed in if-spaces ([1- 
5, 9, 16]). In [18-22], Park et al. introduced and studied generalized convex 
spaces (simply, G-convex spaces) and obtained many important results in G- 
convex spaces. The concept of G-convex spaces is a common generalization of 
the usual convexity in a topological vector space and many abstract convexities 
which have been mainly developed in connection with the fixed point and the 
KKM theory. 

The purpose of this paper is to establish a new KKM type theorem in G- 
convex spaces and as applications, to obtain some new matching theorems, 
fixed point theorems, section theorems and minimax theorems in G-convex 
spaces. The results presented in this paper improve and generalize the corre- 
sponding results in [1-6, 16, 20, 23]. 

Definition 1.1. ([14, 18, 19]) (1) A generalized convex space (or a G- 
convex space) (X, D; F) consists of a topological space X and a nonempty 
set D such that, for each A = {oo,Oi,--- ,a n } G (D), there exists a subset 
F(A) = Ta of X and a continuous function <pA '■ A n — > F{A) such that 
J C {0, 1, • • • , n} implies 0a(Aj) C F({dj : j G J}), where (D) denotes 
the set of all nonempty finite subsets of D, A n an n— simplex with vertices 

i>o, Vi, ,v n and A j = co{vj : j G J} the face of A n corresponding to J, 

respectively. 

In case to emphasize X D D, (X, D; F) will be denoted by (X D D; r); and 
if X = D, then (X D X; T) by (X, T). 

(2) For a G-convex space (X D D; F), a subset K of X is said to be T-convex 
if, for each N G (D), N C K implies F^ C K. If X is compact, then the 
G-convex space (X, D; F) is said to be compact. 

Definition 1.2. ([14]) Let (X, D; F) be a G-convex space and / a nonempty 
set. A mapping F : I — o X is called a generalized KKM mapping provided 
that, for each iVG (I), there exists a function a : N — » D such that r CT (M) C 
F(M) for each Me (N). 

Lee [14] studied generalized KKM mapping and proved the following result: 

Theorem 1.1. Let (X, D; F) be a G-convex space, I a nonempty set and F : 
/ — o X a generalized KKM mapping with closed values such that f] z& M-^( z ) 
is compact for some ME (I). Then C\ zeI F(z) ^ 0. 
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2. A NEW KKM TYPE THEOREM 

In order to prove the main results of this work, we introduce the following 
concept: 

Definition 2.1. Let (X, T) and (Y,D;V) be two G-convex spaces. A 
mapping F : X — o Y is called a quasi-generalized KKM mapping provided 
that, for each N G (X), there exists a function a : N — *• D such that F', M ^ C 
F(M U T M ) for each M G (N). 

Example 2.1. Let X = (— oo, 0), Y = (0,+oo) with Euclidean topologies 
and, for each M G (X) and N e (Y), let T M = co(M U {minM - 2}) and 
T' N = co{N U {maxiV + 1}) (coA denotes the hull of A). Then (X, T) and 
(Y, r') are two G-convex spaces. Define a mapping F : X — o Y by 

F(x) = {-x, -x + 1}, ViGl, 

and, for each M G (X), let <r(x) = —a; for each x G M. Then we have 

C(M ) = co(a(M Q ) U {maxa(M ) + 1}) = co( (J {-x, -x + 1}) 

xeMo 

C co( [J {-x, -x + 1}) C (J {-x, -x + 1} 

xGcoMq x£Tm 

|J F(x), VMoG(M). 
a;eMour Mo 

This shows that F is a quasi-generalized KKM mapping. 

Let X, Y be two nonempty sets and F:I^ya mapping. Then, for each 
y G y, we put 

F- 1 ^) = {xgI:|/6 F(x)}, F*(y) = X\F~\y). 

Theorem 2.1. Let (X, T), (Y, D; V) be two G-convex spaces and F : X — o 
F a quasi-generalized KKM mapping with closed values such that f] xeM F(x) 
is compact for some M G (X). Suppose that F*(y) is T-convex for each y G Y. 
Then (\exH*) **■ 

Proof. If F is not a generalized KKM mapping, then there exists Xo G (X) 
and, for each function o : No — *• D, there exists Mo G (Xo) such that 

r; (Mo) £ f(m ). 

That is, there exists yo G r^, M % with y 4- F(M ), i.e., yo ^ F(x) for each 
x G Mo, which implies that x ^ F~ 1 (yo) for each x G Mo and so Mo C F*(yo). 
Since F*(y ) is T-convex, it follows that T^, C F*(y ). Thus M U Tm C 
F*(y ) and so x ^ F _1 (|/o) for each x G M U rV . This shows that yo ^ 
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F(M U T Mo ), which is a contradiction to F, that is, the quasi-generalized 
KKM mapping. Therefore, it follows from Theorem 1.1 that H^ex F( x ) 7^ $• 
This completes the proof. 

Corollary 2.1. Let (X, T), (Y, D; V) be two G-convex spaces and F : X — o 

Y a quasi-generalized KKM mapping with closed values. Suppose that F*(y) 
is T-convex for each y EY and there exists Xq G X such that F(x ) is compact. 
Then Ci xex F(x) ^ Q>. 

Remark 2.1. Theorem 2.2 and Corollary 2.1 generalize Theorems 1 and 2 
in Badaro and Ceppitelli [1], Theorem 4 in Badaro and Ceppitelli [2], Theorem 
1 in Chang and Ma [4], Lemma 1.3 in Chang and Yang [5], Theorem 3 and 
Corollary 4 in Wu and Li [23] to G-convex spaces. 

3. Matching theorems and fixed point theorems 

By using Theorem 2.1, we have the following: 

Theorem 3.1. Let (X, T), (Y, D; V) be two G-convex spaces and F : X — o 

Y a mapping with open values such that Y\ [J xGM F(x) is compact for some 
M G (X) and the following conditions hold: 

(i) F(X) = Y- 
(ii) for each y EY, F 1 (y) is T-convex. 

Then there exists N G (X) such that, for each function a : N — *• D, 

K(m o) n f) F ^ * 

xeM ur Mo 

for some M G (N ). 

Proof. If the conclusion of Theorem 3.1 is false, then for each N G (X), 
there exists a function a : N — >■ D such that 

K {Ni)) cY\ f| F(x)= |J (Y\F(x)), \/N e(N). 

xeN UT N{) xeN UT No 

Let 

G(x) = Y\F(x), \/x G X. 
Then 

r; W)) c |J G(x) = G(N UT No ), ViVoG(iV). 
seArourjv 

So G : X — o y is a quasi-generalized KKM mapping with closed values and 

l^ G(x) = f| (y\F(x)) = Y\ |J F(x) 

ifM ieM xeM 

is a compact set. 
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Now, we prove that G*(y) is T-convex for each y & Y . Firstly, we prove 
G*(y) 7^ 0. Otherwise, then there exists y G Y such that G*(y) = and 
thus G~ l (y) = X. Therefore, x G G~ l (y) for each x G X, which implies that 
y G G(x) and so y ^ -F(x), that is, y ^ F(X) = Y, which is a contradiction. 

For each X G (G*(y)), let x G N. Then x ^ G~ 1 (y) and so y ^ G(x). 
Thus y G F(x). This implies that re G F~ l (y) for each x & N, that is, 
iV C F~ 1 (y). By also the condition (ii), we have T^ C F~ 1 {y). Let re G T^y. 
Then x G F~ l (y) and sot/G F{x). Thus y ^ G(x). Therefore, x ^ G~ 1 (i/), 
which implies that x G G*(y). This shows that T^r C G*(y) and so that G*(y) 
is T-convex. It follows from Theorem 2.1 that 

fl <x\n*)) = D G (*) ^ 

iex sex 

and 

F\F(X) = Y\ |J F(x) = f) (F\F(x)) ^ 0. 

This is a contradiction to the condition (i). This completes the proof. 

As an immediate consequence of Theorem 3.1, we have the following: 

Theorem 3.2. Let (X, T) be a G-convex space, (Y, D; V) a compact G- 
convex space and F : X ^ Y a mapping with open values. Suppose that the 
following conditions hold: 

(i)F(X) = Y; 
(ii) for each y EY, F 1 (y) is T-convex. 

Then there exists Nq G (X) such that, for each function o : Aq —*■ D, 



K(m 0) n f) F ^ * 



xGM UFm 



for some M G (X ). 

Remark 3.1. Theorems 3.1 and 3.2 generalize Theorem 2 and Corollary 1 
in Chang and Ma [4] and Theorem 5 in Park [16] to G-convex spaces. 

Corollary 3.1. Let (X, T) be a G-convex space and F:I^Ia mapping 
with open values such that X\ \J xeM F(x) is compact for some M G (X). 
Suppose that the following conditions hold: 

(i) F(x) =x; 

(ii) for each y G X, F l (y) is T-convex. 
Then there exist Mq G (X) and x G Fm such that 

r Mo n f) F(x) ± 0, r Mo n f| f[x) ± 

xgm x<=r M(i 
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and 

x G F(x). 

Proof. Let D = Y = X, V = T and o be an identical mapping as in 
Theorem 3.1. Then we know that there exists M G (X) such that 

Tm n f| F(x) d r Mo n f| f(x) = r a{Mo) n f| f(x) ^ 

xgm xGM ur Mo xeM ur Mo 

and 

TM n f| F(x)DF Mo n f| F(x) = rv (Mo) n f| f(x)^0. 

zer Mo xeM ur Mo xeM ur Mo 

Let x G Tmq H Hxgr -^(^)- Then there exists x G Tm such that x G F(x). 
This completes the proof. 

From Corollary 3.1, we have the following: 

Corollary 3.2. Let (X,F) be a compact G-convex space and F : X — o X 
a mapping with open values. Suppose that the following conditions hold: 

(i) F(X) =X- 
(ii) for each y G X, F l (y) is T-convex. 

Then there exist M G (X) and x G Tm such that 

r Mo n f| F(x) + 0, r Mo n f| f(x) + 

xGMq xGTmq 

and 

£ G F(x). 

Remark 3.2. Corollaries 3.1 and 3.2 generalize Theorem 3.1 in Chen et al. 
[6] to G-convex spaces and improve Theorems 5 and 8, Corollaries 8.2 and 8.3 
in Park [20]. 

4. Section theorems 

By using Theorem 3.1, we have the following: 

Theorem 4.1. Let (X, T), (Y, D; V) be two G-convex spaces, Z a nonempty 
set, B C Z and let g : X x Y — *• Z be a mapping satisfying the following 
conditions: 

(i) for each rr G X, the set {y G F : g(x,y) G -B} is open, and the set 

Y\ [j x&M {y G F : g(x, y) G -B} is compact for some M G (X); 
(ii) for each y &Y, the set {re G X : g(x,y) G -B} is T-convex; 
(hi) Uexfo e y : <7(a;,i/) 6 B} = y. 
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Then there exists N G (X) such that, for each function a : N — > D, 

g((M UT Mo )x{y })cB 

for some M G (N ) and y G r' ff(Mo) . 

Proof. Let 

F(x) = {y eY : g(x, y) G B}, Vx G X 

It follows from Theorem 3.1 that there exists Nq G (X) such that, for each 
function a : Nq — > B*, 



r; ( M 0) n n F ^ ^ 



xeM ur Mo 



for some M G (X ). Let y G r^ (Mo) n n. G M ur Mo F ( x )- Then 00 e T' a{Mo) 
and gi(x, |/o) G B for each x G M U I"m ) that is, 

g((M U r Mo ) x {y }) c B. 

This completes the proof. 

As an immediate consequence of Theorem 4.1, we have the following: 

Theorem 4.2. Let (X, T) be a G-convex space, (Y, D; V) a compact G- 
convex space, Z a nonempty set, B C Z and let g : X x Y — > Z be a mapping 
satisfying the following conditions: 

(i) for each x G X, the set {y G F : (?(x, y) G -B} is open; 
(ii) for each y £Y, the set {x G X : g(x,y) G -B} is T-convex; 
(iii) U eX {yGF:^(x,y)G5} = r. 
Then there exists X G (X) such that, for each function a : N — > B>, 

5 ((M ur Mo )x{|/o})cB 

for some M G (X ) and y G r ' CT (M„)- 

Remark 4.1. Theorems 4.1 and 4.2 generalize Theorem 1 and Corollary 2 
in Wu and Li [23] to G-convex spaces. 

Let D = Y = X, I"" = T, Z = X x X, g(x, y) = (x, y) and a be an identical 
mapping as in Theorem 4.1, then we have the following: 

Corollary 4.1. Let (X, T) be a G-convex space and B C X x X. Suppose 
that the following conditions hold: 

(i) for each x G X, the set {y G X : (x,y) G B} is open and the set 

X\ [j x( z M {y G X : (rr, y) G £>} is compact for some M G (X); 
(ii) for each y G X, the set {i£l: (x, y) G -B} is T-convex; 
(iii) {J x£X {yeX:(x,y)eB} = X. 
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Then there exist M G (X) and x G T Mo such that 

M x {x} C B, F Mo x {x} C B 

and 

(x, x) G £>. 

From Corollary 4.1, we have the following: 

Corollary 4.2. Let (X, V) be a compact G-convex space and B G X x X. 
Suppose that the following conditions hold: 

(i) for each x G X, the set {y G X : (x, y) G £>} is open; 
(ii) for each y G X, the set {x G X : (x, y) G B} is T-convex; 
(hi) U e x^eX:(x, 2/ )G5} = X. 

Then there exist M G (X) and x G r^, such that 

M x {x} C B, F Mo x {x} C B 

and 

(x, x) G B. 

Remark 4.2. Corollary 4.2 generalizes Corollary 1 in Badaro and Ceppitelli 

[3] to G-convex spaces. 

5. MlNIMAX THEOREMS 

We first discuss the minimax theorem for the vector function. 

Theorem 5.1. Let (X,T), (Y, D;T') be two G-convex spaces and (E,<) a 
complete lattice. Let f : X x Y ^ E be & mapping satisfying the following 
conditions: 

(i) for each x G X, f(x, ■) is bounded below and, for each y G Y, /(•, y) is 

bounded above; 
(ii) for each A > sup xeX mi y( zY f(x,y) and x G X, the set {y G Y : 
f(x,y) < A} is closed and f] x( z M {y G Y : f(x,y) < A} is compact 
set for some M G (X); 
(iii) for each A > sup xeX mi y< z Y f(x,y) and y E Y, the set {x G X : 

f(x,y) ^ A} is T-convex; 
(iv) for each A > sup^g^ inf^y /(x, y) and N G (X), there exists a function 
a : X — *■ D such that, for each M G (X), there exists Xo G M U V m 
such that 

f(x ,y)<X, VyeT' a{M) . 
Then 

inf sup /(x, y) = sup inf /(x, y). 
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Proof. Put A = sup^x inf y6 y f(x, y). We need only to prove 

inf ' sup f(x,y) < A . 

y£ Y xex 

Let 

B x = {(x,y)EXxY:f(x,y)i\}, VA G E. 

Suppose that there exists (5 > A such that 

\J{yeY:(x,y)eB f) } = Y. 

xex 

It follows from the conditions (ii) and (iii) that 

{y G Y : (x,y) G Bp} = {y eY : f(x,y) £ (3} 

and 

{x G X : (x, y) G Bp} = {x G X : /(x, y) £ f3} 

are open in Y and T-convex in X, respectively. By the condition (ii), we also 
know that 

Y\\J{yeY: (x,y) G Bp} = fl {y G Y : f(x,y) < (3} 

xeM xeM 

is a compact set. Let Z = X x Y and g(x,y) = (x,y) in Theorem 4.1. Then 
there exists N G (X) such that, for each function a : N ^ D, 

(M Q ur Mo )x{y }c\Bp 

for some M G (-/V ) andyo G r^./ M x. Hence /(x, yo) ^ /? for each x G MoUr^o, 
which is a contradiction to the condition (iv). Therefore, for each A > Ao, there 
exists 

yxeY\\J{yeY: (x,y) G B x } = Y\ \J {y G Y : f(x,y) £ A}. 

xex xex 

This implies that f(x,y\) < A for each x G X. Since £" is a complete lattice, 
we have 

sup f(x,y x ) < A 

sex 

and so mi y£ Y sup xeX f (x, y) < A. Therefore, since A > Ao and A is arbitrary, 
we have 

inf sup f(x,y) < A . 

y^ Y xex 

This completes the proof. 

Remark 5.1. Theorem 5.1 generalizes Theorem 5 in Badaro and Ceppitelli 
[3] and Theorem 4.6 in Chen et al. [6] to G-convex spaces. 
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As an immediate consequence of Theorem 5.1, we have the following mini- 
max theorem for real function, which generalizes Theorem 5 and Corollary 6 
in Wu and Li [23] to G-convex spaces. 

Corollary 5.1. Let (X,T), (Y,D;T') be two G-convex spaces and / : 
X x Y — »■ R (R denotes the set of real numbers) a function satisfying the 
following conditions: 

(i) for each x G X, f(x, •) is bounded below and, for each y G Y, /(•, y) is 

bounded above; 
(ii) for each A > sup xeX mi y( zY f(x,y) and x G X, the set {y G Y : 

f( x ,y) < A} is closed and f] xeM {y G Y : f(x,y) < A} is compact 

set for some M G (X); 
(iii) for each A > sup xeX mi y< z Y f(x,y) and y G Y, the set {x G X : 

f(x,y) > A} is T-convex; 
(iv) for each A > sup,j. eX inf^gy f(x, y) and N G (X), there exists a function 

a : N — *■ D such that, for each M G (AT), there exists Xo G M U Tm 

such that 

f(x ,y)<\, VyeT' a{M) . 



Then 



inf sup f(x, y) = sup inf f(x, y). 

y^ Y xex xexv^ Y 
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Abstract 

The paper introduces q-parametric Bleimann, Butzer and Hahn (q-BBH) operators as a 
rational transformation of q-Bcrnstein-Lupas operators. On their basis, a set of new results 
on q-BBH operators can be obtained easily from the corresponding properties of q-Bcrnstcin- 
Lupas operators. Among several other results, a set of identities involving divided differences 
are obtained. Furthermore, convergence properties of q-BBH operators are studied. 

1 Introduction 

g-Bernstein polynomials B nq were introduced by G. M. Phillips in [26]. q-Bcrnstein polynomials 
form an area of an intensive research in the approximation theory, see survey paper [25] and references 
there in. Nowadays, there are new studies on the g-parametric operators, see [20]-[31]. Two- 
parametric generalization of g-Bernstein polynomials have been considered by P. Lewanowicz and 
P. Wozny (cf. [20]), an analogue of the Bcrnstein-Durrmeyer operator and Bernstein-Chlodowsky 
operator related to the (/-Bernstein basis has been studied by M. - M. Derriennic [9], V. Gupta 
[16] and V. Gupta and H. Karsh [17], respectively, a q- version of the Szasz-Mirakjan operator has 
been investigated by A. Aral and V. Gupta in [6]. Also some results on g-paramctric Meyer-Konig 
and Zeller operators can be found in [27], [31], [11]. Recently Aral and Dogru [5] introduced a 
g-analogue of Bleimann, Butzer, and Hahn operators and they have established some approximation 
properties of their q-Bleimann, Butzer, and Hahn operators in the subspace of Cb [0, oo). Also, 
they showed that these operators are more flexible than classical BBH operators, that is, depending 
on the selection of q, rate of convergence of the g-BBH operators is better than the classical one. 
Voronovskaja type asymptotic estimate and the monotonicity properties for g-BBH operators are 
studied in [101. 



The linear operator H n defined by 
(1 



iM/^^E/fd^HlH ^°' » = 1 - 2 - 



fc=0 

where / <G IRt ' 00 ) was introduced by Bleimann, Butzer, and Hahn [7] to approximate continuous 
functions on the positive semi-axis and has been studied by several authors see, for instance, [8], 
[19], [3], [7], [4], [2], [18]. In [7], [2] the authors pointed out some formal similarities and differences 
between H n and the classical Bernstein operator B n . Connection suggested in [2] can be formulated 
by means of the following identity 

H n = V o B n+1 o U, 

V and U arc suitable positive linear operators which will be defined below. This idea was used in 
[22] to define new g-analogue of the Bleimann, Butzer, and Hahn operators as follows: 

H n , q (f;x) := (V o B n+hq oU) (f;x) , 
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where B n+ \ >q is a Philips (/-analogue of the Bernstein operators. 

On the other hand the Lupas, (/-analogue of the Bernstein polynomials (R n ,q) are less known. 
However, they have an advantage of generating positive linear operators for all q > 0, whereas 
Phillips polynomials generate positive linear operators only if q € (0,1). Lupas, [21] investigated 
approximating properties of the operators R n ^ q (f, x) with respect to the uniform norm of C[0, 1]. In 
particular, he obtained some sufficient conditions for a sequence {R n , q (f, x)} to be approximating for 
any function / G C[0, 1] and estimated the rate of convergence in terms of the modulus of continuity. 
He also investigated behavior of the operators R ntq (f,x) for convex functions. In [24] several results 
on convergence properties of the sequence {R n , q {f, x)} is presented. In particular, it is proved that 
the sequence {R nA {f, x)} converges uniformly to f{x) on [0, 1] if and only if q n — > 1. On the other 
hand, for any q > fixed, q ^ 1, the sequence {i? n>q (/, x)} converges uniformly to f{x) if and only 
if f{x) = ax + b for some a,b G R. 

Using the classical connection between Bernstein and BBH operators we propose the following 
^-analogue of the Blcimann, Butzer and Hahn operators in Cf +X [0, oo) : 

H n . q (/; x) := (V o R n+hq o U) (/; x) , (1) 

where R n ^ q is the Lupa§ (/-Bernstein operator on C [0, 1] defined by 



*»„(/,*) = E/({| 



n 
k 



fc(fc-i) ■ , 

j 2 x (1 - x) n K 



(1 — x + qx)...(l — x + q n 1 x) 



Thanks to (1), different properties of R n +\ tq can be transferred to H nq with some extra effort. Thus, 
the limiting behaviour of H n ^ q can be immediately derived from (1) and the well known properties of 

Rn+i,q- In [14], Gadjiev and Cakar gave a Korovkin-type theorem using the test function I -^— \ for 

i — 0, 1, 2. In [5], for q-BBH operators L n ^ q Korovkin-type approximation properties are investigated 
by using these test functions. Notice that, 

H n , g (f;x) = L n}q (f;qx) 

where L„ ;9 is the (/-BBH operator defined in [5]. 

The paper is organized as follows. In Section 2 we give construction of q-BBH operators and 
study some elementary properties. Moreover, Arama-Popoviciu-type Formula and Stancu-type form 
for the remainder of the (/-BBH approximation process are obtained. In Section 3 we investigate 
convergence properties of (/-BBH operators and we show how to reduce the case q G (l,oo) to the 
case q € (0, 1). 

2 Construction and properties 

Before introducing the operators, we mention some basic definitions of q calculus. 
Let q > 0. For any n € N U {0}, the (/-integer [n] = [n] is defined by 

[n]:=l + q + ... + q n -\ [0] := 0; 

and the q- factorial [n]\ = [n] ! by 

[n]!:=[l][2]...[n], [0]! := 1. 

For integers < k < n, the (/-binomial is defined by 

n [n]\ 

k \ : " [fc]![n-fc]!' 
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Also, we use the following notations: 

n— 1 oo 

(i - < == n c 1 **) > (! - < : = n ( x ^) - 



&n,fc (g;z) 



3=0 

n 
k 



q 2 x (1 — x) 






(1 — x + qx)...(l — x + q n x x) ' 

— , h 00 ^ k (q;x) 



(q;x) 



n 
k 



k(k+l)/2 x k 



q 2 (x/1 — x) 



1 k(k+l)/2 k 



(l-q) k [k]ll[(l + qHx/l-x)) 
3=0 



(l + qx)?{l-q)*[k]\' 



, x /-, .\n-k + l]q k J , 

h n ,k {q; x) = (1 + x) = — — 6 n+ i,fe [ q; 



1 + x 



As usual, [x ,xi,...,x n ; f] denotes the divided difference of the function / with respect to distinct 
nodes xq, Xi, ..., x n in the domain of / and can be expressed as the following formula: 



[x ,...,x. 



m/] = 



[xi,...,x n ;f] - [x ,...,x n -v,f] 



X n Xq 

We shall also use the following notations: 

C B [0, co) = {feC [0, oo) | / (x) = O (1 + x)} , 
C [0, oo] = {/ <G C [0, oo) | / (x) has a finite limit at oo} , 
C° 1+x [0, oo) = {/ € C [0, oo) | / (x) =o(l + x) (x - oo)} . 

It is assumed that Cf +a . [0, oo) is endowed with the norm ||/|| 1+a , = sup 2 , >0 {V*^ ■ 
We consider the operators U : M^ 00 ) -*■ M^ 1 !, 

0, i = l, 

and V ^I ' 1 ) ^R[ >°°), 



tf(/,*) 



y( 5 ,x):-(l + x) ff 



1 + x 



e[o,< 



They were introduced in [2] and, aside from notation, in [13]. Some of properties, used throughout 
the paper, are gathered in the following theorem. 

Theorem 1 [1] We have the following relations: 

1. V o U is the identity operator on Ms ' 00 ' . 

2. f € Cf +X [0, oo) if and only if Uf e C [0, 1] . 

3. If f £ C° +X [0,oo), then f is convex if and only if f is convex and nonincreasing. 

We introduce Blcimann, Butzer and Hahn type operators based on g-integers as follows. 
Definition 2 For f G Ml ' 00 ' the q-Bleimann, Butzer and Hahn operators are given by 

[k] 



H n , g (/;x) := (VoR n+hq o U) (/;.x) = £/ (^ , __ , ]} 



h n ,k (q;x) 



l " 



( 1 + qx \k~o \q k [ n - k + 1 \ 



[A;] 



n 

k 



k(k+l)/2 x k neN _ 
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Definition 3 Let < q < 1. The linear operator defined on IRl ' 00 ) given by 



#«,,,(/; a;) :=X> 



fc=0 



r/'- 



^oo.k 



1 oo 



1 - g fc \ 1 ~ (\-q k \ „fe(fc+l)/2 

(1 + qx) 



'1 fc=0 



q k J (l-q) k [k]\' 



is called the limit q-BBH operator. 

Lemma 4 H n>q , i?oo,q : Ci+z [0? °°) ~ > C?+x [0>°°) are linear positive operators and 
\\H n , q (f)\\ 1+x < \\f\\ 1+x , H^oo,, (/)|| 1+x < ||/|| 1+x ■ 

Proof. We prove the first inequality, since the second one can be done in a like manner. Thanks to 
the definition we have 



n 

k=0 


ff 


V<? fe [' 


= (i+*)E 


fe=0 


= (! + *)£ 

fe=0 



[k] 



[k] 



h n ,k(q;x) 

[n — k + 1] q k 



q k [n — k + 1] 

[k] 



b n +i,k I 9 



1 + x 



d\i i+ ¥ 



[k\ 



[n-k + 1] 



_ q k [n — k + 

n+l -■ s 



b n +i,k q 



1 + x 



k=0 



Lemma 5 We ha 



H n , q (1; a;) = 1, H n ^ q (t; x) = x 



n(n+l)/2 x n+l 



The Arama-Popoviciu-type formula was obtained in [4] and in [8] by direct calculation. Formula 
(2) below is a (/-analogue of the mentioned formula for the g-BBH operators. 

Theorem 6 (i) If f G C® +x [0, oo) is a convex function, then the sequence {H nq (f;x)} is nonin- 
creasing in n for each q G (0, 1] and x G [0, oo). 

(ii) If f G Ml ' 00 ', then the following formula is valid 

1 



H n , q (/; x) - H n+lyq (/; x) = - 



(l + 9< 



n+l 



n(n+l)/2 x n+l 



+ 






"- 1 n-3fc-2 



(1 + q*)7 X f^[n-k][n-k + 1] 



[k] 



[k + 1] [k + 1] 



<? fe [n - k + 1] ' 9 fe +! [ n -k + iy q k + x [n - k] 



;/ 



n + l 



q n ' g n+l ' J 



q {k + l)(k+2)/2 x k + l_ q) 
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Proof, (i) We start by writing 

H n ,q(f;x) -H n+lig (f;x) 



1 -^rYf (-rr-^ ^ [ ? I <Z fe(fe+1)/ V (l + g n+1 x) 



T n+1 

i Vf 



(! + ix) q fe=0 



[fc] 



q k [n - k + 2] 



71+ 1 

fc 



q Hk+l)/2 x k 



n+1 



a+qxy; 

1 n — 1 

- n — 1 

n-1 



^)(« +2 )/V^(/(^±llj-/l^ 



( 


[k] \ 


W 


[n-k + l]J 


( 


[k + 1] \\ 


\q k + 1 [n-k]J 


( 


[fc + 1] 



n 
k 

n 
fc + 1 



q (k+l)(k+2)/2 q n-k x k+l 



q (k+l)(k+2)/2 x k+l 



-^ V/, 



(1 + qx) 



q fc=0 



n+1 
fc + 1 



(? (fc+l)(fe+2)/2 a; fc+l_ 



Consequently, 



Hn,q(f;x) -H n+lq (f;x) 



(! + <?< 



n+1 



,(/H 1. 1 f» J)/2 a .n+l / W ["-+'-! 



-,n+l 



1 n— 1 

1 + ix) q k=0 



n + 1 
fc + 1 



where 



a-k 



q n ~ k [k + 1] / [fc; 



* „k 



q (k+l)(k+2)/2 x k+l^ 



[n-k] ( [fc + 1] \ _ / [fc + 1] 

i / I „fcj-i r„ i.i I ■> I „fc+l 



[n + 1} \q k [n - k + 1} J [n + 1] \q k+1 [n-k] J \q k+1 [n - k + 1] 



(3) 



(4) 



Now from Theorem 1 since / is nonincreasing the first term is nonnegative. Thus to show monotonic- 
ity of H n ,q it suffices to show nonnegativity of a k , < fc < n. Let us write 



_ q n ~ k [fc + 1] _[n-k] _ [fc] 

[n + 1] ' ~ a ~ [n + 1] ' Xl ~ 9 fe [n - fc + 1] ' 



£2 



[fc + 1] 



qk+l J n _ ^.j 



Then it follows that 



ax\ + (1 — a) X2 



q n ~ k [fc + 1] [fc] [n-k] [fc + 1] 



[n+1] q k [n - fc + 1] [n + 1] <7 fe+1 [n - fc] 
[fc + 1] q n-k+i [k] + [ n -k + 1] [fc + 1] [n + 1] 



[fc + 1] 



g fc+i [n+1] [n - fc + 1] q k+1 [n - fc + 1] ' 



q k+i [n+l] [n - fc + 1] 

We see immediately that 

a k = af (xi) + (1 - a) f (x 2 ) - f {axi + (1 - a) x 2 ) > 

which proves part (i). 

(ii) For part (ii) we evaluate the second divided difference of / at the points k , L fc+1 i > fc+i r ra fc-i-il ' 
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fc+ifn-fci ano - we obtain 



[k] 



[fc + 1] 



[k + i] 



q k [n — k + 1] ' q k+1 [n — k + 1] q k+1 [n — k] 



7 2fe+2 



-k][n-k + if 



[n + l] 

q 2k+2 [n-k][n-k + l} 2 



'(? 



[fc] 



q n-k [fr + 1] 



/ 



n - k + 1] 

[fc + 1] 
q k+1 [n-k + 1] 



q 2k + 2 [n - k] z [n - k + l] z ( [fc + 1] 



./' 



q n-k [/j + l] [ n + l] ^g fe +! [n - fc' 



(5) 



From (4) and (5) we see that 



n + l 


a-k = 

X 
X 


n + l 
fc + 1 

[fc] 


g"- fe [fc 


+ 1] 




fc + 1 


q2k+2 \ji — k][n — k + 1 
[k+1] 


2 

[fc + 1] . ; ] 

\ k+1 [n — fc] ' 

[fc + 1] .j\ 
l k+1 [n — fc] ' 




q fc [n — fc + 1] ' q k+1 [n — 

n n — k 


fc + 1] ' c 

'n+l' 
k 

1] 




q2k+2 [fj — fc] [77, — fc + 1] 
[fc] [fc + 




q k [n — fc + 1] ' <7 fe+1 [n — 


fc + 1] ' ( 



(6) 



Therefore the formula (2) follows from (3) and (6). ■ 

The following theorem provides a Stancu-type form of the remainder of the g-BBH approximation 
process. 

Theorem 7 ///ell ' 00 ) and x e [0,oo) \{[fc] / [n - fc + 1] q k : k = 0, 1, ...,n}, i/ierc 



n+l 



gL M [ fc + 1 l 



X l ', J 



n(n+l)/2 



Proof. By the definition of H nq we have 

1 ™ / 

,„(/;*)-/(*) = (TT^E(/ 
l " 

Since 



n — fc + 1] q k ' [n — fc] <7 fc + 



15/ 



9 

(fc-2)(fc + l) 
2 

[n-fc] 



n + l 
fc 



(7) 



•ff» 



(l+gx)™f^V' V<? fc [". — fc + 1] 



Jfc] 

j 

[fc] 



"/(*) 



n 

fc 



q k(k+l)/2 x k 



(i + ?<^ V <z fc [^-fc + i] 

[fc] 



[fc] 



[n — fc + 1] <7 fc ' 



n 
fc 



g fe(fe+l)/2 x fe_ 



[n - fc + 1] 



n 
fc 



fc-1 



we have 



H„ 



1 ™ 

(/; " )_/(a;) = _ (iT^xrE 



9 fe=0 



[fc] 



1 ™ 

1 + ax)"^ 



(l + qx) 



<2 fc=l L 



[n — fc + 1] (j* 

[fc] 



;/ 



[n - fc + 1] q 



:;/ 



n 
fc 

n 
fc-1 



g fe(fe+l)/2 a ,fc+l 



gk(k-l)/2 x k^ 
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Rearranging the above equality, we can write 
H n>q {f;x)-f(x) 



r.n+1 



(1 + ^) 



x}%f 
1 n . 



ri(n+l)/2 



.. n— 1 

1 + qx):^ 



(1 + qx) 

Using the equality 



1 fe=0 



X , ^ + 1 ] ;/ 

[n — fc] q k+1 ' 



x, 



[fc] 



-k + l]q k 



n 
k 



k(k+i)/2 x k+i^ 



[k + 1] 



[k] 



[n+1] 



[n — k] q k+1 [n — k + 1] q k [n — k] [n — k + 1] q k+1 
we have the following formula for divided differences: 



[fc + 1] 



[n — k] q k+ 



r;/ 



[A;] 



[n — k + 1] q k 
[fc + 1] 



/ 



fe+i ' * 



[n + 1] 



fc] [n - fc + 1] q 



fe+i ■ 



(8) 



(9) 



[n — fc + 1] q k ' [n — fc] q k+1 
and therefore the formula (7) follows from (8) and (9). ■ 

We will focus now on the formula for the second central moment of the H n ^ q , which is the 
g-analogue of classical formula for g-BBH operators, see [19], [1]. 

Lemma 8 We have 



H n q Ut xf ■ x] = ,f + \n Q n(n+1)/2 (x [n ^)+ 7 1 S T r^ 

' q \ ' ' ) (l + qxYl \ q n {l + QxYl^\n- 



(1 + qx) 



9 k=0 ' 



fc] 



n + 1 
k 



q (k-2)(k+l)/2 x k+l_ 



Proof. Indeed, with / (t) = (t — x) \t ) , equation (7) gives 



Hn, q [{t-x)[t 



1 n_1 I 

l —^y 1 

1 + qx)™ ^-^ \n — k] q k+1 



(! + Qx) q f^ [n - k] q 



n+1 
k 



q k(k+l)/2 x k+l_ 



Consequently, we obtain 



H n . q ((* - xf ; x) = (^ - x) (#„,, (t: 



x) - x) + H n , q \{t-x)[t I : .c 



T.n+1 
_ n(n+l)/2 

i y 



(i+^) 



m + -^—y l 

r ) (1 + qx) n . f^Jn-k] q k +^ 



9 k=0 l 



n+1 
k 



q k(k+l)/2 x k+l_ 



It is known that a function / is convex on an interval if and only if all second order divided 
differences of / are nonnegative. This property, Theorems 7, 1 and 6 together imply the following 
result. 

Corollary 9 If f € Cj , , x [0,oo) is convex or if f G B} ' 00 ) is convex and nonincr easing, then 

Hn,q (/; X) > H n+ltq (/; x) > f (x) . 



3 Convergence properties 

For / € C[0, 1], t > 0, the modulus of continuity ui(f, t) of / is defined by 

u(f,t)= sup \f(x)-f(y)\. 

\x-y\<t 
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Theorem 10 Let q — q n satisfies < q n < 1 and let q n — * 1 as n — > oo. For an?/ a; €E [0, oo) anc 
/or any f € C° +a . [0, oo) the following inequality holds 



^- \H n , qn (/; x) - / (x)| < 2u (Uf, ^A„ (a;)) 



where X n (x) — 



{l + xf[n + l] qn - 

Proof. Positivity of R n +i.q n implies that for any g <G C [0, 1] 

l-^n+i.gn (ff;x) -#(x)| < #n+i,g n (|o(i) -ff(x)|;x). 
On the other hand 

[([//) (t)-(£//)(x)| 

< w (Uf, \t -x\)<w (Uf, 5)(l + - 5 \t-x\\, S> 0. 

This inequality and (10) imply that 

\R n+ i, qn (Uf; x) - (Uf) (x)\<w (Uf, S) (l + - 5 Rn +hqn (|t - x\ ; x) 

and 

\H rhqn (f;x)-f(x)\ 



(10) 



= (1 + x 

< (1 + x 

< (1 + x 

= (l + x 

< (1 + x 

= (l + x 



Rn+l,q n ( C^/; ~ 



(Uf) 



x 



u(Uf,6)(l + -R n+hq „ 



u{Uf,5) \l+glRn + l, qn 



1+ X 
X 



- X 



X 



1 + x 

2 



1 + X 



1/2N 



w(W) 1 + 



w(J7/,<J) 1 + 



w(tf/,<J) 1 + 



1 / X 



1 + x , 



l 



5 \l + x[n+l] qn l + xl + q„x 



1 / x 



h + 1 



<Zn 



1+X 



1/2N 



(5 yi + x[n+l] qn \l + x) [n + l} Qn 



1/2N 



1/2^ 



S l(l + sf[n + l] s 



where we have used the explicit formula for R n +i.q n 
Now by choosing (5 = a/A„ (x), we obtain desired result. 



l+x 



1+x 



which can be found in [241 



Corollary 11 Let q — q n satisfies < q n < 1 and let q n — * 1 as n ^ oo. For any / € Cj' +X [0, oo) 
it holds that 



lim \\H n>qn (/;x) -/(x) 



1 1+x 



0. 



In [24], it is proved that b n ^(Q]x) — > b OQ j 1 (q;x) uniformly in x G [0,1) asrn oo. In the next 
lemma we give an estimate for 6 n> fc(g; yxj) — boo,k(q; ^h.) for x <G [0, oo). 
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Lemma 12 Let < q < 1, k > 0, n> l.For any x G [0, oo) we have 

b n ,k(q; — — ) - &oo,fc(q; — — ) 

1 + x 1 + x 

Proof. Standard computations show that 



iy rp ft ryt ft ~T" J- 

< b n: k{q\ -r—)z + bcoAi; TJ~^~i ' 

I + x 1 — q 1 + x 1 — q 



b n ,k(q; — — ) - froo,fc(<?; — — ) 

1 + X 1+x 



II 
k 



-\ k — 1 a n—k — 1 

q J x 



n^- rr i _ 

11 l+qix X1 V 1 



j'=o 



3=0 



q k+j x 
+ q k+ ix 



k— 1 ^ oo 



l tt ^ x TT(i- 



(l-#[fc]!/J 



n 
k 



fc-i 



g-'x 



-fe-i 



q k+3 x 



- + q J x , 



+ q k+ ix 



q k+j x 



n yx n i- « x -n i- 



k-l 



q°x 



TT " TT i 



< b n , k (q;z— t — ) 

1 + .T 



q k+j x 
+ q k+ ix 



n 
k 



j=o 
1 



q k+j x 
+ q k+ ix 



(l-q) k [k}\ 



j=n 



q° x 



i-TT l- «•*. 

11 V 1 + g^x 



+ &oo,fe(g; ^— — ) 

1 + .X 



n (i-^)-i 

j= n— fe+1 



(ii) 



Now using the inequality 

k 



1- JJ(l-aj) < 5^0j) (oi,02,...,Ofe e (0, 1), fc = 1,2, ...,oo), 

J'=l 3 = 1 



we get from (11) that 



b n ,k{q; z—. — ) - fooo,fc(g; ^— — ) 

1+x 1+x 



<b r , 



1 + x / --'l + q3x 1 + x *— ' 



q>x 



j=n—k-\-l 



< b„,k(q; z— — )-, h &oo,fe(g; z— — )-. . 

l+i l-q 1 + x 1 — q 



Using Lemma 12 we prove the following quantitative result for the rate of local convergence of 
H n ,q (/; x) in terms of the first modulus of continuity. 

Theorem 13 Let < q < 1 and f e C° +x [0, 00). Then for all < x < 00 we have 

\H, hq (f-x) - H^ q (f;x)\ < (1 + xf -?- w (Uf,q n+1 ) . 

1 — q 

Proof. Consider 



A (x) := H n>q (f; x) - #«,,,(/; x) = (V o R n+hq o 17) (/; x) - (V o i^,, o (7) (/; sc) 

= (V o (i?„ +M - R^g) o (7) (/; x) = (1/o (R n+hq - R^)) (Uf; x) . 
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Since H n>q (f;x) and H ao ^ q (f;x) possess the end point interpolation property, A (0) = 0. For all 
x € (0, oo ) we rewrite A in the following form 



n+l 



A(x) = VoY, 



k=0 



[fc] 



('V)!^)-™^-^) 



K+\.k{q]x) 

+ V °Y. [(Pf) ( l - l") - Wf) W] ( b n+lMl- X) - 6oo,fc(3! x)) 

OO 

Vo E [(Uf)(l-q k )-{Uf){l)]b 00 , k (q;x)=:I 1 +h + h. 



n+l 



fe=0 



k=n+2 

We start with estimation of I\ and 1%. Since 



!i, -('-•') -I^i- ('-•') -^I^r^ 



fc ) = g" +1 * , , < g"+ ] 

0<1- (l-q k ) =q k <q n+1 , k > n + 1, 



we get 



n+l 



\h\ < (I + x)u (ULq n+1 )J2bn + lAv Y-) = (1 + *)u (Uf,q n+1 ) , 

k=0 X 

00 

\h\<(l + x)u(Uf,q n+1 ) J2 b^ k { q]j ^)<{l+x)u{Uf,q n+1 ). 

k=n+2 

Finally we estimate 1% ■ Using the property of the modulus of continuity 

u; (/, Ai) < (1 + A) u; (/,*), A>0 
and Lemma 12 we get 

n+l 



(12) 
(13) 



\I 2 \<(l + x)J2u(Uf, 



q 



fe=0 



b n +i,k{q\ t- — ) - boo.kiq; — — ) 

1 + X 1 + X 



n+l 



<{l + x)u(Uf,q n+1 )Y^^ 



^k—n — l\ 



fe=0 



b n +i.k(q; — — ) - boo }k (q; — — ) 
1 + x 1 + x 



n+l 



X X 

b n +i,k{q\ 7^ — ) - &oo,fc(q; t- — ) 

1 + x 1 + x 



<2(i+^(pm" + VE 

q fe=0 

_. 71+ .1 / Tl + ± 71 



fe=0 



n-fc+2 



<2(l+x) 2 -^([//,g 
1-9 



n+l\ 



(14) 



From (12), (13), and (14), we conclude the desired estimation. ■ 

Finally we give the following theorem which allows us to reduce the case q <G (1, 00) to the case 
g€ (0,1). Let /€ C[0,oo]. Define 

{lim^oo / (x) , if x = 0, 
/(i), ifO<x<oo, 

/(0), if a: = 00. 

Theorem 14 For any o > we have 

1 ( lim x ^ 00 F ni g(/;a;), ifx = 0, 
H n ,i/ q (g; -)= \ H rhq (f;x), ifO<x<oo, 

/(0), z/ x = 00. 
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Proof. It is clear that 



#„,,(/; z) = X> 



*L 



k=0 



q n-k [ fc + ]_] 



V"-fe fe a;) • 



Consider 



1 
(1 + <?< 



n 
n — k 



(n-k)(n-k+l)/2 x n-k 



„n(n+l)/2 



/ ,-n/o /, i\™ „(n-fc)(n-fc+l)/2„fe(fc+l)/2 

ra(n+l)/2~.n / 1 1 L ] H 1 

^ V Wl/g 



n 
k 



Jn-k)(n-k+l)/2 x n-k 



V«J 



k 



X /l/q 










(i 

i, q \4s 


fe(fc+l)/2 

) 


©' 


— ^n,fe 





1/'/ 



On the other hand, 

[n + l-k] i- q n+i-k [ n -k + l] 1/q _ 1 1-(|) 



n-fc + 1 



ri+l-fc 



9 



Therefore 



[ fc ] q«+i-fe(l-gfe) gfc[/ c ] 1 



/'/ 



1 qn-k+l _ 1 
qn—k+i q k — \ 






fe=0 



E 



<z fe [fc] 1/? 



fc=S \>- fc + 1 W ' v«' x 



1 1 



H n ,i/q{g\ 



1. 
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ABSTRACT. We introduce a new general composite iterative scheme by the viscos- 
ity approximation method for finding a common point of the set of solutions of an 
equilibrium problem and the set of fixed points of a nonexpansive mapping in Hilbert 
spaces, ft is proved that the sequence generated by the iterative scheme converges 
strongly to a common point of the set of solutions of an equilibrium problem and 
the set of fixed points of a nonexpansive mapping, which is the unique solution of 
a ceratin variational inequality. Our results substantially develop and improve the 
corresponding results of Jung [J. S. Jung, Strong convergence of composite iterative 
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1. Introduction 

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. 
Recall that a mapping / : C — > C is a contraction on C if there exists a constant 
k G (0,1) such that||/(x) — /(y)|| < k\\x — y\\, x, y E C. We use Sc to denote the 
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Foundation of Korea (NRF) funded by the Ministry of Education, Science and Technology (2009- 
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collection of all contractions on C. That is, T,c = {/:/: C -* C a contraction}. 
A mapping S : C — > C is called nonexpansive if HSx — ,Sy|| < \\x — y\\ x, y G C. 
We denote by F(S) the set of fixed points of S; that is, F(S) = {x G C : re = fc}. 
If C G if is a bounded closed convex subset and S is a nonexpansive mapping of C 
into itself, then F(S) is nonempty; see [5,15]. 

Let F be a bifunction of C x C into M, where M is the set of real numbers. The 
equilibrium problem for F : C x C —* M is to find x G C such that 

F(x,y)>0 forallyGC. (1.1) 

The set of solutions of (1.1) is denoted by EP{F). Given a mapping T : C ^ 
H, let F(x, y) = {Tx, y — x) for all x, y G C. Then, z G EP{F) if and only if 
(Tz, y — z) > for all y G C, that is, z is a solution of the variational inequality. 
Many problems in physics, optimization, and economics reduce to find a solution 
of the equilibrium problem (1.1). Some methods have been proposed to solve the 
equilibrium problem; see, for instance, [2,4]. In 2005, Combettes and Hirstoaga [2] 
introduced an iterative scheme of finding the best approximation to the initial data 
when EP{F) is nonempty and prove a strong convergence theorem. 

Let A be a strongly positive bounded linear operator on H: that is, there is a 
constant 7 > with property 

(Ax,x) > 7"||a;|| , for all x G H. 

Recently iterative methods for nonexpansive mappings have been applied to solve 
convex minimization problem; see, e.g., [3,17,18,20] and the references therein. A 
typical problem is to minimize a quadratic function over the set of the fixed points 
of a nonexpansive mapping on a real Hilbert space H: 

m j;^o( A x,x)- (x,b), (1.2) 

where b is a given point in H 

In 2000, as a method for approximation of fixed points of a nonexpansive map- 
ping, the viscosity approximation method of selecting a particular fixed point of 
a given nonexpansive mapping was proposed by Moudafi [9]. In 2004, in order to 
improve Theorem 2.2 of Moudafi [9], Xu [19] considered the the following explicit 
iterative scheme: for S : C —> C nonexpansive mapping, / G Sc and a n G (0, 1), 

x n+ i = a n f(x n ) + (1 - a n )Sx n , n > 1. (1.3) 

Moreover, in [19], he also studied the strong convergence of {x n } generated by (1.3) 
as n — > 00 in a Hilbert space and showed that the strong lim n ^oo x n is the unique 
solution of a certain variational inequality. 

In 2003, Xu [18] proved that the sequence {x n } generated by the following iter- 
ative method with the initial guess xo G H chosen arbitrarily, 

x n+ i = a n b + (I - a n A)Sx n , n > 0, 
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converges strongly to the unique solution of the minimization problem (1.2) pro- 
vided the sequence {a n } satisfies certain conditions. In 2006, Marino and Xu [8] 
introduced a new iterative scheme by the viscosity approximation method: 

x n+1 =a n jf(x n ) + (I-a n A)Sx n , n > 0, (1.4) 

and proved that the sequence {x n } generated by (1.4) converges strongly to the 
unique solution x* of the variational inequality 

((jf-A)x*,x*-x)>0, xeF(S), 

which is the optimality condition for the minimization problem 

™ o^' 1 ) ~h(x), 
xeF(S) 2 

where h is a potential function for 7/ (that is, h'(x) = jf(x) for x E H). 

On the other hand, in 2007, using the metric projection, Tada and Takahashi [13] 
introduced the an iterative scheme for finding a common point of the set of solu- 
tions of the equilibrium problem (1.1) and the set of fixed points of a nonexpansive 
mapping in a Hilbert space as follows: 

u n € C such that F(u n , y) + — (y — u n ,u n — x n ) > 0, for all y E C, 

w n = (1 - a n )x n + a n Su n , 

C n = {z 6 H : \\w n - z\\ < \\x n - z\\} (1.5) 

D n = {z <E H : (x n - z,x - x n ) > 0} 

x n+1 =P Cnf]Dn ( x ), n>l, 

where Pk denotes the metric projection from H onto a closed convex subset K of 
H. Using an additional projection to calculate at each iteration step, they showed 
that the sequence {x n } generated by (1.5) converges strongly to PF(s)nEP(F)(x) 
(see also Tada and Takahashi [12]). 

In 2007, without using the metric projection, Takahashi and Takahashi [14] con- 
sidered the following iterative scheme by the the viscosity approximation method 
for finding a common point of the set of solutions of the equilibrium problem (1.1) 
and the set of fixed points of a nonexpansive mapping in a Hilbert space: 

F(u n ,y) + -r- (y -u n ,u n -x„) > 0, for all y £ C, 

(1.6) 
x n+ i = a n f(x n ) + (1 - a n )Su n , n>l, 

and proved that the sequence {x n } generated by (1.6) strongly converges strongly 
to a point in F(S) n EP(F), provided {a n } and {r n } satisfy 

(CI) lim^oo a n = 0, z~2™=i a n = °° 2~2™=i \ a n+i ~ a n \ < 00, 
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(C2) liminf^oo r n > 0, Y^Li \ r n+i ~ r n \ < oo. 

Their result was connected with Combettes and Hirstoaga's result [2] and Wittmann's 
result [16]. 

In 2009, Jung [7] considered the following composite iterative scheme for finding 
a common point of the set of solutions of the equilibrium problem (1.1) and the set 
of fixed points of a nonexpansive mapping in a Hilbert space: 

' F(u n ,y) + ^-{y-u n ,u n -x n ) > 0, for all y £ C, 
y n = a n f(x„) + (1 - a n )Su n , (1.7) 

x n+1 = (I - (3 n )y n + (3 n Sy n , , n > 1, 

and established the strong convergence of {x n } generated by (1.7) to a point in 
F(S)nEP(F) under conditions (CI) and (C2) on {a n } and {r n } and the following 
condition on {f3 n }: 

(C3) lim^oo j3 n = and X^°=i IAi+i - Pn\ < oo. 

In 2007, Plubtieng and Punpaeng [10] (see also Shang et al. [11]) studied the 
following iterative scheme by the the viscosity approximation method for finding a 
common point of the set of solutions of the equilibrium problem (1.1) and the set 
of fixed points of a nonexpansive mapping in a Hilbert space: 

F(u n ,y) + ^{y-u n ,u n - x n ) > 0, for all y £ C, 

(1.8) 
x n+ i = a n jf(x n ) + (I- a n A)Su n , n > 1, 

where < 7 < ?, and proved that the sequence {x n } generated by (1.8) strongly 
converges strongly to a point in F(S) C] EP{F) under the conditions (CI) and (C2) 
on {a n } and {r„}, which is the unique solution of the following variational inequality 

(lf(q)-Aq,q-p)>0, P €F(S)nEP(F) 1 

which is also the optimality condition for the minimization problem 

min - (Ax , x) — h(x) , 

X £F(S)nEP(F) 2 X ' ' y h 

where h is a potential function for 7/. 

In this paper, motivated by above-mentioned results, we introduce a new com- 
posite iterative scheme by viscosity approximation method for finding a common 
point of the set of solutions of the equilibrium problem (1.1) and the set of fixed 
points of a nonexpansive mapping in a Hilbert space: 

' F(u n ,y) + 7^(y ~ u n ,u n - x n ) > 0, for all y £ C, 

y n = a n -if(x n ) + (I - a n A)Su n , (IS) 

x n+1 = (1 - (3 n )yn + (3 n Sy n , n > 1. 
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If (3 n = 0, then (IS) reduces to (1.8). Then, under the conditions (CI), (C2) 
and (C3) on the sequences {a n }, { r n} and {f3 n }, we show that the sequence {x n } 
generated by (IS) converges strongly to a point in F(S) n EP(F), which is the 
unique solution of a certain variational inequality. The main results develop and 
improve the corresponding results of Jung [7], Plubtieng and Punpaeng [10], Shang 
et al. [11], ands Takahashi and Takahashi [14], as well as Combettes and Hirstoaga 
[2], Marino and Xu [8], Moudafi [9], Xu [19], and Wittmann [16]. We point out that 
the iterative scheme (IS) is a new method for finding the solutions of the equilibrium 
problem (1.1) and the fixed points of nonexpansive mappings. 

2. Preliminaries and Lemmas 

Let H be a real Hilbert space with inner product (-, ■) and norm || • ||. For the 
sequence {x n } in H, we write x n — *■ x to indicate that the sequence {x n } converges 
weakly to x. x n — > x implies that {x n } converges strongly to x. In a real Hilbert 
space H, we have 

|| Aa: + (1 - A)y|| 2 = A||x|| 2 + (1 - A)||y|| 2 - A(l - X)\\x - y|| 2 

for all x,y £ H and A £ M. Let C be a closed convex subset of H. For every point 
x £ H , there exists a unique nearest point in C, denoted by Pcx, such that 

||x — -Pc^H < \\ x — y\\ for all y £ C. 

Pc is called the metric projection of H to C. It is well known that Pc satisfies 

(x - y, P c x - P y ) > \\P c x - P c y\\ 2 

for every x, y € H. Moreover, Pcx is characterized by the properties: for x € H 
and z £ C, 

z = P c x «=> (x - z, z - y) > for all y £ C, (2.1) 

We also know that for any sequence {x n } C H with x n — *■ x, the inequality 

liminf ||x n — x|| < liminf ||x n — y\\ 



n — >oo n — >oc 



holds for every y £ H with x ^ y; we refer [5,15] for more details. 

For solving the equilibrium problem for a bifunction F : C x C — > IR, let us 
assume that F satisfies the following conditions: 

(Al) F(x,x) = for all x £ C; 

(A2) F is monotone, that is, F(x, y) + F(y, x) < for all x, y £ C; 

(A3) for each x,y,z £ C, 

\imF(tz + (1 -t)x,y) < F(x,y); 

(A4) for each x £ C,y i— ► F(x, y) is convex and lower semi continuous. 
The following lemmas were given in [1,2]. 
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Lemma 2.1 ([1]). Let C be a nonempty closed convex subset of H and let F be a 
bifunction ofCxC into M. satisfying (A1)-(A4). Let r > and x £ H . Then, there 
exists z £ C such that 

F(z, y) H — (y — z, z — x) > for all y £ C. 
r 

Lemma 2.2 ([2]). Assume that F : C x C -* R satisfies (A1)-(A4). For r > and 
x £ H, define a mapping T r : H —> C as follows: 

TJx) = \z e C:F(z,y) + -(y-z,z-x) > 0, for all j/£C 
[ r 

/or a// z £ H. Then, the following hold: 

(1) T r is single-valued; 

(2) T r is firmly nonexpansive, that is, for any x, y £ H, 

\\T r x — T r y\\ < (T r x — T r y,x — y); 

(3) F(T r ) = EP{F); 

(4) EP(F) is closed and convex. 

We also need the following lemmas for the proof of our main results; see also [17] 
for the proof of Lemma 2.3. 

Lemma 2.3 ([18]). Let {s n } be a sequence of non-negative real numbers satisfying 

s n +i < (1 - A n )s n + P n , n>0, 
where {X n } and {f3 n } satisfy the following conditions: 
(i) {A n } C [0, 1] and J]^Lo ^« = °° or ' equivalently, ]l^Lo( 1 ~ ^«) = °' 
(ii) limsup,,^^ ^ < or Y.^=o \0n\ < oo, 
T/ien linin^oo s„ = 0. 

Lemma 2.4 ([5]). (Demicloseness principle) Let H be a real Hilbert space, C a 
nonempty closed convex subset of H and T : C — > E a nonexpansive mapping. 
Then the mapping I — T is demiclosed on C , where I is the identity mapping; that 
is, x n —*■ x in E and {I — T)x n — ► y imply that x £ C and (7 — T)x = y. 

Lemma 2.5. /n a reaZ Hilbert space H , there holds the following inequality 

\\x + y\\ 2 < \\x\\ 2 + 2(y,x + y), 
for all x, y £ H 

Lemma 2.6 ([8]). Assume that A is a strongly positive linear bounded operator on a 
Hilbert space H with coefficient^ > and < p < \\A\l~ 1 . Then \\I — pA\\ < 1 — frf. 
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3. Main results 

In this section, as the viscosity approximation method, we introduce a new gen- 
eral composite iterative scheme for finding a common point of the set of solutions 
of the equilibrium problem and the set of fixed points of a nonexpansive mapping 
in a Hilbert space. 

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. 
Let F be a bifunction from C xC toM satisfying (A1)-(A4) and S be a nonexpansive 
mapping of C into H such that F(S) n EP(F) ^ 0. Let A be a strongly positive 
linear bounded operator on H with coefficient j > and let f G £# with a coefficient 
k (0 < k < 1). Assume that < 7 < ?. Let {x n } and {u n } be sequences generated 
by X\ G H and 

' F(u n ,y) + 7^{y - Un,u n - x n ) > 0, for all y G C, 
y n = a n ~if{x n ) + (I-a n A)Su n (IS) 

x n+ i = (1 - /3„)y„ + (3 n Sy n , n > 1, 

where {a n }, {[3 n } C [0,1] and {r n } C (0, oo). If {a n }, {f3 n } and {r n } satisfy the 
conditions: 

(CI) lim^oo a n = 0, X^=i a » = °°> Y^Li l«n+i - a n \ < oo; 

(C2) liminfn^oo r n > 0, X^°=i \ r n+i ~ r n \ < oo; 

(C3) lim^oo n = 0, Y^fLl \Pn+l ~ Pn\ < oo, 

then {x n } and {u n } converge strongly to q G F(S) n EP(F), where q = Pf(S)[) 

EP(F){lf + (I ~ A))(q), which is the unique solution of the variational inequality 

(lf(q)-Aq,q-p)>0, p G F(S) D EP{F). 

Proof. By Lemma 2.1, {u n } and {x n } are well defined. Since a n — ► by the 
condition (CI), we may assume, with no loss of generality, that a n < ||^4|| _1 for all 
n. From Lemma 2.6, we know that if < p < ||^4|| _1 , then ||J — pA\\ < 1 — prf. We 
will assume that \\I — A\\ < 1 — 7. Let Q = Pf(S)dep(f)- Then Q(jf + (I — A)) is 
a contraction of if into itself. Indeed, for x,y G H, we have 

||Q(7/+(/ - A))(x) - Q( 7 / + (/ - ^))(y)|| 

<||(7/+(/-^))(x)-( 7 / + (/-A))( y )|| 
<7ll/(x)-/(y)|| + ||/-A||||x-y|| 

< 7^11^-2/11 + (1 -l)\\x-y\\ 

< \\x — y\\ 

for some k G [0,1). Since H is complete, there exists a unique point q £ H such 
that <? = Q(7/ + (I - 4))(tf) = PF(S)nEP(F)(lf + (I- A))(q). Such a q is a point 
of C. 
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We proceed with following steps: 

Step 1. We show that {x n } and {u n } are bounded. 

In fact, let v 6 F(S) f] EP{F). Then from u n = T rn x n , we have 

\\ U n ~ V\\ = \\T rn X n - T rn v\\ < \\x n - v\\, H > 1. 

Put M = max{||xi — v\\, -_"& }• It is obvious that ||xi — v\\ < M. Suppose 
that \\x n — v || < M. Then, we have 

\\y n - v\\ = ||a n (7/(x n ) - Av) + (I - a n A)(Su n - v)\\ 

< a n \hf( x n) - Av\\ + \\I - a„^4||||n n - v\\ 

< a n [ 7 ||/(x„) - f(v)\\ + hf(v) - Av\\] + (1 - a n j)\\x n - v\\ 

< a n ^k\\x n - v\\ + (1 - a„7)||x„ - v\\ + a n \\lf{v) - Av\\ 

= (1 - (j - jk)a n )\\x n -v\\ +a n (7-7/c) = r\hf(v) - Av\\ 

7 — 7fe 



< (1 - (7 - jk)a n )M + (7 - lk)a n M = M, 



and 



c n+ i -v\\ = ||(1 - p n )(y„ -v) + (3 n {Sy n - v)\\ 

< (1 - n )\\y n - V\\ + P n \\y n ~ v\\ 
= \\Vn-v\\ <M. 

So, we have that ||x n — v\\ < M for n > 1 and hence {x n } is bounded. We also obtain 
that {u n }, {Su n }, {y n }, {f(x n )}, {ASu n } and {Sy n } are bounded. Moreover, by 
condition (CI), we also obtain 

\\y n - Sun\\=a n \\l/f(xn)-ASu n \\—>0 (asn^oo). (3.1) 

Step 2. We show that linv^oo ||x n +i — x n \\ = 0. From (IS), we have 
y n = a n jf(x n ) + (I - a n A)Su n 
y n -i = a n _i7/(x n _i) + (/ - a n _ l A)Su n _ l . 
Simple calculations show that 

y n - y n -i = {I ~ a n A)(Su n - Su n -i) - (a n - a n -i)ASu n -i 

+ l[a n (f(Xn) ~ f(Xn-l)) + («n ~ «n-l)/(«n-l)]- 

So, we have 

\\y n -y„-i\\ = \\(I - a n A)(Su n - Su n -i) - (a n - a n -i)ASu n -i 

+ 7[a n (f(x n ) ~ f(Xn-l)) + («n ~ On-ll/^n-l)] II 

< (1 - ttn^HS'tin - -S'Wn-lH + \cx n ~ ttn-ll \\ASu n -l \\ 

+ ~/[a n k\\x n -x„_i|| + \a n - a n _i|||/(x n _i)||] 

< (1 - a n 7)||u n - u n _i|| + \a n - a n -i\\\ASu n -i\\ 

+ ~f[a n k\\x n -x„_i|| + \a n - a n _i|||/(x„_i)||] 

< (1 -a„7)||u n -u„-i|| +^a n k\\x n -x„_i|| 

+ \a n - a n -i\Li 



(3.2) 
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for every n > 1, where L\ = sup{ / y\\f(x n )\\ + ||^4S''U n || : n > 1}. 

On the other hand, from u n = T Tn x n and u n -\ = T rnl x n -i, we have 



F(u n ,y) H (y -u n ,u n - x n ) > 0, for all y € C 



(3.3) 



and 



F(u n -i,y)-\ (y-u n - 1 ,u n - 1 -x n - 1 ) >0, for all y 6 C. (3.4) 



Putting y = u n -\ in (3.3) and y = u n in (3.4), we have 



F(u„,n n _i) H {u n -i -u n ,u n -x n ) > 



and 



F(u n -l,Mn) H {U n ~ U n -l,U n -l - X n -\) > 0. 

r n -i 



So, from (A2) we have 



l^n — 1 %n — l t^n 3Cn \ - ,., 

u n - u n _i, > > 

T*n — 1 'n 



and hence 



r„-i 



u n - u n - 1 ,u n - 1 -u n + u n - x n - 1 (u n -x n ))> 0. 



Without loss of generality, let us assume that there exists a real number b such that 
r n > b > for all n > 1. Then, we have 



K^n ^n — 1 



< ( U n -U n -!,X n ~X n -i + 1 



r n -i 



r, 



\Uji %n) 



— ||^n ^n — 1|| S ||^n X n — \\\ -\ 



r n -i 



r„ 



\U n X 



n ^n | 



and hence 



< \\x n — x n -i\\ + — \r n — r„_i L2, 
6 



(3.5) 
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where L 2 = sup{||-u n — x n \\ : n > 1}. So, from (3.2) we have 

\\y n - y n -i\\ < (1 - oirri){\\x n - x n -i\\ + -\r n - r n _ 1 \L 2 ) 

b 

+ ja n k\\x n -x n _i|| + Li\a n - a n -i\ 

= (1 - (7-7fe)a„)||x„ -05,1-1 1| +^l|«n -«n-l| 

+ tK -r n _i|L 2 . 
o 

Also, simple calculations show that 

x n+ i - x n = (1 - /? n )(3/„ - y„_i) + (3 n (Sy n - Sy n -i) 

+ (/?n - Pn-l)(Sy n -l - Vn-l)- 

So, from (3.6) it follows that 

||35n+l *^n || 

< (1 -/?„)||y„ -y n -i\\ + Pn\\Sy n - Sy n -i\\ 

+ \Pn - Pn-l\\\Sy n -l -Vn-lW 

< (1 - [3 n )\\y n -y n -i\\ +/3„||y„ -y„-i|| 

+ |/9„-)9n-l|||Syn-l-yn-l|| ( 3 - 7 ) 

< \\y n -y n -i\\ + \Pn - (3n-l\L 3 

< (1- (7-7/c)a n )||x n -x n _i|| + \a n -a„_i|Li + -|r n -r n _i|L 2 
+ |/3„-/3 n _i|L 3 , 

where L 3 = sup{||.S'y n — y n || : n > 1}. From the conditions (C1)-(C3), it is easy to 
see that 

oo 

lim (7 - 7&)a n = 0, T^(7 - lk)a n = oo 

n=0 

and 

oo ^ 

y^(|Qin+l - an|£l + ll r "+l ~ r «l L 2 + \Pn+l ~ f3n\L 3 ) < OO. 
n=0 

Applying Lemma 2.3, to (3.7), we have 

||x n _|_i — x n || — ► as n — > oo. 

Moreover, from (3.5) it follows that ||w n +i — u n \\ — ► as n — > oo. By (3.2), we also 
have that 

\\y n +i -y n \\ — > as n -> oo. (3.8) 
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Step 3. We show that linin-xx) \\x n — y n \\ = 0. Indeed, from (C3) we have 
HxrH-i -y n \\ = Pn\\y n ~ Sy n \\ ^ as n -> 00. 
So, we have from Step 2 

\\Xn - VnW < \\x n - Xn+l\\ + \\Xn+l ~ Vn\\ ^ as H — »■ 00. 

Step 4. We show that lim n — xx) \\x n — u n \\ = and linij^oo \\Su n — u n \\ = 0. To 
this end, let v € F(S) n EP{F). Then, from (2) in Lemma 2.2 we have 

|| ||2 1 1 T T* 11^ 

= (u n -v,x n -v) 

= ^(\\ u n ~ v\\ 2 + \\x n - v\\ 2 - \\x n - U n \\ 2 ) 



and hence 



I _ II 2 < II _ II 2 _ll _ II 2 

I tin t/|| _ H-^n t/|| \\Xfi tin • 



Therefore, by convexity of || • || 2 , we have 

\\y n - v\\ 2 = ||a n (7/(x n ) - Av) + (I- a n A)(Su n - v)\\ 2 

< (a n ||7/(x n ) - -At; 1 1 + \\I - a n A\\\\Su n - v\\) 2 

< (a n \\jf(x n ) - Av\\ + (1 - a n 7~)K - v\\) 2 

< a n \\^f{x n ) - vA\\ 2 + (1 - a n 7)||n n - v\\ 2 
+ 2a„(l - a n 7) ||7/(x n ) - Av\\ \\u n - v\\ 

< a n \\lf{x n ) - Av\\ 2 + \\x n - v\\ 2 - (1 - a„7)||x„ - u n \\ 2 
+ 2a„(l - a„7)||7/(x„) - Av||||u n - v\\. 

So, we obtain 

(1 - a n j)\\x n -u n \\ 2 

< a n \\jf(x n ) - Av\\ 2 + (\\x n - v\\ + \\y n - v||)(||x n - v\\ - \\y n - v\\) 
+ 2a n (l - a„ 7 y)\\'yf(x n ) - Ai;||||n n - v\\ 

< a n \hf(x n ) - Av\\ 2 + (\\x n - v\\ + \\y n - v\\)\\x n - y n \\ 
+ 2a n (l -a n 7)||7/(x„) - A-u||||u n -v\\. 

Since a n — ► and \\x n — y n \\ — > by the condition (CI) and Step 3, we have 
\\x n — ti n 1 1 ->0asn^oo. Moreover, by (3.9) 

\\y n — u n \\ < \\y n - x n \\ + \\x n - t*n 1 1 — ► asn^oo. (3.9) 
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Since 

H'-'^ra — U n \\ S H'-'^n — UnW T ||j/n ~~ u n\\> 

from (3.1) and (3.9) we also have 

\\Su n — u n \\ — > as n — > oo. (3.10) 

Step 5. We show that limsup n ^ ocl {'yf(q)-Aq,y n -q) < for q £ F(S)C\EP(F), 
where g = PF(S)nEP(F) (if + (^ — -<4))(<z) • To this end, choose a subsequence {u ni } 
of {ti n } such that 

limsup(7/(g) - Aq,x n - q) = hm (7/(9) - Aq, x n% - q). 

Since {u ni } is bounded, there exists a subsequence {u ni . } of {u ni } which converges 
weakly to z. We may assume without loss of generality that u ni — *■ z. Then we 
can obtain z £ F(S)f]EP(F). Indeed, let us first show that z £ EP(F). By 
u n = T rn x n , we have 

F(u n ,y) H (y - u n ,u n - x n ) > 0, for all y £ C. 

r n 

From (A2), we also have 

1 



and hence 



(y - u n , u n - x n ) > F(y, u n ) 



y-u ni , ) > F(y, u r 



Since -^ — — — > and u ni — *■ z, from (A4) we have 

> F(y, z) for all y £ C. 

For < t < 1 and y £ C, let y t = £y + (1 — £)z. Since y £ C and z 6 C, we have 
yt £ C and hence -F(y t , z) < 0. So, from (Al) and (A4) we have 

= F(y t ,y t ) < tF(y t ,y) + (1 - t)F(y t , z) 
<tF(y t ,y) 

and hence < F(y t ,y). From (A3) we have 

<F(z,y) for ally £ C 
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and hence z £ EP{F). On the other hand, since \\Su n — u n \\ — > by (3.10) and 
u ni — *■ z, from Lemma 2.4 we obtain z £ E(S). Therefore z G F(S) f] EP{F). Since 
q = Pf(s) fl EP{F){lf + {I ~ A))(q) and x Ui -± z by Step 4, from (2.1) we have 



(3.11) 



limsup(7/(g) - Aq,x n - q) = lim {-yf(q) - Aq,x Ui - q) 

= (jf(q)-Aq,z-q)<0. 

Since \\x n — y n \\ — » by Step 3, from (3.11) we have 
limsup(7/(g) - Aq,y n - q) 

n— >oo 

< Hm sup (7/(9) ~ Aq,y n - x n ) + limsup(7/(g) ~Aq,x n - q) 

n— >oo n— >oo 

< limsup||7/(g) -^||||y n -x n || + limsup(7/(<?) -Ag,x n - g) 

n— >oo n— >oo 

< o. 



Step 6. We show that lmv^oo \\x n — q\\ =0 for q 6 ^(5*) fl EP(F), where 
q = PF(s)nEP(F) (lf+(I-A))(q). Indeed, from ||x„ + i-g|| < ||y„-g||, ||u n -<?|| < 
\\x n - q\\ and y n - q = a n {^f{x n ) - Aq) + (I - a n A)(Su n - q), by Lemma 2.5 we 
have 

\\x n+1 - q\\ 2 

< WVn ~ q\\ 2 = \\an(lf(xn) ~ Aq) + (I - a n A){Su n - q)\\ 2 

< (1 -a n 7) 2 ||5u n - q\\ 2 + 2a n {'yf(x n ) - Aq,y n - q) 

< (1 -a n 7) 2 ||u„ -q\\ 2 + 2a n 'j(f(x n ) - f(q),y n - q) 

+ 2a n (7/(«) - M, Vn - q)) 

< (1 -anlfWxn ~q\\ 2 + 2a n -yk\\x n - q\\\\y n - q\\ 
+ 2a n {yf(q) - Aq, y n - q) 

< (1 - a n ^) 2 \\x n - q\\ 2 + 2a n -fk\\x n - q\\(\\y n - x„\\ + \\x n - q\\) 
+ 2a„(7/(g) ~ Aq, y n - q) 

< (1 -2(7-7fe)a n )||x„ - q\\ 2 + a 2 7 2 ||x n - q\\ 2 + 2a n ~/k\\y n - x n \\ 
+ 2a n ('yf(q) - Aq,y n -q) 

= (1 -a n )\\x n -q\\ 2 + a n (3 n , 



where 



a n = 2(7-7/c)a n , 
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and Mi = sup{||x n — q\\ 2 : n > 1}. From (CI), Step 3 and Step 5, it is easily seen 
that a n — > 0, X]^Li<^™ = °°) an d hmsup n _ >00 j3 n < 0. Thus, by Lemma 2.3, we 
obtain x n — > q. This completes the proof. □ 

As in [10,14], we obtain the following corollaries as immediate consequences of 
Theorem 3.1. 

Corollary 3.1. ([7, Theorem 3.1]) Let C be a nonempty closed convex subset of a 
real Hilbert space H. Let F be a bifunction from C x C to M. satisfying (Al)-(A4) 
and let S be a nonexpansive mapping of C into H such that F(S) n EP{F) ^ 0. 
Let / G Sg with a coefficient fc (0 < k < 1). and let {x n } and {«„} be sequences 
generated by X\ 6 if and 

F(u n ,y) + ^(y -u n ,u n - x n ) > 0, for all i/eC, 

y™ = a n f(x n ) + (1 - a n )S« n , 

x n+ i = (1 - (3„)y„ + (3 n Sy n , n > 1, 

where {a„}, {/?„} C [0,1] and {r n } C (0,oo). If {a n }, {/?„} and {r„} satisfy the 
conditions: 

(CI) lim^oo a n = 0, Y^=i a n = oo, Y^=i \ a n+i - a n \ < oo; 
(C2) liminf^^oo r n > 0, X^°=i K+i - r n \ < oo; 

(C3) limn^oo j3 n = 0, X^=l l/^n+l ~ Pn\ < OO, 

then {x n } and {u n } converge strongly to q G -FXS 1 ) H EP(F), where q = Pp(S)n 

EP(F)f(q)- 

Proof. Taking A = I and 7 = 1 in Theorem 3.1, we can obtain the desired result. 

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space 
H. Let S be a nonexpansive mapping of C into H such that F(S) n EP(F) ^ 0. 
Let A be a strongly positive linear bounded operator on H with coefficient 7 > and 
let f G T,h with a coefficient k (0 < k < 1). Assume that < 7 < ?. Let {x n } be 
sequence generated by X\ E H and 

y n = a„7/(x„) + (I - a n A)SP c x n , 

X n+ i = (1 - Pn)yn + PnSPcVn, U > 1, 

where {a n } and {[3 n } C [0,1]. If {a n } and {f3 n } satisfy the conditions: 

(CI) lim^oo a n = 0, X^=i a » = °°' Z^Li l«n+i - «„| < oo; 

(C3) lim^^oo /3„ = 0, ^r=i IAh-i - /^n| < oo, 

i/ien {x n } converge strongly to q G F(S), where q = PF(S)(lf + {I ~ A))(q). 

Proof Put -F(x, y) = for all x,y £ C and {r„} = 1 for all n in Theorem 3.1. Then 
we have u n = Pcx n - So the sequence {x n } converges strongly to q G F(S), where 

q = P F(S) hf + (I-A))(q). 
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Corollary 3.3. ([7, Corollary 3.1]) Let C be a nonempty closed convex subset of H 
and S a nonexpansive mapping of C into H such that F(S) ^ 0. Let f G £# and 
let {x n } be sequence generated by X\ G H and 

Vn = a n f(x n ) + (1 - a n )SP c x n 

x n+1 = (1 - (3 n )y n + (3 n SP c y n , n > 1, 

where {a n } and {/3 n } C [0,1]. If {a n } and {[3 n } satisfy the conditions: 

(CI) lim^oo a n = 0, Y^=i a n = oo , X^Li l«n+i - a n \ < oo; 

(C3) limn^oo [3 n = 0, S^=l l/^n+l - Pn\ < °0, 

i/ien {x n } converges strongly to q G F(S), where q = Pprs)f(q)- 

Corollary 3.4. ([10, Corollary 3.4]) Let C be a nonempty closed convex subset of 
a real Hilbert space H . Let F be a bifunction from C x C to M. satisfying (Al)-(A4) 
and EP{F) ^ 0. Let A be a strongly positive linear bounded operator on H with 
coefficient 7 > and let f G £# with a coefficient k (0 < k < 1). Assume that 
< 7 < ?. Let {x n } and {u n } be sequences generated by x\ G H and 

F(u n ,y) + ±{y -u n ,u n - x n ) > 0, for all y G C, 

x n+1 = a n jf(x n ) + (I-a n A)u n , n > 1, 
where {a n } C [0, 1] and {r n } C (0, 00). If {a n } and {r n } satisfy the conditions: 
(CI) lim^oo a n = 0, Y^Li a n = 00, Y^Li l«n+i - «n| < 00; 
(C2) liminf „_><*> r n > 0, X^°=i K+i - r n | < 00; 

then {x n } and {u n } converge strongly to q £ EP(F), where q = PEP(F)(lf + (I ~ 
A))(q), which is the unique solution of the variational inequality 

(-yf(q)-Aq,q-p)>0, peEP(F). 

Proof Put Sx = x for all x G C in Theorem 3.1. Then, from Theorem 3.1 the 
sequence {x n } and {u n } generated in Corollary 3.4 converge strongly to q G EP(F), 
where q = P E p(F){lf + (I - A))(q). 

Corollary 3.5. ([7, Corollary 3.2]) Let C be a nonempty closed convex subset of a 
real Hilbert space H. Let F be a bifunction from C x C to M. satisfying (Al)-(A4) 
such that EP(F) 7^ and f G £#. Let {x n } and {u n } be sequences generated by 
xi G H and 

F(u n ,y) + ^{y -u n ,u n - x n ) > 0, for all y G C, 

x n +i = a n f(x n ) + (1 - a n )u n 

for every n > 1, where {a n } C [0,1] and {r n } C (0,oo). If {a n } and {r n } satisfy 
the conditions: 

(CI) lim^oo a n = 0, Y^=i a n = oo, Y^=i \<*n+i - a n \ < 00; 

(C2) liminfn^oo r n > 0, Y^Li \ r n+i ~ r n\ < 00, 

then {x n } and {u n } converge strongly to q G EP(F), where q = Pep(f)I(q)- 
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Corollary 3.6. ([8, Theorem 3.4]) Let C be a nonempty closed convex subset of 
a real Hilbert space H. Let S be a nonexpansive mapping of C into itself with 
F(S) 7^ 0. Let A be a strongly positive linear bounded operator on H with coefficient 
7 > and let f G £# with a coefficient k (0 < k < 1). Assume that < 7 < ?. Let 
{x n } be sequence generated by X\ G H and 

x n+1 = a v nf(x n ) + (/ - a n A)Sx n , n > 1, 

where {a n } C [0,1] . If {a n } satisfies the condition: 

(CI) Hindoo a n = 0, Y^ =1 a » = °°> Z^Li l«n+i - a„| < 00; 

i/ien {x n } converge strongly to q G F(S), where q = -Pp(5)(7/ + (-^ — j 4))(?)> which 

is the unique solution of the variational inequality 

(-yf(q)-Aq,q-p)>0, peEP(F). 

Proof Putting F(x, y) = for all x,y G C and r n = 1 for all n in Corollary 3.2, we 
get Pcx n = #n- So, taking (3 n = for all n in Corollary 3.2, we obtain the desired 
result. 

Remark 3.1. (1) Theorem 3.1 and Corollary 3.1 improve the corresponding result 
of Plubtieng and Pungaeng [10], Shang et al. [11] and Takahashi and Takahashi [14]. 
In particular, if (3 n = for all n > 1, then Theorem 3.1 and Corollary 3.1 reduce to 
Theorem 3.3 in [10] (Theorem 3.1 in [11]) and Theorem 3.1 in [14], respectively. 

(2) In the case (3 n = for all n, Corollary 3.2 is just Theorem 4.1 of Shang et al. 

[11]- 

(3) In the case when f{x) = u = x\ for all x G H in Corollary 3.5, We also get 
Combettes and Hirstoaga's theorem [2]. 

(4) We have Xu's theorem [18] in the case when f(x) = u = X\ for all x G H in 
Corollary 3.6. 

(5) We obtain a composite iterative scheme for nonexpansive mapping if S : C — > 
C and / G T,c in Corollary 3.3 as follows: 

Xi G C 

y n = a n f{x n ) + (1 - a n )Sx n (3.12) 

x n+1 = (1 - (3 n )y n + (3 n Sy„, 

(see also [6]). If (5 n = for all n > 1 and f(x) = u = X\ for all x G C in (3.12), we 
obtain Wittmann's result [16]. 
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Abstract Recently several authors studied the g-cxtcnsion of Eulcr numbers and poly- 
nomials(see [1-11]). In this paper we observe the behavior of complex roots of the twisted 
(h, g)-Eulcr polynomials B„^(i), using numerical investigation. By means of numerical 
experiments, we demonstrate a remarkably regular structure of the complex roots of twisted 
(h, (jr)-Euler polynomials E n ^ qA11 (x). Finally, we give tables for the solutions of twisted (h,q)- 
Eulcr polynomials. 
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1. Introduction 

Throughout this paper we use the following notations. By Z, p we denote the ring of p-adic 

rational integers, Q denotes the field of rational numbers, Q p denotes the field of p-adic rational 

numbers, C denotes the complex number field, and C p denotes the completion of algebraic 

closure of Q p . Let u p be the normalized exponential valuation of C p with \p\ p = p~ v p(P) = p~ 1 . 

When one talks of q-extension, q is considered in many ways such as an indeterminate, a 

complex number q S C, or p-adic number q £ Cp. If q S C one normally assume that \q\ < 1. 

_ i 
If q S C p , we normally assume that \q — l| p < p p- 1 so that q x = exp(rrlogg) for \x\ p < 1. 

1 ~ <f 



1-9 



cf. [1-11] 



Hence, lim g _>i[rr] = x for any x with \x\ p < 1 in the present p-adic case. Let d be a fixed 
integer and let p be a fixed prime number. For any positive integer N, we set 

X = lim(Z/dp N Z), X* = (J (a + dpZ p ), 

N 0<a<d P 

(o,p)=l 

a + dp N 1 p = {x e X | x = a (mod dp N )}, 
where a£Z lies in < a < dp N . For any positive integer N, 

q a 



^ q (a + dp Z p )- [dpN . 
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is known to be a distribution on X, cf.[l,2,3, 4, 5, 6,7,8,9,10]. 
For 

g S UD(X P ) = {g\g : X p — > C p is uniformly diffcrcntiablc function }, 
the p-adic (/-integral was defined by [1-11] 

h(9) = / g(x)dn g (x) = lim — — V g(x)q x . 

Let 

T p = U ra >iC„m = lim C p m, 

— m— >oc 

where C p m = {mj|«jP = 1} is the cyclic group of order p m . For w £ T p , we denote by 
<t>w '■ Z-p — > C p the locally constant function x i — > w x . In [8], we introduced analogue of 
g-Eulcr numbers and polynomials, which is called twisted Euler numbers and polynomials. 
By using p-adic (jr-integral, we defined the twisted q-Euler numbers as follows: 

En,q,w = / ^(i)[i]Jdfi. g (i), for n e N. 

By using the above equation, we have the generating function of twisted q-Euler numbers 
E n ,q,w as follows: 

oo oo , n 

F qtW (t) = [2} q £ (-l)"f»"eW'' = Y, E„,,,„-. 

By using p-adic tjr-integral, we defined the twisted q-Euler polynomials as follows: 
E n , q , w {z) = I 4> w (x)[x + z] q d^- q (x), for n e N. 

Similarly, we have the generating function of twisted g-Euler polynomials E„ t q, w (z) as follows: 

oo 

F qiW (t,z) = [2] q Y, (-l) m q m w m e^ m +^ t . 

m=0 

sec [8], for details. 

For h 
defined by 



For h £ Z,q 6 C p with |1 — p\ p < p p _1 , the twisted (/i, q)-Euler numbers E„ iqiW arc 



? (h) 

,w — 

1%. 
By using p-adic (jr-intcgral, we obtain 



/ <p w (x)q^ h -^[x]^d^ q (x). (1.1) 

7z„ 



^ M*)^" 1 ^]^-^) = [2], (— ) £ Q(-l)' — -^ , (1.2) 



Here is the list of the first the twisted (h, g)-Euler numbers E^^. 
0.9,™ (l+ wg h)' 

P (h) <? h (l + g)w 



1 ' q ' w (l + wq h )(l + wq l + h )' 

E (h) q h (l + q)w(-l + wq 1 + h ) 

2 ' q ' w (1 + wq h )(l + wq^+^l + wq^+h)' 

{h) q h (l + q)w(l - 2wq 1+h - 2wq 2+h + w 2 q 3+2h ) 

3,9,™ ~ ~ (1 + wq h)(l + W(? l+h)(l + tug2+h)( 1 + wq 3+h) ' 

By (1.1), we have 



,W 



Pi.(r^)"t(") ( - iy r^ 
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Wc set 



r q,w\ L ) — / J - y n,q,'w . 
n n! 

71 = 



By using above equation and (1.2), we have 



77O) u\ — ST pW 



ra=0 

n n 



\m m hm [m] g t 



(1.5) 



= P] g E (-l) m w m g' lm e [ ' 

m=0 

Thus twisted (/i, q)-Euler numbers E„^ iW are defined by means of the generating function 

oc 

F<j h 2(t) = [2], £ (-lJV^eW,*. (1.4) 

n = 

Note that, if h = 1, then F q ^(t) = Fq }W (t). By using (1.1), we have 

^ n\ ^ Q J Zp n! 

= / ^(x),, I (''- 1 »eW? t ( i M -,(x). 

By (1.3), (1.5), we have 

/ (p w (x)q x(h ' 1) e^" t dn- q (x) = [2], ^ (-l) m w T V m e l m J9 t . 

Next, wc introduce the twisted (h, q)-Euler polynomials E„ t q iW (z). The twisted (/i, (jr)-Eulcr 
polynomials E„ }Q w (z) are defined by 

E ( n h) q , w (z)= J <f, w (x)q^ h -^[z + x^dn^ q (x). (1.6) 

Jz p 

By using p-adic (jr-intcgral, wc obtain 



p(fc) 



w = m«(t^)"SO ( " 1)V, tt^- (L7) 



Here is the list of the first the (/i, q)-extension of the q-Euler polynomials £„ q(z). 

(h) (1 + <?)(! - q z + ^ 1+fe - m ^+ z ) 

1 't> wKZ} (-l + q)(l + wq h )(l + wq 1 + h ) ''"' 

We set 

F^ h 2(t,z) = JT E£l w (z)^. (1.8) 

n— 

By using (1.7) and (1.8), we obtain 

^(M) = £ £il„(^)^ = [2], £ (_i)"V- u ,™ e [-+^'. 



n 



m = 



144 



RYOO: TWISTED (h.q)-EULER POLYNOMIALS 



Similarly, the generating function F q J,(t,z) of the q-Euler polynomials E„ q w (z) is defined 
analogously as follows: 



F 9 (h 2(t, 2 ) = J^ E n , q , w (z)- = [2] q J2(-l) n <l hn ™ n e [n+z]qt - 
By using (1.9), we easily see that 

/ (t> nl (x)q< h - 1 " l e^ + ^" t d^ q {x) = [2} q ^ (-l^w^q^e^+^i 1 . 
Since [x + z] q = [z] q + 1 z [x] q , we have 



(1.9) 



oo / n 



E E (,y*M?~' / Mx)q x{h - 1} M q dn- q (x) 



n=0 \! = ' ' -v 

By using comparing coefficients ^j , we easily see that 



3$,„(*) = £0 



lzf^n — 1 rp(h) 



r C0 



Observe that, if q — > l,vi — * 1, thenB„ ^^(z) — ► E n (z), where E n (z) are the Euler polyno- 
mials. Note that, if qr — > 1, then E n / qw (z) — * E„ }W (z), where E„ }W (z) are the twisted Euler 
polynomials. 



2. Distribution and Structure of the Zeros 



In this section, we investigate the zeros of the twisted (h, q)-Euler polynomials En, q ,w(z) 



CO 



by using computer. We plot the zeros of E„ :qw (z), z £ C for n = 10, 20, 30, 40, q ■■ 
e wl and h = 2. (Figures 1, 2, 3, and 4). Next, we plot the zeros of En,q,w( z ) 



1/2, w = 

z e C for 



lm(z) 




2 






1 


( 


■ • * ' 


-1 


\ 


'• • . 


-2 







AM: 



-10 1 



Figure 1 : Zeros of E 



(2) 
lO.q.w 



(2) 



Figure 2: Zeros of i%. 



n = 30, h = 5, 10, 15, 20, w = e 7ri ,q = 1/2. (Figures 5, 6, 7, and 8). In Figures 1, 2, 3, 4, 5, 6, 
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lm(z) 




Im(z) 




Figure 3: Zeros of E. 



(2) 



Figure 4: Zeros of E- 



(2) 
30,q,w 



Im(z) 




R,A:> 




Figure 5: Zeros of E. 



(5) 
30,q,m 



Figure 6: Zeros of E- 



(10) 
30, q.w 



7, and i 



?W 



, (z), z £ C, has Im(z) = reflection symmetry. This translates to the following 
open problem: Prove or disprove that E„ q w (z), z £ C, has Im(z) = reflection symmetry. 
Our numerical results for numbers of real and complex zeros of E„ iqiW (z) are displayed in 
Table 1. In general, how many roots does E„ iqw (z) have ? Prove or disprove: En q w(z) has 

of E ( n h l w (z),Im(z) ^0. 



n distinct solutions. Find the numbers of complex zeros C r/, 



,w 



Prove or give a counterexample: Conjecture: Since n is the degree of the polynomial Ef lqtW {z), 

lying on the real plane Im(z) = is then R (h) = 

denotes complex zeros. See Table 1 for tabulated values of 



the number of real zeros R r h 






,W 



? (h) 



R (h) and C ih) , ■ We calculated an approximate solution satisfying E„, qiW (z), q 



1/2, w 



,26. 



The results are given in Table 2 and Table 3. 
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lm(z) 




Im(z) 




Figure 7: Zeros of E. 



(15) 



Figure 8: Zeros of E- 



(20) 
30,q,w 



Table 1. Numbers of real and complex zeros of En' qw (z) 


degree n 


w = e" 


w = e* %lz 


real zeros complex zeros 


real zeros complex zeros 


1 


1 


1 


2 


2 


2 


3 


1 2 


3 


4 


4 


4 


5 


1 4 


5 


6 


6 


6 


7 


1 6 


6 


8 


8 


8 


9 


1 8 


9 


10 


10 


10 


11 


1 10 


11 


12 


12 


12 


13 


1 12 


13 



Table 2. Approximate solutions of En' qw (z) 



■■ 0,w 



,z£. 



degree n 


z 


1 


-0.222392 


3 


-0.425458 


5 


-0.525835 


7 


-0.593454 


9 


-0.641321 


11 


-0.677809 


13 


-0.706818 


15 


-0.730465 


17 


-0.750137 


19 


-0.7668 
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Table 3. Approximate solutions of E n>q>w (z) = 0, 



,26. 



degree n 


z 


1 


-0.0230836 


3 


-0.191203 


5 


-0.281468 


7 


-0.344607 


9 


-0.400306 


11 


-0.446693 


13 


-0.48419 


15 


-0.515564 


17 


-0.542866 


19 


-0.56714 



Finally, we shall consider the more general problems. Find the equation of envelope 
curves bounding the real zeros lying on the plane, and the equation of a trajectory curve 
running through the complex zeros on any one of the arcs. We can draw a plot of zeros of the 
Ef l ' qw {z), respectively (Figures 1, 2, 3, 4, 5, 6, 7, and 8) . These figures give mathematicians 
an unbounded capacity to create visual mathematical investigations of the behavior of roots of 
the E„ t q iW (z). Moreover, it is possible to create a new mathematical ideas and analyze them 
in ways that generally are not possible by hand. The author has no doubt that investigation 
along this line will lead to a new approach employing numerical method in the field of research 
of the En q w (z) to appear in mathematics and physics. For related topics the interested reader 
is referred to [8], [9], [10], [11]. 
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A numerical computation of the roots of g-Euler polynomials 

C. S. Ryoo 
department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract 

Recently several authors studied the g-extension of Eulcr numbers and polynomials (see [1-8]). In 
this paper we construct the g-Euler numbers E n>q and Polynomials E n ^ q (x). We also observe the 
behavior of complex roots of the q- Eulcr polynomials E n . q (x), using numerical investigation. By 
means of numerical experiments, we demonstrate a remarkably regular structure of the complex 
roots of the q-Euler polynomials E nq (x). Finally, we give a table for the solutions of the g-Eulcr 
polynomials E n ^ q (x). 

1. Introduction 

In the 21st century, the computing environment would make more and more rapid progress. Using 
computer, a realistic study for new analogs of g-Eulcr numbers and polynomials is very interesting. 
It is the aim of this paper to observe an interesting phenomenon of 'scattering' of the zeros of the 
g-Euler polynomials E nA (x). The outline of this paper is as follows. In Section 2, we study q- 
Eulcr polynomials E nq {x). In Section 3, we describe the beautiful zeros of the g-Euler polynomials 
E n ,q{x) using a numerical investigation. Also we display distribution and structure of the zeros 
of the the g-Eulcr polynomials E nJI {x) by using computer. By using the results of our paper the 
readers can observe the regular behavior of the roots of the g-Euler polynomials E n . q (x). Finally, 
we carried out computer experiments for doing demonstrate a remarkably regular structure of the 
complex roots of the g-Euler polynomials E n ^ q (x). Throughout this paper we use the following 
notations. By Z p we denote the ring of p-adic rational integers, Q denotes the field of rational 
numbers. C denotes the complex number field. Let v p be the normalized exponential valuation of 
C p with \p\ p = p~ v p(P> = p -1 . When one talks of g-extension, q is considered in many ways such as 
an indeterminate, a complex number q G C, or p-adic number q G C p . If q G C one normally assume 
that \q\ < 1. If q G C p , we normally assume that \q — l\ p < p^p^ 1 so that q x — exp(xlogg) for 
\x\ p <l. 

[x] q = [x:q} = 1 ^, cf. [1,4,5] . 

Hence, linig^!^] = x for any x with \x\ p < 1 in the present p-adic case. Let d be a fixed integer 
and let p be a fixed prime number. For any positive integer TV, we set 

X = lhn(Z/dp N Z), 

N 



x * = U (« + * Z p)» 



0<a<dp 
(o,p)=l 

a + dp N Z p = {x G X | x = a (mod dp N )}, 
where a G Z lies in < a < dp N . For any positive integer N, 

a 

H q {a + dp N Z p ) = —^j- 

is known to be a distribution on X, cf. [3,4,5]. For 

g G UD(Ti p ) = {g\g : Z p — ► C p is uniformly diffcrcntiable function }, 
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the p-adic g-integral was defined by [3,5,6] 

^(9)= g{x)dn q {x) = ^lim^ j-= ^ g(x)q x . 

Jz p ^°° [P ' 0<x<p N 

Note that 

Ix(g) = lim I q (g) = g(x)dfn(x) = lim -^ V g(x) 

(see [3,5,6]). Now, we consider the case q G (—1,0) corresponding to g-deformed fermionic certain 
and annihilation operators and the literature given therein [3,4,5,6]. The expression for the I q (g) 
remains same, so it is tempting to consider the limit q—*—\. That is, 

!_!(<?) = lim Ug) = J g(x)d^ 1 (x) = lim £ g(x)(-l) x . (1.1) 

£ " 0<x<p N 

If we take gi(x) = g(x + 1) in (1.1), then we easily see that 

I_iG/i) + J_i(0) = 20(O). (1.2) 

First, we introduce the Eulcr numbers and Eulcr polynomials. The Eulcr numbers E n are defined 
by the generating function: 

o °° j-n 

F(t) = ^ TI = ^G„-, cf. [1,4,5] (1.3) 

n— 

where we use the technique method notation by replacing E n by E n {n > 0) symbolically. For xGl 
(= the field of real numbers), we consider the Euler polynomials E n (x) as follows: 

n=0 

Note that E n (x) = Y^l=o ^k)^kX n ~ k - In the special case x = 0, we define £^(0) = _E„. 

2. The g-Euler numbers and polynomials 

In [5], we defined the g-Euler numbers and polynomials. In this section, we introduce another 
q-Eulcr numbers E n . q and polynomials E ntq (x) and investigate their properties. In (1.2), if we take 
g{x) = q x e xt , then we easily see that 

I-i(q x e xt ) = f feT'dn-iix) 



qe* + 1 
Let us define the twisted Eulcr numbers E nq and polynomials E n q {x) as follows: 

7_ 1 (^e^)=/ q»e vt dn-x{y) = Y i E ntq - (2.1) 

J £ p n=0 

/■ °° 4-n 

I _ 1 ( q y e (y+^)= qy e ^ + ^ t dn- 1 (y) = J]E n , q (xr-. (2.2) 

J *p n=0 

By (2.1) and (2.2), we obtain the following Witt's formula. 
Theorem 1. For n € N, we have 

q x x n dn-i(x) =E nt q, 
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q v (x + y) n dn-i(y) = E niq (x). 



Let q be a complex number with \q\ < 1. By the meaning of (1.3) and (1.4), let us define the 
q-Eulcr numbers E n _ q and polynomials E n ^ q (x) as follows: 



— -e"' = > E n a (x 

n— 

We have the following remark. 



9 +71 

F <^ = ^Ti eXt = E^(*)^ (2 - 4) 



Remark. Note that 

(1) £„, g (0) = £?„,„ 

(2) If g -> 1, then E n>q (x) = E n (x),E n , q = E n , 

(3) If g — » 1, then F q (x,t) = F(x,t),F q (t) = F(t). 

Here is the list of the first g-Eulcr numbers -E„ j(r 

2 2g 

^"IT? ^--(TT^F' 

_ 2(-l + g)g 
3 ' 9 " (l + <?) 3 ' 



-^5,g 



2q(l-4:q + q 2 ) 

2(-l + g)g(l- 10g + g 2 ) 

(l + <z) 5 
2q{\ - 26<? + 66q 2 - 26g 3 + g 4 ) 



^ " (1 + qY 



E±,q — 



{l + qf 
By the above definition, we obtain 

v fl o x fa °° 4-r, 

X>*o*4 - ^xr e " = XXA E *" - 

1=0 * n=0 ro=0 

;=o \n=0 v 



Z=0 \n=0 



-n)! 



/// M! 



E EL v 



t' 



By using comparing coefficients — , we have the following theorem. 
Theorem 2. For any positive integer n, we have 



£n,,(s) = EUF fc .« 



2— fc 
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Here is the list of the first g-Euler polynomials E ns (x). 
2 

E 0,q( X ) 



2{—q + x + qx) 



Ei. q (x) = 

E 2 . q (x) = 

. . 2(-q + 4q 2 - q 3 - 3qx + 3q 3 x - 3qx 2 - 6q 2 x 2 - 3q 3 x 2 ) 

E ^ {x) = ' (TT# 



(l + q) 2 ' 
2(-q + q 2 - 2qx - 2q 2 x + x 2 + 2qx 2 + q 2 x 2 ) 

(l + q) 3 
- 2>qx + i 

2(x 3 + 3qx 3 + 3q 2 x 3 + q 3 x 3 ) 



(i + q) 4 



Because 



Wx F q M=tG q (x,t) = Y. Tx 

n=0 



-F q (x,t) = tG q (x,t) = J2 ^E n , g {x)-, 
it follows the important relation 



d_ 
dx 
We also obtain the following integral formula 



En, q (x) = nE n _i t g(x). 



E n _ lq (x)dx = -(E n , q (b) - E nq (a)). 
n 

Over five decades ago, Carlitz [1] defined q-extensions of the classical Bernoulli numbers B n and 
Bernoulli polynomials B n (x) and proved properties analogues to those satisfied by B n and B n (x). 
Carlitz's (/-Bernoulli numbers [3 n = (3 n . q can be determined inductively by [1] 

A) = l, q(qP + l) k -P k = { l ' !^ = )' 

[0, if k > 1, 

with the usual convention about replacing (3 k by (3k- For the g-Euler numbers, we obtain the following 
theorem. 

Theorem 3. The g-Euler numbers E n ^ q are defined respectively by 

q(E q + 1) + E n . q -< 

10, it n > 0, 

with the usual convention about replacing (E q ) by E n _ q in the binomial expansion. 

Proof. From (2.3), we obtain 



o °° j-n °° 4-n 

H n=0 n=0 



= e E q t 



which yields 

2=(qe t + l)e E " t = qe^ +1 ^ + e E ^. 

Using Taylor expansion of exponential function, we have 
2=Y / {Q(E g + l) n +(E q ) n } t - 

n=0 



q (E q + 1)° + (E q f + £ {</ (E q + 1)" + (E q ) n ) 
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The result follows by comparing the coefficients. 
Since 



1=0 y 

— i n _°°, f 



ml 

(=0 \n=0 v ' , 



e(e(!)%» " 



(=0 \n=0 

we have the following addition theorem. 

Theorem 4. The twisted Euler polynomials E UiW (x) satisfies the following relation: 

Eu q (x + y) = Y J ( l \E n . q (x)y l - n . 

n=0 ^ ' 



It is easy to see that 

m—l 



1 m—l 

-£(-i)V 

o=0 

71-1 

/ rn— 1 



e"' 



n=0 * ' * a=0 

. a + x\ 

'""' 2m M) 

e m / 

to ^ ' " ' * g m e m * + 1 

a=0 

to ' — ' * — ' \ m J n\ 

a=0 n=0 v ' 

oo / m—l 



n=0 \ a=0 

Hence we have the below theorem. 



a + x \ \ t n 
m I } n! 



Theorem 5. For any positive integer TO.(=odd), we have 

m-1 , . 

E n . q {x) = to"- 1 ^ (-l)*g*£7 n>gm — ],fotn>0. 



■i=i) 



3. Distribution and Structure of the zeros 

In this section, we investigate the zeros of q-Euler polynomials E n . q (x) by using computer. Let 
q be a complex number with < q < 1. We plot the zeros of E n ^ q (x),x <G C for q = 1/2. (Figures 1, 
2, 3, and 4). Next, we plot the zeros of E 16ig (x),x E C for q = 1/10, 1/50, 1/100, 1/150. (Figures 
5, 6, 7, and 8). 

In Figures 1-8, E n , q (x),x <E C, has Ira(x) — reflection symmetry. This translates to the 
following open problem: Prove or disprove: E nq {x),x e C, has Im(x) = reflection symmetry. 

Our numerical results for numbers of real and complex zeros of E n ^ q (x) are displayed in Table 
1. 
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lm(x) - 






-• • 



3 






2 


• 




1 


• 


• 


Im{x) 










-1 


• 


• 


-2 


• 




-3 







Re(x) 



-2 

Re(x) 



Figure 1: Zeros of E Wq (x) 



Figure 2: Zeros of E 1 2^ q {x) 



Im(x) o - 



-• — •- 




Re(x) 



3 


• 




2 




• ; 


1 

Im(x) 

-1 




• : 




• : 


-2 




• ; 


-3 


• 






Re(x) 



Figure 3: Zeros of E\^ q {x) 



Figure 4: Zeros of E\^ q {x) 



Table 1. Numbers of real and complex zeros of E ntq (x) 



degree n 


q 


= 1/2 


q 


= 1/5 


real zeros 


complex zeros 


real zeros 


complex zeros 


1 


1 





1 





2 


2 





2 





3 


3 





3 





4 


2 


2 


2 


2 


5 


3 


2 


3 


2 


6 





6 





6 


7 


3 


4 


3 


4 


8 


4 


4 


4 


4 


9 


3 


6 


5 


4 


10 


4 


6 


4 


6 



We shall consider the more general open problem. In general. how many roots does E nq (x) have ? 
Prove or disprove: E n>q (x) has n distinct solutions. Find the numbers of complex zeros Ce„ q ( x ) 
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lm(x) - 



Im(x) 



II 



Re(x) 




Re(x) 



Figure 5: Zeros of E Wq {x) 



Figure 6: Zeros of E w ^ q (x) 



Im(x) 




Im(x) 






* 



• n • 




Re(x) 



Figure 7: Zeros of £16,9(2;) 



Figure 8: Zeros of E\^ q {x) 



of E n>q (x), Im(x) 7^ 0. Prove or give a counterexample: Conjecture: Since n is the degree of the 
polynomial E n ^ q (x), the number of real zeros Re„ (x) lying on the real plane Im(x) = is then 



iW 



71 -C 



S„, g (x) 



where Ce 



,W 



denotes complex zeros. See Table 1 for tabulated values of 



Re„ 

Re„, (x) an d C En < x ). We plot the E n ^ q (x), respectively (Figures 1-9). These figures give mathe- 
maticians an unbounded capacity to create visual mathematical investigations of the behavior of the 
roots of the E n ^ q (x) . Moreover, it is possible to create a new mathematical ideas and analyze them in 
ways that generally are not possible by hand. The author has no doubt that investigation along this 
line will lead to a new approach employing numerical method in the field of research of the g-Eulcr 
polynomials E n<q (x) to appear in mathematics and physics. For related topics the interested reader is 
referred to [4], [6], [7]. We calculated an approximate solution satisfying E nyq (x), q — 1/2, 1/5, ieE. 
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ReCx) 



Figure 9: Stacks of zeros E nq (x), q = 1/2 for 1 < n < 16 



The results are given in Table 2 and Table 3. 

Table 2. Approximate solutions of E n , q (x) — 0, q = 1/2 



degree n 


X 


1 


0.3333 


2 


-0.13807, 0.8047 


3 


-0.42060, 0.22004, 1.2006 


4 


0.6547, 1.5273 


5 


0.08542, 1.0854, 1.7866 



Table 3. Approximate solutions of E n ^ q (x) — 0, q = 1/5 



degree n 


X 


1 


0.16667 


2 


-0.20601, 0.53934 


3 


-0.3009, -0.10220, 0.9031 


4 


0.24627, 1.2384 


5 


-0.3717, 0.5951, 1.5439 
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1. Introduction and Preliminaries 

Recently, Kada, Suzuki and Takahashi [3] introduced the concept of ^-distance 
on a metric space and proved some fixed point theorems. In the sequel, we state 
the definition of w-distance and we state a lemma which we will use in Sections 2 
and 3; for more information we refer the reader to [3], [4] and [5]. 

Definition 1.1. ([3]) Let X be a metric space with metric d. Then a function 
p : X x X — > [0, oo) is called a w-distance on X if the following are satisfied: 

(a) p(x, z) < p(x, y) + p(y, z) for any x,y,z G X; 

(b) for any x G X, p{x, .) : X — ► [0, oo) is lower semi-continuous; 

(c) for any e > 0, there exists 5 > such that p(z, x) < S and p(z, y) < 6 imply 
d(x,y) < e. 

Lemma 1.2. ([3, 5]) Let X be a metric space with metric d and p be a w-distance 
on X. Let {x n } and {y n } be sequences in X, let {a n } and {/?„} be sequences in 
[0, oo) converging to zero, and let x,y, z G X . Then the following hold: 

(1) If p(x n , y) < a n and p{x n , z) < [3 n for any n G N, then y — z. In particular, 
if p(x, y) = and p(x, z) = 0, then y = z; 

(2) ifp(x n ,y n ) < a n and p(x n ,z) < n for any neN, then d(y n , z) — ► 0; 
(3)z/ p(x n , X m ) < a„ for any n,m G N with m > n, then {x n } is a Cauchy 

sequence; 

(4) ifp(y,x n ) < a n for any n G N, then {x n } is a Cauchy sequence. 
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2. Common fixed point theorem for commuting maps 

The following theorem is Jungck's [2] generalization of the contraction principle 
for metric spaces. 

Theorem 2.1. Let f be a continuous mapping of a complete metric space (X, d) 
into itself and let g : X — ► X be a map that satisfy the following conditions: 

(a) g(X) C f(X); 

(b) g commutes with f ; 

(c) d(g(x), g{y)) < kd(f(x), f(y)) for all i,i/£l and for some < k < 1. 

Then f and g have a unique common fixed point. 

In the next example we show that if the function / is continuous and 

p{g{x),g{y)) < kp{f{x)J{y)) 

for all i,i/£l and < k < 1, in general, g may be not continuous. 

Example 2.2. Let (R, |.|) be a normed linear space. Then the function p : M 2 — > 
[0, oo) defined by 

p(x,y) — \y\ for every x,j/£l, 

is a w-distance on X(see [3] Example 2). Consider the functions / and g defined 

by f(x) = 4 and 

'l, ifxeQ, 



q(x) 

10, if xeR\< 



Then 



p(g(x),g(y)) = \g(y)\ < 1 < {\)p{f{x)J{y)) = LM = \. 

Note that the function / is continuous but g is not. 

Theorem 2.3. Let (X,d) be a complete metric space, p a w-distance on X, and 
let f,g:X — ► X be maps that satisfy the following conditions: 

(a) g(X) C f(X); 

(b) g commutes with f and /, g are continuous; 

(c) p{g{x),g(y)) < kp(f(x)J(y)) for all x,y el and < k < 1. 

Then f and g have common fixed point provided f and g commute. Moreover, if 
9(v) = 9{9{v)) for all v E X, then p{g{v),g{v)) = 0. 

Proof. We claim that for every x G X 

w£{p(f(x),g{x)) + p(f{x),z) + p{g{x),z) + p(g(x),g{g{x)))} > 

for every z G X with g(z) ^ g{g{z)). For the moment suppose the claim is true. 
Let Xq G X. By (a) we can find x\ such that f{x\) = g(%o) ■ By induction, we can 
define a sequence {x n } n such that f(x n ) = g(x n -\). By induction again, 

P(f(%n),f(Xn+l)) = P(g(Xn-l),g(Xn)) 

< kp{f{x n ^ 1 ),f{x n )) 

< ■■■<k n p(f(x )J(x 1 )) 
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for n = 1, 2, • • • , which implies that, for m > n, 

P{f{Xn),f{x m )) 

< P{f(Xm-uf{%m)) + P(f(%m-2), f(x m -l)) H 1" P(f(x n ), /(x„+l)) 

< p(/(z ,/(zi)) ]T fc J < y— ^(/(zc/Osi)). 

Thus {/(x„)} is a Cauchy sequence. Since X is complete, there exists t/6l such 
that linin^oo /(x„) = y. As a result flf(x n _i) = f{x n ) tends to y, so {g(f(x n ))} n 
converges to g(y). However, g{f{x n )) — f{g{x n )) by the commutativity of / and 
g and so f(g(x n )) converges to f{y). Because limits are unique, f(y) — g(y), so 
f(f(y)) = f{g{y))- O n the other hand, by lower semi-continuity of p(x, .) we have 

k n 
P(f(x n ),y) <liminfp(/(x n ),/(x m )) < rP(f(xo),f(xi)), 

m — >oo 1 — K 

k n+l 
P(g(x n ),y) < liminfp(/(x n+ i),/(a; m )) < rP(f(xo),f(xi)), 

m^oo 1 — AC 

and 

P(ff( a; ™),5(5'(2 ; ™))) < kp(f(x n ),f(g(x n )) 

= kp{g{x n -i),g{g{x n -i))) 

< k 2 p(f(x n -i),f(g(x n -i))) 
= k 2 p(g(x n ^ 2 ), g(g(x n - 2 ))) 

< ■■■<k n p(f(x 1 ),g(f(x 1 ))). 

Now, we show that g(y) = g{g{y))- Suppose g(y) 7^ g{g{y))) and since we assume 
the claim above we have 

< ini{p(f(x),g(x))+p(f{x),y)+p{g{x),y)+p{g(x),g{g{x))): x e X} 

< in.f{p(f(x n ),g(x n ))+p(f(x n ),y)+p(g(x n ),y)+p(g(x n ),g(g(x n ))) : n e N} 

= inf{p(/(a;„),/(a;„ + i))+p(/(x„),y)+p(s'(x„),y)+p(s'(x„),5(s'(a;„))) : n e N} 

fc n fc" - * -1 

< inf{* n p(/(*o), /(si)) + j^p(/(a;o), /(»i)) + i^P(/(*o), /(*i)) 

+ fc n p(/(a:i),ff(/(xi))): n e N} = 0. 

This is a contradiction. Therefore g(y) = g(g(y))- Thus, g(y) = 9(5(2/)) = f(g(y)), 
and so g(y) is a common fixed point of / and g. 

Furthermore, if g(y) is a common fixed point of / and g and g(v) = g(g(v)) for 
all v G X, then we have 

p(g(y),g(y)) = p(g(g(y)) , g(g(y))) 

< kp(f(g(y))J(g(y))) 
= kp{g(y),g{y)), 

which implies that, p(g(y),g(y)) = 0. 

Now it remains to prove the claim. Assume that there exists y € X with g{y) ^ 
g(g(y)) and 

in£{p(f(x),g(x)) +p{f{x),y) +p{g{x),y) +p{g{x),g{g{x))) : x e X} = 0. 
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Then there exists {x n } such that 

lim {p(f(x n ),g(x n ))+p(f(x n ),y) +p(g(x n ),y) + p(g(x n ),g(g(x n )))} = 0. 

n — >oo 

Since p(f(x n ), g(x n )) — > and p{f{x n ),y) — ► 0, by Lemma 1.2, we have 

(2.1) lim g(x n ) = y. 

n — *oo 

Also, since p(g(x n ),y) — ► and p(g(x n ), g(g(x n ))) — ► by Lemma 1.2, we have 

(2.2) lim g(g(x n )) = y. 

n — *oo 

By (3.1), (3.2) and continuity of g we have 

g(y) = ff(limg(a;„)) = lim g(g(x n )) = y. 

n n 

Therefore, g(y) = g{g{y)), which is a contradiction. Hence, if g{y) ^ g(g(y)), then 
m£{p(f(x),g(x)) +p{f{x),y) +p(g(x),y) + p{g{x) , g{g{x))) : x e X} > 0. 

D 

3. Common fixed point theorem for four mappings 

Definition 3.1. ([1]) Let G be the family of all continuous functions g where 
g : [0, oo) 5 — ► [0, oo) satisfies the following properties: 

(gl) g is non-decreasing in the 1th, 2th and 4th variable; 

(g2) If u, v € [0, oo) such that u < g(v, v,u,u + v, 0) or u < g{v, 0, v, u + v, u) or 
u < g(v, v, u, 0, u + v, 0), then u < hv where < h < 1 is a given constant; 

(g3) If u € [0,oo) such that u < g(u,u,0,0,u) or u < g(0,0,u,u,u) or u < 
g(u, 0, u, 0, u, u), then u = 0. 

Definition 3.2. Let (X, d) be a metric space. Let A and S be mappings from X 
into itself and let function p be a w-distance on X. Then A and S are said to be 
w-compatible mappings on X if 

lim msx[p{ASx n , x n ) ,p{S Ax n ,x n )] = 0. 

n >oo 

Definition 3.3. Let (X, d) be a metric space. Let A and S be mappings from X 
into itself and let function p be a w-distance on X. Then A and S are said to be 
wR— weakly commuting on X at a (a G X) if given x in X there exists R > such 
that 

max[p(SAx,a),p(ASx, a)] < R[\p(Ax, a) — p(Sx, a)\]. 

Let (X, d) be a metric space. Let A, B, S and T be mappings from X into itself 
and p be a w-distance on X. Let (A, S) and (_B, T) be wi?-weakly commuting pairs 
at a of self mappings of a complete metric space (X, d) such that 

(3.1) A(X) C T(X), B(X) C S(X) 

and 
(3,2) ma,x{p(Ax,a),p(By 1 a)} 

< g(\p(Sx,a) -p(Ty,a)\,\p(Sx,a) - p(Ax,a)\,max{p(Ty,a),p(By,a)} 
,\p(Ax,a) - p(Ty,a)\,ma,x{p(Sx,a),p(By,a)}) 
for all x, y e X, where g e G. 
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Then for an arbitrary point xq in X , by (3.1), we can choose a point x\ such that 
Tx\ = Axq and for this point X\, there exists a point x 2 in X such that Sx2 = Bx\ 
and so on. Continuing in this manner, we can find a sequence {y n } in X such that 

(3,3) y 2n — Ax 2n — Tx 2n +i and y 2n +i — Bx 2n +\ = Sx 2n +i, n= 1,2,3,... 

Lemma 3.4. Let (X,d) be a metric space. Let p be a w-distance on X and let 
A,B,S and T be mappings from X into itself satisfying the conditions (3.1) and 
(3.2). Then the sequence {y n } defined by (3.3) is a Cauchy sequence in X. 

Proof. From (3.2) we have 

max{p( Ax 2n , a) , p(Bx 2n+ 1 , a) } 
< g(\p(Sx 2n ,a) - p(Tx2n+i,a)\,\p{Sx2n,a) -p(Ax2 n ,a)\, 

max{p(Tx 2n+ i , a) , p(Bx 2n+1 , a) } , \p(Ax 2n , a) - p(Tx 2n+1 , o) | , 
max{p(Sx 2n ,a) 1 p(Bx 2n+ i,a)}) 

and 

m.a,x{p(y 2n ,a),p(y 2n+ i,a)} 

< g{\p{V2n-i,a) - p(y2n,a)\,\p(y 2n _ 1 , a ) -p(y 2n ,a)\, 
m&x{p(y 2n , a),p(y 2n+1 ,a)}, \p{y 2n , a) - p(y 2n , a)\, 
ma,x{p(y 2n -i,a),p(y 2n+ i,a)}) 

< g(m&x{p(y2n-i,a),p(y2n,a)},max{p(y2n-i,a),p(y2n,a)}, 
ma,x{p(y 2n , a),p(y 2n+1 ,a)}, 0, 

max{p(y 2 n- 1 , a) , p(y2n , a) } + max{p(y 2n , a) , p{y 2n +i ,«)})■ 
By (g2) of Definition 3.1, we obtain, 

ma,x{p(y 2n ,a),p(y 2n+ i,a)} < hma,x{p(y 2n ^ 1 ,a),p(y 2n ,a)} 
in which h €]0, 1[. Therefore 

m&x{p(y n ,a),p(y n+ i,a)} < hm&x{p(y n _i,a),p(y„,a)} 

< /i 2 max{p(y„_ 2 ,a),p(j/n-i,a)} 

< h n m&x{p(y ,a),p(yi,a)}. 

Moreover, for every integer m > n, we get 

ma,x{p(y n ,a),p(y m ,a)} 

< m&x{p(y n ,a),p(y n+ i,a)}-\ hmax{p(j/ m _i,o),p(j; m ,o)} 

h n 

< Y^7^max{p(y ,a),p(yi,a)}- 

By Lemma 2 of [6] the sequence {y n } is Cauchy. □ 

Theorem 3.5. Let (X, d) be a metric space. Let p be a w-distance on X and 
let A,B,S and T be mappings from X into itself satisfying the conditions (3.1) 
and (3.2). Suppose that (A, S) or (B,T) is a w-compatible pair of reciprocally 
continuous mappings. Then A, B, S and T have a unique common fixed point in 
X. 
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Proof. By Lemma 3.4, {y n } is a Cauchy sequence in X, Since X is complete. 

So there exists a point z in X such that lim„ >00 y n = z, lim„ >00 Aa; 2 n = 

lim„ — ,00 Tx 2n +i = z and lim„ — >00 Bx 2n +i = lim„ — >oc 5.T 2n+2 = z. Suppose 
A and 5* are w-compatible and reciprocally continuous. Then by reciprocally con- 
tinuous of A and S, we have lim„ >00 ASx2n = Az and lim„ >oc SAx2n = •S'z. 

Also, by w-compatibility of A and S, Az — Sz, Since A(X) C T(X), so there exists 
a point v in X such that ^4,2 = Tv. 

ma,x{p(Az, a),p(Bv, a)} 

< g(\p(Sz, a) — p(Tv, a)\, \p{Sz, a) — p(Az, a)|,max{p(Ti>, a),p(Bv, a)} 
, \p(Az,a) — p(Tv,a)\,m&x{p(Sz, a),p(Bv, a)}) 

< (7(0,0, max {p(Az, a),p{Bv,a)}, 0,max{p(j4z, a),p(Bv, a)}). 
By (g3) of Definition 3.1, 

(3.4) ma,x{p(Az,a),p(Bv,a)} = 

so Az = Bv. Thus Az = Sz = Tv = Bv. 

Since A and S are wR-weak commutativity, there exist R > such that 

(3.5) ma,x[p(SAz,a),p(ASz,a)] < R[\p(Az,a) — p(Sz, a)\]. 

It follows that ASz = SAz and AAz = ASz = SAz = SSz. Also, B and T are 
Ti?-weak commutative, so we have BBv = BTv = TBv = TTv. 

By (3.4) we have p(Az, a) = and by (3.5) we have p(ASz, a) — p(AAz, a) = 0, 
hence AAz = Az. Thus Az is a common fixed point of A and S. Similarly, we can 
prove that Bv{= Az) is a common fixed point of B and T. 

Finally, in order to prove uniqueness of Az, suppose that Az and Aw, Az ^ Aw, 
are common fixed points of A, B, S and T. Then by (3.2), we obtain 

Taax{p(Az, a),p{Aw, a)} = raa,x{p(AAz,a),p(BAw, a)} 

< g(\p(SAz,a) - p(TAw, a) |, \p(SAz,a) -p(AAz,a)\, 
max{p(TAw, a),p{BAw, a)} 

, \p(AAz,a) -p(TAw,a)\,ma,x{p(SAz,a),p(BAw,a)}) 

< g(max{p(Az, a),p(Aw, a)}, 0, 

max{7j(^42;, a),p{Aw, a)}, 2 Taa,x{p(Az , a),p{Aw, a)}, 

~ma,x{p(Az, a),p(Aw, a)}). 

By (g2) of Definition 3.1, rnax{p(Az, a),p{Aw, a)} = which implies that Az = Aw. 
This completes the proof. □ 
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Abstract 

In this paper, by treating Powell-Sabin's type-1 refined triangulation Apsi as a triangulated quadrangulation 
plus a few triangles near the boundary and treating Powell-Sabin's type-2 refined triangulation Ap$2 
as a triangulated quadrangulation, Lagrange interpolation schemes for both bivariate C 1 cubic spline 
spaces Sl(Apsi) and S^(Aps2) are respectively constructed and Lagrange interpolation sets are given. 
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1 Introduction 

Let A be a regular triangulation of a simply connected polygonal domain Q in IK. 2 , i.e., A is a set 
of closed triangles whose union coincides with Q such that the intersection of any two triangles 
in A is either empty, a common edge or a vertex. For convenience, let V, V}, Vp, E, Ej, Ep and 
T denote the set of vertices, interior vertices, boundary vertices, edges, interior edges, boundary 
edges and triangles in A, respectively. It is well-known from Euler Theorem that 

\T\ = |£ 7 | - \Vi\ + 1, \E\=2\E I \-3\V I \ + 3, \V\ = |#/| - 2\Vi\ + 3, (1) 

where | • | is the cardinality of the set. 

For given integers r and d with < r < d — 1, the space of bivariate splines with degree d and 
smoothness order r with respect to A is defined by 

S r d (A) = {se C r (Q) : s\ t e V d ,Vt e T} , (2) 

where Vd is the space of bivariate polynomials of total degree being at most d. 



*The first author is supported by the Natural Science Foundation of Honghe University (XSS07004). The 
second author is supported by Guagxi Natural Science Foundation (0575029) 

Email address: sunkang_chen@yahoo.com.cn (Sunkang Chen). 



164 CHEN, LIU: LANGRANGE INTERPOLATIONS... 



There are usually two methods of interpolation by splines, one is the Hermite interpolation 
scheme and the other is the Lagrange interpolation scheme. The latter is very useful for the 
construction and reconstruction of surfaces and for scattered data fitting. It does not require 
knowing or approximating values of derivatives and requires only function values of the Lagrange 
interpolation points. This is stands in contrast to Hermite interpolation schemes where derivatives 
have to be computed approximately. In [6] , Davydov and Niirnberger developed an algorithm for 
constructing point sets admissible for Lagrange interpolation by S^(A) when d > 4. In [7]- [12], 
the authors studied the Lagrange interpolation by bivariate C l splines of various degrees on either 
triangulations or triangulated quadrangulations, all of these results depend on certain colorings of 
the triangulations or quadrangulations. Recently, Niirnberger et al. [13] discussed the Lagrange 
interpolation by C 2 splines of degree seven on triangulations, which is also based on a coloring 
algorithm. 

In this paper, we will construct two Lagrange interpolation sets, one is for Sl(Apsi) on Powell- 
Sabin's type-1 refined triangulation and the other is for Sl(Aps2) on Powell-Sabin's type-2 refined 
triangulation. 



2 Preliminaries 

Definition 1 Given a triangulation A of'Q, splitting each triangle t of A into three subtriangles 
at the incenter v t of t and then connecting the incenters of any two neighboring triangles, if t is 
a triangle with an edge e on the boundary of Q, connecting the incenter of t to the center of e, 
then we will get a Powell-Sabin's type-1 triangulation (see Fig. 1). 

Definition 2 Given a triangulation A ofVt, connecting three central lines of each triangle t and 
then connecting each midpoint v e , we will obtain a Powell-Sabin's type-2 triangulation (see Fig. 

!)■ 

The Bernstein-Bezier technique (B-net, B-form) plays an important role in the study of both 
curves fitting and multivariate spline approximation. In 1980, Farin [1] first used the B-net 
technique in the study of bivariate splines. The more details about this technique can be found 
in [2], [3] and most of the papers in the references list. 

Throughout the paper, let t :=< u,v,w > be a triangle, we denote the three vertices of t in 
counterclockwise direction by u, v and w, then every polynomial p &Vd associated with t can be 
written uniquely in the B-net representation 

V — 2^/ C ijk®ijki (3) 

i-\-j+k=d 

where {Bfjk}i+j+k=d is the Bernstein polynomials of degree d on the triangle t, and c* jfc are called 
the B-net coefficients of p associated with the domain points £*- fe = (iu + jv + kw)/d. 

It is clear that there is a one to one correspondence between the set of domain points D& '■ = 

(J D t — (J {£*- fc : i + j + k = d} and the set of B-net coefficients {c^}^o A for s G S®(A). For 

teA teA 

each vertex v G V, we define the set 

Rm{v) '■= {points which are distance m from v}, 
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Fig. 1: Powell-Sabin's type-1 triangulation Apsi (left) and type-2 triangulation Ap$ 2 (right). 
and the m-th disk around v defined by 



D m {v):^(JRi 



i=0 

Let S be a spline space. Following Niirnberger and Zeilfelder [14], a set {zi, ..., z^} in Q, where 
d = dimS, is called a Lagrange interpolation set for S if for any function / G C(Q), a unique 
s G S exists and satisfies 

s(z i ) = f(z i ), i = l,...,d. (4) 

The following remarks and lemma can be found in Niirnberger et al. [10]. 

Remark 1 A univariate cubic polynomial s(x) on an interval [a, b] which satisfies s(a) = z on<i 
s(b) = z% can be written in the Bernstein- Bezier form 

s(x) = —\z (b — x) 3 + 3ci(x — a)(b — x) 2 + 3c 2 (x — a) 2 {b — x) + z 3 (x — a) 3 ], (5) 

h 6 

where h = b — a. Then the B-net coefficients c\ and c 2 of the unique s(x) that interpolates given 
values at the points t\ '.— a + h/3 and t 2 := a + 2h/3, can be determined by solving a 2 x 2 linear 
system whose matrix is 

U ^> (6) 



9 V 1 2 

independent of the interval [a,b]. Moreover, if c\ is given, then we can make s(x) to interpolate 
a prescribed value z 2 at t 2 by simply setting 

27z 2 — Zq — 6ci - 8z 3 



C-2 



12 



(7) 



Remark 2 Suppose s(x) is a cubic polynomial, and that for a given triangle t we know all of 
its B-net coefficients except for the one associated with the domain point £[ n . If we know the 
function value of £\ n , then we can immediately calculate c\ u by (3). 
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Fig. 2: (a) Domain points for S'I(E); (b) The point set P produced by Algorithm 3 



Lemma 1 Suppose X is the triangulation obtained by inserting both diagonals in a quadrangle 
Q :=< vi,V2,V3,V4 >, and suppose U =< VQ,Vi,Vi + i >,i = 1,...,4 ; are the four triangles of E. 
As shown in Fig. 2(a), let Y E be the set of 12 domain points situated on the edges of Q, and let 

Mi = {01,02,03,04}, 
M 2 = {oi,o 2 ,o 3 , Oq}, 
M 3 = {oi,03,OQ,a 8 }, 
M 4 = {oi,a 2 ,OQ,a 8 }, 
M 5 = {01, oq,o 8 ,o 5 }. 

Then each of the following five sets 

r, = r £ |jM,,/ = i,..,5, 

is a minimal determining set for S^ (£). 

Algorithm 1 Let (} be a quadrangulation with all the quadrangles being convex, and § is the 
related triangulated quadrangulation. We construct a point set P for Sg^) according to the 
following steps. 

1) For each vertex v of (}, choose 3 points in D\(v) which are marked by o in Fig. 4- Note that 
these points must be chosen on the edges of <), and the B-net coefficients associated with these 
points can be computed by Remark 1. 

2) Beginning with an arbitrary quadrangle Q, we label all the quadrangles Q\, Q2, Q3, ■■■, where 

i 

the quadrangle Qi+i must share at least one common edge with [J Qk- Choose 4 points in the 

k=l 

first quadrangle Q\, see Fig. 3(e), and choose 3 points in the second quadrangle Q2, see Fig. 3(a). 

i-i 
Furthermore, if the quadrangle Qj (j=3, 4>---) shares 1, 2, 3 or 4 common edges with \\ Qk, then 

fc=i 
we respectively choose 3, 2, 1 or points in the quadrangle Qj, see white quadrangles in Fig. 3. 

Theroem 1 Let P := {£i}| =1 be a point set constructed by Algorithm 1, then P forms a Lagrange 
interpolation set for S\ (<§>). 
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(C) (d) 

Fig. 3: Choice of points in step 2 of Algorithm 1. 



Proof We show that for any given data Z := {^}| =1 , there exists a unique s G Sg^) satisfying 
the interpolation condition (4). Suppose s is expressed in B-net representation as described in 
the Introduction, we need to show that each of the B-net coefficients of s G S^t^) is uniquely 
determined by the data. 

At first, for each domain point £ lying at a vertex of <$•, the corresponding B-net coefficient 
is equal to the data value associated with that point. Next, for each edge e of 0, it follows 
from step 2) of Algorithm 1 that P includes one or two domain points in the interior of e, the 
B-net coefficients associated with those domain points are computed according to Remark 1, 
then all B-net coefficients of s in Di(v) are uniquely determined by C 1 smoothness conditions. 
Finally, we compute B-net coefficients associated with domain points lying inside quadrangles. 
According to Algorithm 1, there are 4 points in Qi belongs to the point set P, see Fig. 4, and 
we can apply Remark 1 to compute the B-net coefficients with respect to the domain points a 
and c, and the B-net coefficient associated with domain point d can be determined by Remark 
2. Lemma 1 ensures that all the B-net coefficients associated with domain points lying inside 
the first quadrangle Qi are determined. Then the B-net coefficient associated with domain point 
£* n in triangle t which neighbors on Qi is computed by C 1 smoothness conditions. By repeating 
the above steps for Q 2 , Q3, • ••, we can compute all the B-net coefficients of s associated with the 
domain points lying inside all quadrangles. Then all the B-net coefficients corresponding to the 
domain points of Da are uniquely determined by the data. Finally, from Algorithm 1 and [15], 
we know that the cardinality of the point set P is equal to the dimension of spline space Sl(§), 
i.e., dim£}($) = \P\ = 3\V\ + \E\. 



3 Lagrange interpolation set 

In this section, Lagrange interpolation schemes are constructed for bivariate C 1 cubic splines for 
Sl(Apsi) and S , 3 L (Ap52). Firstly, we construct a Lagrange interpolation set for Sl(Apsi) by 
using Theorem 1. 
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Fig. 4: A Lagrange interpolation set (o and •) for S^^) obtained by using Algorithm 1. 

Algorithm 2 For Powell- Sabin's type-1 refined triangulation A PS1 , we construct a point set P 
for Sl(Apsi) according to the following steps. 

1) Choose some points from gray part in Fig. 5 according to Algorithm 1. 

2) For each boundary edge e of A, choose two points on e which are marked by □ in Fig. 5. If 
t is a triangle with two edges on the boundary ofQ, then choose three points in D\(v) which are 
marked by o (where v is a vertex linked by these two boundary edges), and choose one point on t 
which is marked by ■ in Fig. 5. 

Theroem 2 Let P := {£i}j =1 be a point set constructed by Algorithm 2, then P forms a Lagrange 
interpolation set for Sl(Apsi). 



Proof We show that for any given data Z : = {^}| =1 , there exists a unique s G S^(Apsi) 
satisfying the interpolation condition (4). we suppose s is expressed in B-net form, we need to 
show that each of the B-net coefficients of Sl(Apsi) is uniquely determined by the data. Firstly, 
we note that for each domain point £ lying at a vertex of Apsi, the corresponding B-net coefficient 
is equal to the data value associated with that point. 

We now show how to compute the remaining B-net coefficients of s, the B-net coefficients 
associated with domain points in gray part of Fig. 5 can be computed following Theorem 1, then 
the remaining B-net coefficients can be determined by Remark 1, Remark 2 and C 1 smoothness 
conditions. Furthermore, according to [4], we have 



dim^ 3 1 (Ap 51 ) = \P\ =3|V|+6|T|+2|Vi 



B 



We now prove such P is a Lagrange interpolation set for Sl(Apsx) 



Remark 3 When there is a single triangle t in the original triangulation A, then Algorithm 2 
and Theorem 2 can not construct a Lagrange interpolation set for Sl(tpsi), and another Algorithm 
must be constructed in this situation. 
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Fig. 5: A Lagrange interpolation set (o and •) for Sl(Apsi) obtained by using Algorithm 2. 




Fig. 6: A Lagrange interpolation set (o and •) for S^(A.ps2) about Theorem 4. 
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Algorithm 3 When A is a single triangle t, then we construct a point set P for Sl(tpsi) according 
to the following steps. 

1) For each vertex v and incenter v t in t, choose three points in Di(v) and Di(v t ) which are 
marked by o in Fig. 2. 

2) For each boundary edges e of t, choose two points on e which are marked by □ in Fig. 2. 

3) Choose three points in triangle t which are marked by • in Fig. 2. 

Theroem 3 Let P := {^i}jti be a point set constructed by Algorithm 3, then P forms a Lagrange 
interpolation set for S\{tpsi)- 

Proof It follows from [4] that dimS^tpsi) = 21. Given any data Z := {^}fi 1; by using Remark 
1, Remark 2 and C 1 smoothness conditions, each of the B-net coefficients of Sl(tpsi) is uniquely 
determined by the data. This completes the proof of this theorem. 

Note that triangulation Aps2 can be regarded as a triangulated quadrangulation $ if we make 
each original vertex v, Vt and center v e as the vertex of quadrangle in Ap$2, then we can obtain 

Theroem 4 Let P := {^i}[ =1 be a point set constructed by Algorithm 1 on S\(Aps2), then P 
forms a it Lagrange interpolation set for S\(Aps2)- 

Proof We know dim S\ (<$>) = 3|V| + \E\, then 

\P\ = 3(\V\ + \E\ + \T\) + (3|T| + 2\E\) = 3\V\ + 5\E\ + 6|T|. 

Using Euler's theorem and [5] we obtain dimS^Ap^) = \P\- Then we can give a similar proof 
as we did in the Theorem 1. 
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Sums of products of g-Euler numbers 
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Abstract. By using multivariate fermionic p-adic g-integral on Z p , the 
author introduced the g-Euler polynomials of higher order (see [1]). 
Prom these y-Euler polynomials of higher order, we derive the for- 
mula for the sums of products of the g-Euler polynomials of the form 

V^ v-w" - n sr^r-h-i2 i e -! ( r \ (r-h\ (r-n-n H-i\ rp /„, n 

Z^ r =n+--+H 2^fci=0 " ' 2^^_ 1= Ui,-,z*A fci / "' V fc^_i J^ki+iuqKUi, 

Ek^+i^qia^Ei^a^tq - l) fc i+-+ fc <-i, where £ m ,,(a) are the m-th 
o-Euler polynomials and f n ) = — r^ — F . 

2000 Mathematics Subject Classification: 11B68, 11S80 

Key Words and Phrases: Fermionic p-adic integral, q-Euler polynomials 

51. Introduction 



Let p be a fixed odd prime number. Throughout this paper Z, Z p , Q p and C p will 
respectively, denote the ring of rational integer, the ring of p-adic rational integers, the 
field of p-adic rational numbers and the completion of algebraic closure of Q p . Let v p be 
the normalized exponential valuation of C p with \p\ p = p~ v p( p > = 1/p. When one talks of 
y-extension, q is variously considered as an indeterminate, a complex number q G C or a 
p-adic number q G C p , (see [1-6]). If q G C p , we normally assume |1 — q\ p < 1. In this 

and [xU= '-(-«)•. 
i - y 1 + q 

Let d be a fixed positive integer with d = 1 (mod 2). Then we set 

X = X d = lim Z/dp N Z, X± = Z p , 

JV 

X*= (J (a + dpZ p ), 

0<a<dj>, 
(o,p)=l 

a + dp Z p = {x E X\x = a (mod dp )}, 



paper, 


we 


use 


the notations 
[x]q = 


as follows. 

1 — q x 

1 „ ' 
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where a G Z lies < a < dp , ( see [1-6]). We say that / is uniformly differential function 

at a point a G Z p and denote this property by / G UD(1i p ) if the difference quotients 

f( x \ _ j(V) 
Ff(x,y) = have a limit £ = f'(a) as (x, y) — > (a, a). For / G UD(Z P ), the 

fermionic p-adic g-integral on X is defined as 



/_,(/) = / f(xW- q (x) = lim _ =- J2 fWi-qT, (^e [1-7]). 



dp N -l 

E 

The g-Euler numbers (see [6]) are defined by 

K, q = f [x\ n q d^ q {x) = I [x\ld^ q {x) = -i- J2 |^£, (2) 

and the g-Euler polynomials (see [5]) are defined as 

[2], ^G)(-W 



*U*) = / [x + y\ n q dn- q {y) = ! [x + y} n q d^- q (y) = j^— £ ^ 



M-i 



In this paper, we consider the g-Euler polynomials of higher order using an integral by 
the g-analogue of fermionic p-adic invariant measure and give the formula for the sums of 
products of the g-Euler polynomials. 



}2. g-Euler numbers of higher order 



In [2], the ra-th g-Euler polynomials in the variable x in C p with \x\ p < 1 are defined 

as 



E m , q {x) = JJx + y]™d^ q (y) = j^ n ^ ^ j f^e- 
We use the notation: 

m mm m 

E = EE -E- 

fei,...,fc„=0 fci=0fc 2 =0 k n =0 

We define the g-Euler numbers of higher order, E n , q G C p , by making use multivariate 
fermionic p-adic g-integral on Z p as follows. 



[xi-\ h x r ]gdij,-q(xi) ■ ■ ■ dn- q (x r ) = E^ q . (3) 

1 

Note that lim^i E n ,q = En , where E n are the n-th Euler numbers of order r. 
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From (3), we note that 

= [^E( m+ r I" 1 ) ( - 1)mgm[ <- 

m=0 ^ ' 

Let us define the n-th g-Euler polynomials of order r as follows. 

E nl( x ) = •••/ [x + xi-\ hx r }^dfi_ q (xi)---djj,_ q (x r ). (4) 

*J ILip *J £-Jp 

From (4), we note that 

4:!w^e(';)m'(i^)V 
= pi; E ( m + ,1 ~ : ) i- 1 )*"!" 1 + * < cf - pd- 

m=0 ^ ' 

By (4), we easily see that 



n+r 



i^EQi-D'frr^'^ 



fW r r _ T ^ = Hy g 

"'^ J (l-?)" L " J9 ^VV V " V l + g^^ (5 ) 

= (-l)"g" + ^S(x), 
and 

<^(r) = (-l)V +r i$J- 
The Eq.(5) seems to be interesting and new. If q — > 1, then we can derive the following 
formula from (5). 

EV(r-x) = (-irE£\x), and E%\r) = {-l) n E^. 

For <i e Z + with d = 1 (mod 2), it is easy to see that 



d-l 



M^E(- 1 ) a ^n,^(^) = E n , q {x). (6) 

L4<? d „=o d 

In the sense of the extension of (6), we consider the following multivariate integral. 

[xi-\ h x r + x]gdfi_ q (xi) ■ ■ ■ d(j,_ q (x r ) 

j x 

\d\ n d ~ 1 

Lk. J2 (_l)«l+-+«rg«l+-+«r (7) 

!■ ^ 9 oi,-,a r =0 



/" [ rdi + ■ ■ ■ + d r + X -in , , 

/ •• / [ 1 hxiH hz r J gd d//_ g d(zi)---d//_ 9 <i(a; T .). 



X 
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From (7) and (4), we note that 

E %w = w- E (-ir^^)( ° i+ - +a - +a ). 

La J-9 ai ,-,a r =0 ° 

We observe that 

-1 _ (7 Ql_l ^m+^H Ha;,. 



. l2-\ Hr . ■ 



il,-,<n>0, V 1 ' '*»■/ fcl =0 V % 



*lH \-z r =n 

h~\ hi 



fc 2 =o v 2 



(9) 



JT f ir ) [ Xr _, + a r _ 1 ]f-i+*'-i (g - i)*i+-+*r-i [ Xr + ar ]J 



x 

fc r _i=0 



Thus, we have 

n— ii n— «i— «2 n— ii V— 1 

= E E E ••• E . 

il,-,ir>0, kl=0 k 2 =0 k r -l=0 V ' ' 7 X 7 X 7 V 

i 1 H Mr— n 

x ( g _ i)fci+-+*r-i[ a;i + ai]J 1+il [x 2 + a 2 ]J 2+l2 • • • [x r _! + a^ilj- 1 ^- 1 ^ + a r ]j\ 



n \ /n — Zi\ /n — zi — %i \ ln — i\ — --- — i r -\ 



(10) 



From (10), we note that 



a r 



9 



n— ii n—ii—12 n—i\ v— l 

n \ I n — i\\ I n — i\ — %2 



[oti + ■ ■ ■ + a r + x± + ■ ■ ■ + x r ]™dn- q (xi) ■ ■ ■ dfi_ q (x r ) 

) 

i—ii n—i\~i2 n—ii 

E E E - E 

,-,»r>0, fci=0 fc 2 =0 fcr-l=l 

j \-i r =n 

(<ri -? -. ... <? -, \ 
k ^ r ~ J^ 1 +n, g (ai)^ fe2 +i 2 , 9 (a2)---^_ 1+ w, 9 (ar-i)^, 9 (Q; r .)(g-l) fel+ '-- +fe '-- 1 , 



.ii, • • • , v7 V &i / V fco 

«!,•••, ir>0, fei=0 fc 2 =0 fc r -l=0 V ' ' 7 V ' X 

*1 H \-i r =n 



where (. n .) = ^ 

Vll, •■■ ,l r J H- 



■l r ! 

Therefore, we obtain the following theorem. 
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Theorem . For oti, • ■ • , a r e C p , n e Z +7 and r e N, we have 



E^(a 1 + --- + 



ti— ii n— ii— «2 n— ii V— 1 



«i,-,«t->0, fei=0 fc 2 =0 fc r _i=0 

ilH Mr = n 



n \(n — ii\(n — ii — i2 
i ir -- ,i r J\ ki J\ k 2 



E E E ■■■ E 

Av— i=l 
-E , fci+ii, g («l)-E'fc2+J2,g( a; 2) • • • -^fc r _i+i r _i, g (ttr-l)-Efc r ,g(ttr)(o — 1)' 



n % \ •" 2 r-l \ , ■ , , ,. , ,,. , , -.Nfei+.-.+fe^i 



fe r _l 

where (. n .) is the multinomial coefficient. 

\«1,'" ,l r ' JJ 

Remark2. 5y (4), we see that 

qEU(x + l) + EU(x) 
= <m f(n\ ■/ 1 y - (x+1) [2]; yM ( _ 1}J Y 1 V 



JLfW 






j=0 

[2]^t _1) W- 
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On the existence of periodic solutions to nonlinear third order ordinary differential 

equations with delay 
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Abstract: In this paper, we are concerned with the existence of periodic solutions to 
nonlinear third order delay differential equation: 

x"(!) + y/{x\t))x"{t) + g(x(t - r)) + /(*(*)) = p(t, xit), x(t - r), x\t), x\t - r), x"{t)) , 

when p(t, xit), x(t - r), x\t), xit - r), x"{t)) is a periodic function of period T , T > 0. With use 
of Lyapunov's functional approach, we establish some new sufficient conditions which 
guarantee that there exists a periodic solution of this equation of period T , T > 0. For 
illustrations, an example is also given on the existence of periodic solutions. 

1. Introduction 

It is well-known that functional differential equations, in particular, delay differential 
equations can be used as models to describe many physical, biological systems, etc. In 
practice, many actual systems have the property aftereffect, i.e. the future states depend not 
only on the present, but also on the past history. Aftereffect is believed to occur in mechanics, 
control theory, physics, chemistry, biology, medicine, economics, atomic energy, information 
theory, etc. Therefore, it is very important to study the qualitative behaviors of solutions of 
delay differential equations or more generally functional differential equations. 

In 1992, Zhu [5] considered the following nonlinear third order differential equation with 
constant delay, r : 

x"(t) + ax\t) + 0(x\t - r)) + f{x) = pit) , (1) 

and he discussed the existence of periodic solutions of this equation when p(t) is a periodic 

function of period T , T > 0. 

In this paper, we consider nonlinear third order differential equation with constant delay: 

x"(t) + y/(x\t))x\t) + gixit - #■)) + /(*(*)) 

= p{t, xit), xit - r), x\t), x\t - r), x"(t)) . (2) 

Obviously, our equation, (2), includes equation (1), and it can be stated as the following 
system: 

x\t) = yit), y\t) = zit), 

zit) = -yriyit))zit) - g(y(t)) - fixit)) + J g\y(s))z(s)ds 

t-r 

+ pit, xit), xit - r), yit), yit - r), z(t)) , (3) 

where r is a positive constant, that is, r is constant delay, which will be determined later; 
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the functions y/ , g , / and p depend only on the arguments displayed explicitly. It is 
assumed as basic that y/(y) , g(y) , f(x) and p(t,x,x(t-r), y, y(t-r),z) are continuous in 
their respective arguments on 9? , 9? , 91 and 9? + x9? 5 , respectively; g(0) = /(0) = and 
p(t , x, x(t - r), y, y(t - r), z) is periodic in t , of period T , T > r , that is, this function satisfies 

p(t + T,x,x(t-r),y,y(t-r),z) = p(t,x,x(t-r),y,y(t-r),z). The derivative g\y) = —-g(y), 

ay 

exists and is also continuous; throughout the paper x(t), y(t) and z(t) are abbreviated as x , 
y and z, respectively. 

It should also be noted that to the best of our knowledge from the literature, so far, the 
existence of periodic solutions of nonlinear third order differential equations with delay has 
only been investigated by three authors; Chukwu [2], Tejumola & Tchegnani [3] and Zhu [5]. 
Perhaps, the possible difficulty raised to this case is due to the construction of Laypuov 
functionals for delay differential equations of higher order. But, here, we would not like the 
details of difficulties. It is also worth mentioning that all the papers afore mentioned, Chukwu 
[2], Tejumola & Tchegnani [3] and Zhu [5], have been published without including any 
explanatory example on the existence of periodic solutions of equations taken under 
consideration. Here, we will give an example on the topic. Our assumptions and Lyapunov 
functional, which will be introduced, are completely different than that in Chukwu [2], 
Tejumola & Tchegnani [3]. 

2. Preliminaries 

In order to reach the main result of this paper, we will give some basic information for 
general non-autonomous delay periodic differential system. We now consider the delay 
periodic system: 

x(t) = f(t,x t ), x, = x(t + 0), -r<0<O,t>O, (4) 

where / : [0,°°)xC H — >9\" is a continuous mapping, f(t + T,<p) = f(t,(p) for all (p£ Cand 
for some constant T > . We suppose that / takes closed bounded sets into bounded sets of 
9\" . Here (C, 1. 1) is the Banach space of continuous function : [- r, O] — > 9?" with 
supremum norm, r > ; C H is the open H -ball in C ; C H := |^e [c[— r,0\, 9?" ): |^| < H). 

Definition 1. (See Burton [1].) A continuous function W : [0, °°) — > [0, °°) with W(0) = , 
W(s) > if s > , and W strictly increasing is a wedge. (We denote wedges by W or W t , 
where i is an integer.) 

Definition 2. (See Burton [1].) Let D be an open set in 9?" with OgD. A function 
V : [0, °°)x D — > [0, °°) is called positive definite if V(t,0) = and if there is a wedge W i with 

V (t, x) > Wj (|jc|) , and is called decrescent if there is a wedge W 2 with V (t, x) < W 2 (|x|) . 

Definition 3. (See Burton [1].) Let V(t,(/)) be a continuous functional defined for t > , 
(/)& C H . The derivative of V along solutions of (4) will be denoted by V and is defined by 
the following relation: 

/i->o h 
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where x(t , (/)) is the solution of (4) with x t (t o ,0) = 0. 

Theorem 1. (Yoshizawa [4].) Suppose that f(t,(p)& C Q (<p) and f(t,<p) is periodic in t 
of period T , T > r , and consequently for any a > there exists an L(a) > such that 
<pe C a implies \f(t,q>)\ < L(a) . Moreover, suppose that there exist a continuous Lyapunov 
functional V(t,<p) defined on ?e /, #>e S* , S* is the set of <p& C such that with \(p(0)\ > H 
(H may be large) , and that V(t,(p) satisfies the following conditions: 

(i) There exist continuous increasing functions a(s) and b(s) , satisfying a(s)>0, 
b(s) > for s> H , and a(s) — > °° as s — > °° , such that 



a(|^(0)|) < V(t,f) < fc(M), when |^(0)| > H . 
(ii) There exists a continuous and positive function w(s) such that 

V(f,^)< -w(|^>(0)|) for s > H . 
(iii) Suppose that there exists an //j > , H x > H such that 

rL(f)<H x -H, 

where 7* > is a constant which is determined in the following way: By the condition on 
V(t, <p) , there exist a>0, /?>0, y>0 such that b(H l ) < a(a) , b(a) < a{/5) , &(^) < a(y) . 
y" is defined by b(y) < a(y*) . Under the above conditions, there exists a periodic solution of 
system (4) of period T . In particular, the relation rL(y*) <H l -H can be always satisfied if 
r is sufficiently small. 

3. Main result 

The main result of this paper is the following theorem: 

Theorem 2. We assume that there are positive constants a , b , c, m, S , y , jU , T 
and L such that the following conditions hold: 

(i) ab-c> 0, /(0) = 0, /(x)sgn;e> for allx^O, sup{/'0)} = c and 

/(*) sgn .x — > 00 as |x| — > 00 . 
(ii) g(0) = 0,^>6, (y*0),and|g'OOl<L,0<{Ky)-a<<S. 

y 

(iii) p(r, x, x(t - r), y, y(t - r), z) is periodic in t , of period T and 
\p(t, x, x(t - r), y, y(t - r), z)\<m. 
Then equation (2) has a periodic solution of period T provided r is small enough, 

. ! ab-c ab-c\ 

r < min< , > 

\b(L + 2y) juL J 

ab + c , L .. 
with // = and y=—(l + ju). 

2b 2 
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Proof. Our main tool for the proof of Theorem 2 is a functional V(x t ,y t ,Z t ) defined by: 



where 



o / 



V(x,,y l ,z t )= V l (x, , y, , z, ) + V 2 (x, y, z) + 1 + L j" J | z(9)\ddds , 

-r t+s 

x y y 

V, (X, ,y,,Z,)= jujf(4)d^ + f(x)y+ju\^(Tj)TjdT]+\g(Tj)dTJ 



1 ( 

+ /Ltyz + -z 2 + r\ \z 2 (O)d0ds, 



(5) 



(6) 



V 2 (x, y, z) = 



M 



sgnx, \x\ > 1, \z\ <M 



sgnz.sgn*, \x\ > 1, \z\ >M 

\x\ < 1, \z\ < M 



xz 

M' 

xsgnz, \x\ < 1, |z| >M, 



(7) 



L, M (M > 1), jU and y are some positive constants; the constants jU and y is defined in 
Theorem 2. 

Now, since g(0) = /(0) = , it is immediate that V l (0,0,0) = . In view of the assumptions 

ys(y) > a , y~ i g(y)>b, (y ? 0) , f(x)sgnx>0, (x t 0) , and sup{/'(x)} = c , we see that 



«■ i y / \ -. / 

V 1 (x,,y l ,z t )>julf&d{ + f(x)y + -juay 2 +l^-?ld?l + m + ~z 2 + y\ \z 2 {d)ddds 

^ W ^ -r t+S 

a A U * Q t 

>{ijf&d4+ f(x)y+-juay 2 +-y 2 + m + -z 2 + y\ \z 2 (d)ddds 

o 2 2 2 _ r t+s 

= ^-[by + f(x)f+Jf^)d^ + ^y 2 - ^-f 2 (x) + juyz + ^z 2 + y\ \z 2 (0)d0ds 

2b i 2 2b 2 J , J 



— [by + f(x)] 2 + - i -r 
2b 2by 2 



4]f&U(jub-f'(Z))r}dr}\dt 



I 



I 1 ° ' 

+-(jUy + z) 2 + -jU(a-jU)y 2 + 7 f \z 2 (0)d0ds 



(8) 



Now, by help of the assumptions of Theorem 2, we have 



and 
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ab + c ab-c _ 

a- u = a = > 0, 

2b 2b 

Mb -f {x )=^±^-f (x ) = ab+c - 2f ' ix) = ab - f ' (x) >^^>o, 



o t 



| \z\0)ddds>Q. 



Hence, one can show from (8) that 

V l (x t ,y n z t )>D l x 2 + D 2 y 2 + D 3 z 2 >D 4 (x 2 + y 2 +z 2 ), (9) 

where D 4 = minJDj , D 2 , D 3 } . 

Next, it is also clear that the function V 2 is continuous and satisfies 

|V 2 |<1. (10) 

Now, in view of (5), (9) and (10), together, it can be easily seen that the functional 
V (x t ,y,,z t ) satisfies the first part of condition (i) of Theorem 1 . Similarly, making use of the 
assumptions of Theorem 2, it can also be shown that the functional V(x t ,y t ,z t ) satisfies the 
second part of condition (i) of Theorem 1 . 

Let — V v (x t ,y t ,z t ) denote the time derivative of functional V l (x t ,y t ,z t ) along the 
dt 

solutions of (3). Then, by a straightforward calculation from (6) and (3), we observe that 

d r 

—V l (x t ,y,,z,)= f\x)y 2 + iuz 2 -iuyg{y)- iy(y)z 2 + (W+ z) J g'(y(s))z(s)ds 

i-r 

l 

+ Jl 2 r - f\z 2 {9)ds + (juy + z) p(t, x, x(t - r), y, y(t - r), z) . (11) 

t-r 

Making use of the assumption |g'(y)| < L and the inequality 2 w |v| < u 2 + v 2 , we have the 
following: 



lLiy\g\y{s))z{s)ds<f J — ry 2 +f J — \z 2 (s)ds, z\ g'(y(s))z(s)ds <- n 2 + - \z 2 (s)ds. 



By using the afore inequalities in (1 1), we get 

—V l (x t ,y 1 ,z,)= f'(x)y 2 + jUz 2 -m(y)- ^(y)z 2 + ^V + ^- ry 2 + - rz 2 
dt 2 2 



r 

+ 



- + -^—r\ \z 2 ( s ) ds + (jUy + z) PO, x, x(t - r), y, y(t - r), z) . (12) 



2 2 
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Now, suppose that sup{/'(x)} = c> , y/(y)>a and ab-c>0 . Then, (12) implies that 



d_ 
dt 



Vi(x t ,y t ,z t )<- 



y 2 



a — u r — y\r 

2 



+ 



r L Lju 



+ -^—y\ \z 2 (0)d0 + \jUy + z\ \p(t,x,x(t-r),y,y(t-r),z)\ 



2 2 



_, . ab + c . _ „ 

By use ol // = , it lollows that 

2b 



d_ 
dt 



V x (x t ,y t ,z t )< 



M 8(yl_ c _ML r 

y 2 



ab-c ,L 

(— + 7)r 

2b 2 



+ 



- + -^—r\ \z 2 (s)ds + (ju\y\ + \z\) \p(t,x,x(t-r),y,y(t-r),z)\ 



2 2 



If we choose y = — + —*— and use the assumption \p(t,x,x(t- r), y, y(t-r), z)\ <m, then we 
obtain 



dt 



V,{x t ,y t ,z,)<- 



M 8iH_ c _ML r 

y 2 



ab-c L. 
2b 2 



z 2 +//>nh' + wz . (13) 



Now, a direct computation along V 2 (x, y, z) and solution the (x(t), y(t), z(t)) of system 
(3) yields: 

d 



dt 



V 2 (x, y, z) = 



1 ' 

-{~¥(y)z -g(y)~ fix) + g'(y(s))z(s)ds + p(t, x, x(t - r), y, y(t - r), z)} sgn x, \x\ > 1, \z\< 
,/f j i i i i 



M 

0, IjcI > 1, Izl > M 



M 



1L + L 
M M 



+ — {-¥(y)z - g(y) - fix) + f g\y(s))z(s)ds + p(t,x,x(t - r), y, y(t - r), z)}, \x\ < 1, \z\ < M 

t-r 

y.sgnz, \x\ <1, Izl >M. 



With help of the assumptions of Theorem 2, one can also obtain the following: 
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d_ 

dt 



V 2 (x,y,z)< 



f(x) sgn x + {a + 8 + \g{y)\ + m + L \\z(s)\ds},\x\ > 1, \z\<M 

M ' ' ' J 

t—r 

0, |x|>l, |z|>M 

t 
\y\ + \g(y)\ + a + 8 + \g(y)\ + m + LJ\z(s)\ds, \x\ < 1, \z\ < M 

t-r 

\y\, \x\<l, \z\>M. 



First, we consider V =V(x t ,y t ,z t ) in the domain max { y\ -K, \z\-M} > 0, where the 

constants K and M are large enough, which will be determined later. Hence, we have to 
consider the following two cases: 



Casel ) : | v| > K > 1 , and x , z are arbitrary. Then, we have 

d 



dt 



V 2 (x,y,z) < \y\ +\g(y)\ + a + S + m + L \\z(s)\ds. 



(14) 



Now, by using (5), (13) and (14), we have 



dt 



V(x,,y,,z t ) <- 



juyg(y)-c-—r 



ab — c L / 

(ju + 2)r 

2b 2 



+ On + l)|y| + m|z| +\g(y)\ + a + S + m + L\\z(s)\ds. 



Therefore, one can obtain the following: 



d_ 
dt 



V(x t ,y t ,z t ) < 



< N / M L N 2 

juyg(y)-(c +— r)y 



ab — c L 



2b 2 



(ju + 2)r 



+ \g{y)\ + (jWn + i)\y\ + m\z\ + a + S + m + Lr\z\-L \\z(s)\ds + L \\z{s)\ds 



vyg(y)-\g(y)\- 



uL 

c + — r 

2 j 



y 



ab — c L 



2b 2 



(ju + 2)r 



+ (jum + Y)\y \ + m\z\ +a + S + m + Lr\z\ 



Now, we consider the term: 



Myg(y)-\g(y)\ 



uL 

c + <—r 

2 



y 



Let us define 



ab + 3c 

h = <1. 

2(ab + c) 
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Then, there exists a constant K l , (K { > 1), satisfying 
when \y\ > K x , it follows that 



f£yg(y)-\g(y)\- 



. 2 , 



/=/^ 

J 



'l-TT 1 



A , A 



1 — 



v ^U 



> /? for ry > A"j . Therefore, 



uL 

c + ^—r 

2 



> 



ab + c , ab + 3c 



2b 2(ab + c) 



y 



uL 

2 



\ r 

y 2 = 



ab-c LjU 



v 



Thus, one can arrive 
d 



dt 



V(x t ,y t ,z,) <- 



ab-c LjU 



ab-c L. 
2b 2 



+ (jUm + l)\y\ + (m + Lr)\z\+(a + S + m) \y\. 



The above inequality implies 
d 



dt 



V(x t ,y t ,z t ) < -S x (y +z ) + (jUm + l) \y \ + (m+Lr)\z \+(a + S+m) \y\ 



for a positive constant <Sj provided that 

. i ab-c ab-c 

r < mim , 

[bL(jU + 2) 2juL j 



Now, let 



Tj = max{//m + S+ a + m + l, m + Lr). 



Hence, we have 
d 



dt 



V(x 1 ,y 1 ,z 1 )<-S l (y 2 + z 2 )+T 1 (\y\ + \z\) 



^(y 2 + z 2 )-^ 
2 2 



f _ \ 



V "w 



+ 



A _ A 



V u \) 



2^ 
81 



<-^(y 2 + z 2 ) 



provided that \y\> ( V2 + 1)^ S 1 ' . 

Let K = max{(V2 + l)^ -1 , K x }. If \y\ > K , then we have 



±V( Xl , yi ,z t )<-^(y 2 + z 2 ). 
dt 2 
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Case 2°) : Id > M , and x , y are arbitrary. Then, clearly, it follows that 



d_ 
dt 



V 2 (x,y,z) <\y\. 



Next, by following a similar way as afore mentioned, choosing y = — + — — and taking 

. I ab-c ab — c\ 
[bL(jU + 2) 2/jL J 

one can easily obtain that 
d 



dt 



V(x t ,y t ,z t ) <~S 2 (y 2 + z ) + (jJm + \)\y \ + (m + Lr)\z\ 



<-S 2 (y 2 + z 2 ) + T 2 (\y\ + \z\)<-^(y 2 + z 2 ) 



for some positive constants S 2 and t 2 provided that \z\ > M = K 



Finally, we consider V in max{|^|-^, |z|-M}<0. Now, we assume that |x|>//>1, 
where the constant H will be determined later. Then, we obtain 

d_ 

dt ' M " ' - W 



1 , ri i 

-V 2 (x,y,z) < f(x)sgnx + max\g(y) \ + {a + S + m + L \z(s)\ds} . (15) 



Hence, we can conclude from (5), (13) and (15) that 



d_ 
dt 



V(x t ,y t ,z t ) <- 



ab-c juL 



ab-c L, 

(ju + 2)r 

2b 2 



z +jum\y \ + m\z\ 



1 ' ' 
/(jc)sgn jc + max|g(y)| + {a + S + m + L \\z(s)\ds} +Lr\z\ - L \\z(s)\ds 

M " \y\*K* ' , J i i j i i 



< 



ab-c juL 



ab — c L 



2b 



(ju + 2)r 



— / (x) sgn x + maxl g(y)\+ M m \ y\ + m\z\+(a + S + m + LMr) 
M " \y\*K 



< - 



ab-c juL 



ab — c L, 

(ju + 2)r 

2b 2 
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/(x) sgn x + max \g(y)\ + (a + 8 + m + LMr + jUmK + mM) . 



M 



\y\<K 



Now, since f(x) sgn x — > °° as \x \— > °° and be > H > 1 , we can write that 



/(x)sgnx > 2M<^max|g(j)|+a + 5 + m + LMr + /LlmK + mM\. 



Therefore 



/(x)sgnx 

2M 



+ max |g(_y)|+ (a + ^ + m + LMr + //m/T + mM) < . 

|}'|SA- 



Now, in view of the above discussion, we have 



d_ 

dt 



V(x t ,y t ,z t ) < 



ab-c jjL 



ab — c L 



2b 2 



(jU + 2)r 



2 1 rs x 

Z /(x)sgnx. 

2M 



Subject to the above discussion, one can that there exists a positive constant R , which is large 
enough, such that 



d_ 
dt 



V(x,,y,,z,)<-w(u) for u 2 >R 2 , 



where u = (x 2 + y 2 + z 2 ) 2 . Therefore, V(x t ,y,,z,) satisfies all conditions of Theorem 1. 

Thus, the proof of Theorem 2 is now complete. 

Example . Now, we consider nonlinear third order delay differential equation: 



x"(t) + 



4 + 



1 



\ + {x'(t)) 2 



x'\t) + Ax\t - r) + sin x\t - r) + 1 lx(t - r) 



1 



'/ ,\\ 2 / ' / j. \\2 / / '/^\\2 



2 + cos t + x z (t) + x l (t-r) + (x(t)Y+(x(t-r)y+(x(t)) 



(16) 



with the associated system 

x\t)= y(t), y'(t)=z(t), 

1 *' 



z\t)=- 



4 + - 



z(t)-(4y(t) + sin y(t)) 



1 + yHt), 

t t 

- 1 1x0) + 1 1 [ y(s)ds + f (4 + cos yO))zO)<i.s 



+ ■ 



1 



2 + cos? + x (t) + x (t - r) + y (t) + y (t - r) + z (t) 
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Now, one can easily observe the following, respectively: 
^(y) = 4 + — V —,Q<y/(y)-4<\, 

a = 4, d = \, g(y) = 4y + siny, g(0) = 0, 
lM = 4 + ^Z>3^ = 3,g'(y) = 4 + cosy, 

y y 

\g'(y)\ = |4 + cos y| < 5 = L , 

f(x) = llx, /(0) = 0,/(x)sgnx = llxsgnx> 0, 

/(x)sgnx = lbcsgnx— >°° as|x|— >oo ; 

/'(*) = 11, c = ll, ab-c = l>0, 

ab + 3c 45 , 

/i = = — <1, 

2(ab + c) 46 

p{t,x,x(t - r),y,y{t - r),z) 

= ~ 5 ^ 5 -<l = m, 

2 + cosf + x +x (t-r) + y +y (t-r) + z 

p(t + 2k, x, x(t - r), y, y(t - r), z) 

1 
2 + cos(? + 2k) + x 2 + x 2 (t - r) + y 2 + y 2 (t - r) + z 2 

1 

2 + cost + x 2 +x 2 (t-r) + y 2 + y 2 (t-r) + z 2 

= p(t, x, x(t - r), y, y(t -r),z), T = 2n . 

Thus, all the assumptions of Theorem 2 hold. This fact shows that equation (16) has a 
periodic solution of period T , T = 2n . 
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Abstract 

We examine the inverse limits generated by inverse sequences on [0, 1] with N— type 
bonding maps chose from a four-parameter family of picccwisc linear continuous functions. 
We analyze the continua generated by these sequences and obtain sufficient conditions for 
these sequences to give rise to indecomposable inverse limits. 

Keyword: Inverse limits; N— type; Continua; Indecomposable; Two-pass condition 
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§1 Introduction and some basic terminologies 

Inverse limits, besides being of intrinsic interest to topologists, can often be used to represent 
attractors of dynamical systems. For example, the inverse limit space with a single full unimodal 
bonding map is homeomorphic to the attracting set of Smales horseshoe. In a sequence of papers 
[1,2,3], Ingram conducted an extensive investigation of inverse limit spaces generated by single 
bonding maps chosen from the two-parameter family Q={gb,c |0<6<1,0<c<1} where gb, c 
is given by 

, . f ^x + b if x<c 

9b,c( x ) = \ \. x ., . ■ 
{ H if x>c 

Brian Raines [4] considered inverse limits of sequences of functions % iCi from the family Q. He 

gave several sufficient conditions such that the inverse limit generated by gb^a 1S indecomposable. 

In this paper, we extended the two-parameter family Q={g^ c \0 < b < 1,0 < c < 1} to 

four-parameter family G'={g a ,b,c,d\Q < a,d < 1,0 < b < c < 1} where g a ,b,c,d is given by 



g a ,b,cA x ) 



l-a 



—x + a if x G [0, b] 



•'' '' if x E [b, c] 



i^(x-c) if xe [c, 1] 
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We consider inverse limit of sequences of function g ai ,bi,ci,di- By looking at the behavior of 
certain iterates of these complicated N— type maps on particular subintervals of [0,1], we can 
study the inverse limit generated by these sequences of function and obtain several sufficient 
conditions such that the inverse limit generated by g ai ,bi,Ci,di is indecomposable. 

Let Xq, X\, ■ ■ ■ be a sequence of metric spaces and /o, /i, ■ ■ ■ be a sequence of maps (contin- 
uous functions) such that fi : X^ + i — > X, for each i G N. Define the inverse limit of the inverse 
sequence {Xi, fi) by the following: 



oo 



lim(Xi,fi) = {x = (x ,xi,---) G n^j|/i(^+i) =Xi,ioi i = 0, 1, ■ ■ ■} 



i=0 
oo , . 

with metric given by d(x, y) = Y2 ^V , where d% is a metric for Xi bounded by one. Each 

i=0 
map fi is called a bonding map. We denote the projection mapping from Jl^jsfXi to Xi by 

7Tj where iti(x\,x 2 ,xz, ■ ■ •) = X{. Often it will be convenient to consider, for j > 1, the map 

f? = fi o f i+1 o • • • o fj_i : Xj — > Xj. Throughout this paper, a continuum is a nonempty, 

compact, connected metric space. 

A continuum is decomposable if it is the union of two of its proper subcontinua, otherwise, 
it is indecomposable. An inverse sequence, {Xi, fi} is said to satisfy the two — pass condition 
provided that for each positive integer i whenever Ai+± and -Bj+i are subcontinua of Xj+i such 
that Xj + i = Ai + \ U Bi+i, then /jL4j + i] = Xi or fi[Bi + \\ = Xi. The following theorems are 
well-known (see [5]). 

Theorem 1.1 Suppose {Xi, f{\ is an inverse sequence that satisfies the two— pass condition. 
Then lim{Xj,/j} is indecomposable. 

Theorem 1.2 (The Subsequence Theorem). Suppose that ni,U2,ns, ■ ■ -is an increasing 
sequence of positive integers. Then lim{Xj, fi} is homeomorphic to lim{A n ., / n /}. 

Later we will use the subsequence theorem to show an inverse limit is indecomposable by 
showing that f\ meets the two — pass condition, for some j > i. 

§2 Main results and their proofs 

Firstly we assume that fi = g^M^iA ls a sequence of maps with b% = b,Ci = c £ (0, 1) for 
every i £ N. This implies that if p = l _ c b+c then fi(p) = p for every i G TV. The fact that 
each of these maps share the same fixed point makes determining when they give rise to an 
indecomposable inverse limit easier. 

Theorem 2.1 Suppose that for every i £ N,a% > p > d%. Then lim{[0, 1], fi} is decompos- 
able. 

Proof Notice that fi([0,p\) = [p, 1] and that fi([p, 1]) = [0,p] for every i G N. For n G N 
let X 2n -i = Y 2n = [0,p] and Y 2n -i = X 2n = [p, 1]. Let g { = fi\x i+1 and hi = fi\y i+l - Then 
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gi(Xi + i) = Xi and hi(Yi + \) = Y$. So lim{Xi,gi} and lim { 1$, hi} are proper subcontinua of 
lim{[0, 1], fi} and lim{[0, 1], fi} = lim{Xj, g{\ Ulimjl^, h{\. Thus lim{[0, 1], fi} is decomposable. 

In [6], Morton Brown shows that if lim fi = Fat or above a certain rate, then lim{X i, fi} 

i— »oo <— 

is homeomorphic to lim{Xi,F}. In [1], Ingram shows that lim{[0, 1],<76 C } is decomposable 
whenever b = p = t^ and in [4] Brian Raines shows that if b^s are converging from below to 
^zr f as t enough then lim{[0, l],gb uCi } is decomposable, even though each bi is less than ^z~- As 
a result, he give a sufficient conditions for these inverse limits to be indecomposable. Now we 
will obtain a similar result for fi. 

Theorem 2.2 If one of the following two holds, then lim{[0, 1], fi} is indecomposable. 

(1) there is an a < p = i_1 +c with a% < a for infinitely many i £ N; 

(2) there is an (3 > p = 1 _^ +e with di > (3 for infinitely many i £ N. 
Proof We only prove the first case, the second case is similar. 

First notice that /•" (x) n [b, c] = {x(b — c) + c}, for all i £ N and x £ [0, 1]. Since this is 
singleton we will abuse the notation in the future and just write /~ (x) n [b, c] = x(b — c) + c. 
So if x,y E [0, 1], then \f~ X {x) n [b, c] - fJ X {y) n [b,c]\ = \b - c\ ■ \y - x\. For a fixed j £ N, let 
u i = /i~ 1 (' u i-i) n t^' c ]' u i-i = b and v i = / 4 rl ( w i_i) n [&>c],^_ 1 = c, for all i £ N,i > j. Then 
|^ +n _ 1 — p\ = \b — c\ n \b — p\ and |vj +n-1 — p\ = \b — c\ n \c — p\. Since |6 — c\ < 1, the sequence 
u j-> u j-+i) " " " an d the sequence v^, ^ +1 , • • • both converges to p. 

Let n £ N such that \um — p\ < \p — a\ and \vm — p\ < \p — a\ for all m > n > j. Then 
uln £ (a, 1) and rP m S (a, 1) for m > n. Notice that since for infinitely many i £ N,ai = /i(0) < 
a, every point, x, of (a, 1) C (fi(0),fi(b)) has an inverse image, l x. Choose i £ N large enough 
so that i > n + 1, and aj < a. Then l u\ and l: u| are both in (0,c), with the interval between 
them mapped across [0,1] under the map f* + . Since /«([&, 1]) = [0,1] for all i £ N,f* + is a 
two — pass map, for infinitely many i £ N,i > j. 

Let ^4, i? be subcontinua of X = lim{[0, 1]} such that A U B = X. Since A and B are 
both connected, iii[A\ and ni[B] are subintervals of [0,1] for every i £ N. Since A U B = 
X, [0, 1] = 7TjL4] U 7Tr.B]. If either iii[A] or 7Tj[-B] contains [b, 1] for infinitely many i £ N, then, 
since /i([6, 1]) = [0, 1] for all i £ N, either 7Tj[^4] or 7Tj[S] is [0, 1]. This would imply that either 
A = X or B = X. So suppose that for some n £ N, if m > n then neither 7r m [A] nor 7r m [-B] 
contains [b, 1]. Hence we have that for infinitely many i £ N, either 7TjL4] or TVi[B] contains [0, b], 
without loss of generality, assume [0, b] C %i[A] for infinitely many i £ N. Let j £ N, and define 
the sequence of points { l 2^}j g jv and { j ^}j G at as above. Choose n, i £ N as was done above, 
such that TTi[A] contains [0,b]. Then l u\ and l vf are both in 7Tj[^4], and ttj[A] = fUni[A]) = [0, 1]. 
Since this is true for any j £ N,A = X. Either A or B cannot be a proper subcontinuum of X, 
so X is indecomposable. 
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However the converse to Theorem 2.2 is not true. 

Theorem 2.3 If lim ai = lim d% = p but for infinitely many n £ N, one of the following 
two holds, then lim{[0, 1], fi} is indecomposable. 

(1) a 2n <p-\c-b) n {p-b)- 

(2) d 2n >p + (c-b) n (c-p). 

Proof We only prove the first case, the second case is similar. 

Let A and B be proper subcontinua of X = lim{[0, 1], fi} with X = AUB, 1/4 and 1/5. 
Since A and B are proper subcontinua of X there must be some n £ N with 7r m [yl] / [0, 1] 
and 7r m [.B] / [0, 1] for all m > n. Otherwise either A = X or B = X. In fact since each fi 
maps [6,1] across [0,1], there must be some m £ N with tt^A] ^ [6,1] and 7r^[5] ^ [6,1] for 
all k > m. Choose q £ N, q > m such that a 2q < p — (c — b) q {p — 6). Since neither A nor B 
contain [6, 1] in their 2qth projection, one must contain [0, 6] in its 2gth projection, without loss 
of generality, assure that A is this subcontinuum. Then 7T q [A] = f q q (Tr 2 q[A]) 15 f q q ([0,6]). 
Now building two sequences of pre-images of the critical points treating the qth factor space 
as the first. Let u q = /^(^-l) l~l [6, c],u q q _ 1 = b and v\ = /^(^f-i) n \b,c\,v q q _ 1 = c. Using 
the notation of the proof to the previous theorem, it is easy to see that both 2q U2 and 2q V2„ 
are in [0,c] C Tr 2q [A\. So TT q [A] = f q q+1 (ir 2q [A]) D f q q+ \[0, c]) = [0,1]. This contradicts our 
observation that, irk[A] £ [6,1] and 7Tfc[.B] ^ [6,1] for all k > m, since A and B are proper 
subcontinua of X and q was chosen to be greater than n. Hence X is indecomposable. 

So if di > p or di < p for co-finitely many i £ N, or if a% — > p or dj — ► p fast enough, then 
the inverse limit is decomposable. But if aj < a < p or dj > /3 > p for infinitely many i £ N or 
if a, — ► p or di — ► p slowly, then the inverse limit is indecomposable. 

Finally, we present a sufficient condition for sequences of g ai ^ c » d; maps with varying critical 
points to give rise to indecomposable inverse limits. 

Theorem 2.4 If for infinitely many i £ N, either 6j > Oj or dj > q. Then lim{[0, l],/j} is 
indecomposable . 

Proof Suppose 6« > a\ for infinitely many i £ N. Let {nj}j S jv be a sequence in N such that 
an, < K t for all z £ N. Define A„ i+ i = [0, b ni+1 ] and 5„ l+ i = [6 n .+i, 1]. Then / ni (£ ni+ i) = [0, 1] 
for all i £ N, and /^(Vi) = K,l] 5 [6^,1]. Thus ^(V) 2 /^-if^.l]) = [0,1], 
and /"*_! is a £w/o — pass map. By Theorem 1.1 and the Subsequence Theorem, lim{[0, l],/i} 
is indecomposable. 

The case of di > Ci for infinitely many i £ N is similar, we omit it. 
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Abstract: In this paper, we study the weighted composition operators T^^f = ipf o ip 
between [i— Bloch type spaces on the polydisc of C n . For normal functions [i and uj on [0, 1), we 
characterize the boundedness and the compactness of X^ : B^(D n ) — ► £> w (D ra ) (respectively, 
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1 Introduction 

Let D be the unit disc in the complex plane C, and let D ra = {z = (z±, Z2, ■ ■ ■ , z n ) G C n : 
Z j 6 D, j = 1, 2, ■ ■ ■ ,n} be the polydisc of C n . H(D n ) and H(D n , D n ) denote the family of all 
holomorphic functions and holomorphic self-mappings on D™ respectively. 

A positive continuous function [i on [0, 1) is called normal if there are three constants < 
5 < 1 and < a < b < oo such that 

LiiVl HIT] 

is decreasing on [5, 1) and lim — = 0, 



[l-r) a ° L ' ' r- 1- (1 

MO .„.__. r^ in „_j ,:„ M r 



is increasing on [<5, 1) and lim -r = oo. 



(\-rf 6 L ' ; r - 1- (1-r) 6 

The normal function /j,, as a weight, has been usually used to defined the weighted Bergman space 
or mixed norm space. For example, /x(r) = (1 — r 2 ) p with < p < oo, /i(r) = (1 — r 2 ) log t^— ^ 
and n(r) = l/{logloge 2 (l — r 2 ) -1 } are all normal weights. Given /j, we will extend it to D by 
fj,(z) = (a(\z\). A function / G If(D n ) is said to belong to the [i— Bloch type space B fl (D n ) if 



B M = sup y^ M0 



zeD» J=] 



5^« 



< CO. 



It is easy to check that B^(D n ) is a Banach space under the norm \\f\\fj, = |/(0)| + ||/||b m - When 
fi(r) = 1 — r 2 and uj{t) = (1 — r 2 ) 1_p with p G (0, 1), two typical normal weights, the induced 
spaces B^(D n ) are the Bloch space and Lipschitz type space, respectively. 
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Notice that lim E M z i) gj"( z ) = will imply / is a constant when n > 2 as pointed out 

by Timoney in [1]. Meanwhile, B^(D n ) contains all polynomials in n complex variables. Hence, 
instead of using the limit in the above expression we define the little //— Bloch type space as the 
following. The little [i— Bloch type space /3 Mi o(D n ) is the closure of all polynomials in n complex 
variables in the Banach space S„(D n ) . Obvious, B^ t o(D n ) is a closed subspace of B^(D n ), and 
BpoCD 71 ) is a Banach space also. 

Let V G H(D n ), cp(z) = (ipi(z),(p 2 (z),--- ,<p n (z)) G H(D n ,D n ). The weighted composition 
operator T^ tV> is defined by 

Tt, <p f(z) = il>(z)f(<p(z)), f€H(B n ), zeD". 

It is easy to see that an operator defined in this manner is linear. We can regard this operator as 
a generalization of a multiplication operator M^ and a composition operator dp. In one complex 
variable case, the behavior of these operators have been studied extensively in [2-8]. In several 
complex variables case, Zhang and Xiao [9] got the characterization on cp and ip for which the 
induced weighted composition operator is bounded or compact from £> M (B) to 23^(13) in the unit 
ball. Luo and Ueki [10] discussed the same problems on the Bergman and Hardy spaces. And in 
the polydisc, Zhou and Shi [11] and Zhou [12] obtained the sufficient and necessary condition on 
(p such that d v is bounded or compact on Bn_ r 2\(D n ) and ^( 1 _ r 2) P (D ra )(0 < p < 1) respectively. 
Hu [13] investigated the same problems between different \x— Bloch type spaces. And also, Xu 
and Liu [14] characterized the boundedness and the compactness of T^, )¥ , between B/i_ r 2\ P (D n ) 
and 0( 1 _ r 2) 9 (D ra ) for < p, q < oo. 

In what follows we always suppose that both of \x and u, are normal functions on [0,1). 
The purpose of this work is to obtain the sufficient and necessary conditions on ip G H(D n ) 
and tp(z) G H(D n ,D n ), for which the operator T^ t<p : B^{T5 n ) — ► Z? w (D n ) (respectively, 
B^fi(D n ) — ► B U) fl(D n )) is bounded or compact. Our work will generalize [5, 7, 11-14], and 
main results are the following: 

Theorem A Let ip G H(T) n ) and 99 G #(D n ,D n ). Then 

(1) T^ j(p : £> M (D n ) — ► B^CD 11 ) is a bounded operator if and only if the following are all 
satisfied: 

i) sup tM*>)\l%(*)\( 1 +Efti Pki ' ) ^)<oo, (1.1) 






W sup £ ^Stt *(*)<&(*) 



zeD n j,k=l 



< 00. (1.2) 



(2) T^ : £ M)0 (D n ) — ► #u,,o(D n ) is a bounded operator if and only if (1.1) and (1.2) hold, 
and for each multi-index a, ipnp a G B uj! o(D n ). 

Theorem B Let ip G #(D n ), tp G H (D n , D n ) and /^ ^ = 00. Then 

(1) T^,y? : B^(D n ) — ► B u) (D n ) is a compact operator if and only if the following are all 
satisfied: 

« , ! im _ £ <"(**) SW fl+£ I^ {Z)1 Jt) = 0, (1.3) 



<p(z)-+dD n j=\ 



~J 



Jfc=l ^ 
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fii) lim Y UJ[Zj ' 



#*)&(*) 



o. 



;i.4) 



(iii) V G ^(D™) and ^ fc G S w (D n ) for all jfe = 1, 2, • • • , n. 

(2) T^ i¥ , : Bnfi(D n ) — ► 23 Wi o(D ra ) is a compact operator if and only if (1.3) and (1.4) hold, 
and for each multi-index a, ip(p a G 5 Wj o(D n ). 

Theorem C Let V G H(D n ), if G #(D n ,D n ) and /„* JJL < oo. Then 

(1) T^, iV , : £> M (D n ) — ► £> w (D n ) is a compact operator if and only if the following are all 
satisfied: 



Ci) lim T "( Zj > 



ip(z)^(z) = 0foraUfc = l,2,---,n, 



;i.5) 



(ii) V e ^(D n ) and ^ G £ w (D n ) for all A; = 1, 2, ■ ■ ■ , n. 

(2) T^, )¥ , : ^ Mj o(D n ) — > ^w,o(D n ) is a compact operator if and only if (1.5) holds, and for 
each multi-index a, ip(p a G B Wt o(D n ). 

Throughout this paper, C,C±,C2,- ■ ■ will stand for positive constants whose value may 
change from line to line but not depend on the functions in H(D n ). 



2 The boundedness of T, 



ip,ip 



Lemma 2.1 Let / G BJT> n ). Then for each z G D r 



™*Hr™. 



ii- 



Proof. Since 



f(z) - /(0) = X)[/(0, • • • , 0, z„ • • • , z n ) - /(0, • • • , 0, z i+lj 

n r 1 d 

= X) / ^/(°)---,0,^,2;j+i,---,^n)dt 



.Z n )\ 



n f 1 d 



|/(0)| < ll/L and g£(* 



< 



11/11/. 



we can obtain the result by direct calculation. 



Given a normal function fi, denote fco = max(0, [log 2 jj^s\), r^ = /U _1 (^) and n^ = [jz^r] for 
k > ko, where the symbol [x] means the greatest integer not more than x. In what follows, we 
set the function g, as in [15], to be 

oo 

g( Z ) = l+ J2 2 ^" fc > ^D. 

k>ko 

Lemma 2.2 ([15]) Let \x be a normal function, then the function g{z) is holomorphic on 
D, g{r) is increasing on [0, 1) and 

< C\ = inf fi(r)g(r) < sup n(r)g(r) = C2 < oo. 

rS[0,l) re[0,l) 
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Proof of Theorem A. (1) Suppose that (1.1) and (1.2) hold. Then for any / G B^(D n ), 
by Lemma 2.1 we have 



3=1 

n 

n 
3=1 

<c||/iu 



d(ip-fo ip) 



dz-j 



dip 
dzj 

dip 
dzj 



(*) 



(z) 



(z) 



\f( V (z))\+ E^') 

j,k=l 

( » r\M*)\ dt ' 

l 1+ £/o ^. 



^( Z )|^-(^)) 

rot 






(*) 



+ E 



i,fc= 



^(*j) 






(2.1) 



Meanwhile, 

|(T^/)(0)| = |^(0)||/( V (0))| < |^(0)| ( 1/(0)1 + 



max 

\z k \<\<p k (0)\,j,k=l,2,-,n 



df 



dzi 



<C||/IU- (2-2) 



Hence, (2.1) and (2.2) yield that T^ : fi M (D n ) — ► #u,(D n ) is bounded. 

Conversely, suppose that T^, j¥ , : H^(D n ) — ► £> w (D ra ) is bounded. Then -0 G £> w (D n ) and 
V"^fc £ ^w(D n ), since 1, z^ G 23 M (D ra ) for all k = 1, 2, ■ ■ ■ , n. So, we obtain 



sup 

zeG" 



E w ^) 



i=i 



TP(Z)^(Z) 



< ||^L + ||^fcL<oo, fc = l,2,---,n. (2.3) 



We claim that, there exist two constants C\ and C2 such that for w G D n and fc = 1, 2, • • • , n, 



n 

3=1 



dip 
dzj 



(w) 



\<Pk{w)\ dt 



n(t) 



<Ci 



and 



1 H{<fk{w)) 



EU/t U/7 



Vw — (w) 



<c 2 . 



(2.4) 



(2.5) 



In fact, if |( / 9fc(tf)| < 25 then ip G B U (D") and (2.3) imply these estimates (2.4) and (2.5). In the 
following, we always assume that |^(iy)| > -^. First, we prove that (2.5) holds. Take the test 
function 



r(p k (w)z k 



<f k (w)z k 



f(z) 



jr W,Zk 9(t)dt Q™ g(t)dt 



<PkM fl? k{w)l g(t)dt 

By the definition of normal weight and Lemma 2.2, we get 



IvfcWI „ r\<Pk(w)\ 2 

g{t)dt < Cg(\ip h (w)\ 2 )[\ - \y k {w)\] < C / g(t)dt. 



Then 



lvfe(w)l 2 r\<Pk(w)\ r\v>k{w)\ 2 

g(t)dt < / g(t)dt < C / g(t)dt. 

Jo Jo 



(2.6) 
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Thus, 






dz4 



{*) 



< 



v{zk)\g{zwk{w))\ 

C j^\g(t)dt 



tf k{w)zk g(t)dt + Q^g(t)dt 

$t k{w)? g(t)dt 

<c. 



This means / G B^(D n ) and ||/||^ < C, where C does not depend on w. By the boundedness 

n 

of T^ j¥ , it is clear that C||T^ )¥ ,|| > ||T^ i¥ ,/|| w > E w ( 



we obtain 



i=i 



d{j)-fof) | 
(9z, 



. In particular, when z = w 



enroll > ^ w ( w j 



n 



I^H/^M) + v>H<?(|^HI 2 )§^ H 



= £)a;(u; j )|V'Ml5(l¥>fcMI' 



i=i 



<9<^ 



a*,- 



H 



(2.7) 



On the other hand, by the definition of normal weight, we always have ( k / \\ < C3. This, 
together with (2.7) and Lemma2.2, gives 



n / \ 



^ H((pk(w)) 



(JZ>i 



E 



uj(wj)\ip(w)\g(\ip k (w)\ 2 

^ 5 (|^H|2)/i(^ H) 
n 

<c^K-)IV>Hls(I^MI 2 ; 

< C||T^, j¥ ,|| < 00. 



d^Pk 



dz 



H 



•3 
d(fk 

8Zn 






(w) 



This means the estimate (2.5) holds. Now, we prove that (2.4) holds. Take the test function 

f(z) = == / g(t)dt. 

ipk{w) Jo 

It is easy to check that ||/||^ < C, where C dose not depend on w. Then 






9(ip ■ f o 99) 



0Zj 



» 



>E-( 



I0o, 



i=i 
So, by (2.7) we have 



<9V 
dzj 



(w) 



1 /-IvfcWI 2 



l^fcMl Jo 



g(t)dt- J2u}(wj)\i;(w)\g(\ip k (w)\' 



<9</2fc 



H 



E-( 



Wi, 



9V' 



H 



/ </(t)dt < C\\T^J < 00. 

Jo 



(2.8) 
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It follows from (2.6), (2.8) and Lemma 2.2 that 



2 w K- 



dip 



a,,' 1 "' 



"\<Pk(w)\ dt 



r\fk(w)\ ^ 

L m - C||T ** 11 < °°- 



This means the estimate (2.4) holds. Therefore, combining (2.4), (2.5) and the fact that ip £ 
^(D n ), (1.1) and (1.2) hold. 

(2) Suppose that 7^, )¥ , : B ll fl{D n ) — ► £> W) o(D ra ) is bounded. For each multi-index a, because 
z a £ fi M) o(D n ) we have ip(p a = T^^z a £ B UJ fi(D n ). That the boundedness imply (1.1) and 
(1.2) can be proved in the same way as that in (1), as all the test functions defined in (1) are 
holomorphic on D n and hence in ,6 Mi o(D n ). 

Conversely, suppose that (1.1) and (1.2) hold. From (1), we know that T^^ : B^(D n ) — ► 
B w (D ra ) is bounded. So, we only need to prove that T^^f £ B ul fl(J) n ) whenever / £ B^fi(D n ). 
In fact, for / £ £> Mi o(D n ) and any e > 0, by the definition of Buo(D n ), there exists some 
polynomial p such that 

11/ — p\\h < oiit-i n TT' 

By the boundedness of T^, 

\\Tf, v f - T^pWu < \\T f>ip \\ -\\f- pWp < -. (2.9) 

Since B^fl is a linear space and ipip a £ B u> fl(D n ), we have T^ )ip p £ B U)t o(D n ). This means we 
have another polynomial q such that 

NT n / £ 

\\H^p-q\\ui < 2" 

This and (2.9) yield 

\\Ttp,ipf — q\\w < \\T,p,ipf — T^^pWu + \\T^^p — q\\ w < e. 

That is, T^ tip f £ B U)t o(D n ). The proof is completed. 



3 The compactness of T^ )lfi 

Lemma 3.1 Let ip £ #(D n ), <p(z) £ H(D n , D n ) and T^ iV : ^(D ra ) — ► B u; (D n ) is a bounded 
operator. Then T^ )ip : £>^(D n ) — ► B ul (D n ) is a compact operator if and only if for any bounded 
sequence {/ m } in £>^(D n ) which converges to uniformly on any compact subset of D n , we have 
lim WT^^fmWu = 0. 



Proof. It can be proved by Montel theorem and Lemma 2.1. The details are omitted here. 

10 n(r) 



Lemma 3.2 ([13]) Suppose /j, is normal with L —r^dr < oo and {f m } is a bounded 



sequence in B^(T) n ) which converges to uniformly on any compact subset of D™. Then 

lim sup |/ m (z)| = 0. And, for each p £ [0, 1) and j = 1, 2, • • • , n, lim sup -r(z) 
m^oo z6E)n - m ^ 00 z eD",| 2j |<p j 



0. 



Proof of Theorem B. (1) Suppose that ip and ip satisfy conditions (i)-(iii). Then by 
Theorem A, T^ tV> : B^(D n ) — ► B U} (D n ) is a bounded operator. Let {f m } be any a sequence 
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which converges to uniformly on any compact subset of D™ satisfying ||/ m |L < 1- We claim 
that 



\T^ !( pf m \\ u = \lp(0)\ • |/m(<P(0))| + SUp E^. 



zeD n 



i=i 



d(lp ■ fm O (f) 



dzj 



{*) 



(to-kx>). (3.1) 



In fact, for each e > 0, by (i) there exists some compact subset K C D ra such that 

dip 



E^) 

3=1 



dz 



(z) 



' « f \Vk(z)\ dt \ 



whenever tp(z) G D n \ if. Thus, if <p(z) G D ra \ K then by Lemma 2.1, 



3=1 



dip 
dzj 



\frn{v{ z ))\ < ||/m|UX) a '(- 2r j) 



<9V 



(*) 



' » f\<Pk{*)\ dt\ 



If ^>(z) G if, because ip G B u (D n ) and {/ m } converges to uniformly on if we have 



3=1 



dz 



(z) 



\fm(v(z))\ < \\ip\\co -max\f m (w)\ -*• (m -► oo). 



(3.3) 



On the other hand, for the above e > 0, by (ii) we have 



E «te)W*)i 
j,k=i 



dfn 



dwi 



(<P(z)) 



d<Pk 



dZn 



< 



lm\\[i 



E 



j,k= 



! H{<£k{z)) 



d(fk 



dz 1 



(z) 



< e 



(3.4) 



whenever </?(z) G D™ \ if. If <^(z) G if, because ip,ip<ph G ,B w (D n ) and {/ m } converges to 
uniformly on if we have 



E <"(*;M*)I 



dfn 



dwi 



■(*>(*)) 



d<fk 



dzj 



(z) 



< max 

weiC.KKn 



<9z fe 



H 



E «(*,■) w*)l 
j,k=i 



d(fk 



d Zj 



(z) 



(m — ► oo). 



(3.5) 



From (3.2W3.5) and lim |^(0)/ m (^(0))| = 0, we can obtain (3.1). 

m — >oo 

Conversely, suppose that T^ tlfi : B^(D n ) — ► B 0J (D n ) is a compact operator, then (iii) is 
trivial. Assume that (1.4) fails. Then there exists some £o > and some sequence {z^ m '} C D n 
such that ip(z( m >) — ► zq G dD n (m — ► oo) and 



A *(*j ro) ) 
J^ /*(¥>k(* (m) )) 



^(^)^(,W) 



9zj 



> ne . 



Without loss of generality, we may assume that 



A ^ (m) ) 
^ Mv^ (m) )) 



^(zW)^l( z W 



9zj 



>£0- 



(3.6) 



Set lim |(/9i(z' m ))| = d < 1. The construction of the function / m will be carried out in two 



m— >oo 

cases. 
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Case 1. If d = 1, we may assume that |99i(z^ m ^)| > ^, m = 1, 2, • • •. Take 



Jm\Z) 



J0 yW ■Vi(z("0)| ¥ >i(*("0)| 2 *i W 



ip^m* 



Then by Lemma 2.2 and (2.6) we obtain 

dfr, 






<9z. 



: (*0 



M*l) 



jt 1(z(m))|2 ^ 



5 (^i(zM)zi)v?i(z( m )) 



<^l(z( m )) Z 2 /-l,5l(2( m ))2l 

g(t)dt+ / g(t)dt 

ipi(z( m ))|< / 3l(z( m ))| 2 2l JO 



^i(») 2 z?) • 2* m (*M) 2 - ^i^^MJI^i^N)!^!^))!^^^))^ 



< 



C/x(*i)g(N) 
/^ l( * (m,)l %(t)cft 



y>l(z( m )) z 2 



V5l(z( m ))| ¥ 3l(z( m ))| 2 2 



5 (t)di 



+ 



<£l(z( m ))zi 



g(t)dt 



< cjt^m <a 



It {z(m,)l2 9(t)dt 



Because 



lim 

m— >oo 



|^( 2 (-))| 



o(t)cit = lim / 
m ->°°Jo 



lv>i(z (m) )l dt 



oo, 



/o ' m ~ > °° Jo n(t) 

we know that {/ m } converges to uniformly on any compact subset of D n . Hence, from Lemma 
3.1, lim ||7w,„/ m |L = 0. But by (3.6), definition of normal weight and Lemma 2.2, 



\Tij,^Jm\\u) > 7 , u} \ z j 



H\ 



i=i 



d{ip- f m o<p) {mY 



dzj 



^ W (^ m) )|^(^)|5(|^i(^ (m) )| 4 )l^i(^ (m) )| 3 



<9<^ 



S^- 



-(z (m) ) 



« ^ m ))|^(z(™))||ffi(z(™)) 



Mw(^ (m) )) 



y (m)\\3 



3=1 



M^Mjf ^sig^^-TW^-'MhP.^"')! 



c , , n w(^ (m) )|V(^ (m) )| f^(z (m) ) 

i=i 
>Ce . 



KMz {m) )) 



This leads a contradiction. 

Case 2. If d < 1, we have some s(l < s < n) such that lim |92 s (z( m ))| = 1 since (p(z^ m ') 
zq G <9D n (m — ► oo). Similar to that in Case 1 (replace 1 with s there), we can get 



lim V ^ ] 



We may also assume \(p s (z^ m ')\ > ^, and take 



C/Zn 



0. 



(3.7) 



/mW 



/l^* ( "%(t)ett *> 



¥> s (z("0)z a 



<7(*)rf*- 
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It is easy to check that ||/m||/i < C an d {fm} converges to uniformly on any compact subset 
of D n . So, lim I IT,/, tnfmWui = by Lemma 3.1. Notice that a compact operator is a bounded 



"1 dt 



operator. Hence, Theorem A and J -^y = oo imply 



lim > lo(za) 



ip{z)->dn n 



3=1 



dip 
dzj 



(*) 



0. 



(3.8) 



But it follows from (2.6), (3.6), (3.7) and (3.8) that 

\\rp £ h 

\\ ± tp^ipJm\\LO 

Hz {m) ) E 8 J^{ V {z^)) d -^{z^) + ^(zW)/ m (^(.W)) 



>E^ (m) ) 



3=1 



. Q 5w fc " <% ' <% 



E-(4 mj ) 



i=i 



^( 2 W)|^(^W))|i( ? W) + V^ (m) )^(v^ (m) ))f^ (m) 



9wi 



<9z 



<9^s 



9zo 



+ ^ (z M )/m( ^ (z ( m))) 






8/ro (^W)) 



chl>l 



(m)v 



■E^(* (m) )) Z^ (m) )) 

3=1 



dfr, 

dw s 



U{ Z j ) 

KMz {m) )) 



i ( m )\ 

w(z) ') 



OZj 



n(<p a (zW)) 



0Zj 



■E-(4 

i=i 



( m h 



9V 



(z (m) ) 



|(^l(z( m ))| f\^(z (m) )\ 2 



It {z(m))l 9(t)dt^ 



>e 



min //(t) 



g(t)dt 



(m)^ 



ll/mlU ,tlM^(^)) 



*e[o,^i] J J^""" 0(t)dt 



-E-(4 

i=i 



Hi 



|v? s (z0™))| 

) 



^(zH)^(,H) 



a«j 



dz q 



s^ z(m))? 9 m 



li Mz(m))l 9(t)dt 



Ceq (m — ► oo). 



This leads a contradiction. This shows that (1.4) holds. 

Now we prove (1.3) holds. By (3.8), we only need to claim that 



lim > < 

3=1 



dzj 



(*) 



" ylv*WI dt 



Assume this expression fails. Similarly, there exists some £o > and some sequence {z^ m '} C D n 
such that ip(z( m >) — ► zq G dD n (m — ► oo) and 



E «(*r) 

i,fc=i 



9^ 



(z m ) 



l¥>fc(* m )l dt 



> ne . 



Without loss of generality, we may assume that 



E«(*S m) ) 

3=1 



dif) 



(z^) 



\<Pi(z {m) )\ dt 



fi(t) 



>e . 
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Since ^{z^) -► z £ <9D n , by (3.8) we can get 



lim 7 

3=1 

If lim |(^i(z( m ))| = d < 1, then by (3.9) 



m—>oo ^— ' J 






„(m)> 



0. 



(3.9) 



n 



lim 7 i 






(m)>, 



tyt-imY 



dZj 



{z {m >) 



\M* {m) )\ dt 



fi(t) 



0. 



This contradicts the assumption. If d = 1, we may assume |i^i(z( m ))| > ^. Take 

2 



/m(«) 



~\Mz (m) )\ 2 



ir yZ >r 9(t)dt 

then ||/m||u < C an d {/m} converges to uniformly on any compact subset of D n . So 
lim \\T i b l r,f m \\ LlJ = 0. But (2.6) and (1.4) imply 



|^ )¥ ,/ m || w > ^w(z] m) ) 



i=i 



|¥>l(* (m) )| 2 

(zW) I g(t)dt 



dz q 



-E^ (m) ) 



^(,H)^( v ( z H))|l( 2 H) 



ch^i 



(9zi 



>Cj>(*j 



H\ 



|^i(z(-))| 



^,..(m)> 



-E^i(^ (m) )) ^(^(^ (m) )) 



a/« 






/ I" 4 A 



^W)^( 2 W) 



>C , e -||/mlU2^ — 



i=i 



Mft(^)) 



Ceo (<^ — ► oo). 



This leads a contradiction. This means that (1.3) holds. 

(2) Notice that all the test function sequences defined in (1) are holomorphic on D n and 
hence in B^fi(Y) n ). Therefore, by proof of (1) and Theorem A, the result (2) holds. The proof 
is completed. 

Proof of Theorem C. Suppose that ip,ipipk £ B u> (D n ) and (1.5) holds. Then for each 
e > 0, there exists some r\ £ (0, 1) such that for all k, we have 



E 



u(Zj) 



\Mz)\>vf^iV(<Pk(z)) 



If \ d Vk ( n 



dzi 



< e. 



Meanwhile, 



Uj(Zj) 



sup y^ 



If \ d Vk, x 



<C(||^|| w + ||^ fc || w ). 



(3.10) 



(3.11) 



Prom (3.10), (3.11) and Theorem A, we obtain that T^ jtp : # M (D n ) — ► B w {T) n ) is bounded. 
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Suppose {fm} is a bounded sequence in B^(D n ) which converges to uniformly on any 
compact subset of D n . By Lemma 3.2 and ip £ 6 U (D"), we can get 



lim sup > uj(z,: 



' zeD 



3=1 



dip 
dzj 



Z)fm{<P{z)) 



0. 



(3.12) 



On the other hand, for any e > 0, from (1.5), we have some p £ (0, 1) such that for all k 

uj(zj 



E 






< 



M+T 



whenever |</?fc(z)| > p, where M = sup{||/ m || M : m = 1,2, ■ ■ ■}. Set 



(3.13) 



i=i 






fc = l,2, 



, n. 



Then by Lemma 3.2 and ip,^cpk € B UJ (Ti n ), we have 



sup 4 < 

IVfc(z)l<P 



+ IIVvfcL) sup 

u)6D n ,|«; fc |<p 



9/„ 



<9^£ 



W 



(m — ► oo). 



Thus as m is sufficiently large, from (3.13) and (3.14), 



sup Ik < sup 1^ + sup 1^ < 2e. 

z£T>« \<p k {z)\<P \<Pk(*)\>P 



(3.14) 



(3.15) 



Hence, (3.12) and (3.15), together with the fact that lim \ip(0)f m ((p(0))\ = 0, yield lim \\T^ l nf m 
0. This means T^ : B^(D n ) — ► £ w (D n ) is compact. 

Conversely, we only need to prove that (1.5) holds. If there exists some k such that (1.5) fails. 
Then we would have some constant eo > and a sequence {z^ m '} in D n such lim \(pk(z^ m ')\ = 1 
and 



E 



U)(z 



(m)\ 



{ n{M* {m) )) 



y( m ) 



dfk 



y (m)N 



(J Zq 



>e - 



Without loss of generality, we may assume k = 1 , that is 



E 
j=i 



fjz) ) 



^M)^I(>) 



Szj 



>eo- 



(3.16) 



Writing p m = (/?i(z ( - m '- ) ), we also may assume that 

1 



Take 



1 



Jm\Z) 



(m + l) 2 



< \p m \ < 1, lim p m = p e <9D. 



Pm JO 



^(t)tft 



|/?m| Pm JO 



\Pm\ m pmZ\ 



g(t)dt. 



Then ||/ m |L < C. From (3.17) we get 



1 > \Pm\ > \Pr, 



im+2 



i \ m+2 

> ( 1 ^ ) -»l(m-» oo). 



(3.17) 
(3.18) 

(3.19) 
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Hence, for fixed r £ (0, 1) and any z £ D 



\fm(z)\ < 



1 r\Pm\ m pm,Zl 

g(t)dt - = / g(t)dt 

Pm JO Pm JO 



1 r\pm.\ m PmZl 



Pm JO 



g(t)dt 



l 



iPml/Om JO 



\Pm\ m pmZ\ 



g{t)dt 



< \Z! 

<Ci 



(i-i Pm n + (- 



max g(i) 

te[o,rr v y 



1 



I/ /, 



iPr, 



where D™ = {z£ C n ; |zj| < r,j = 1,2, ■ ■ • ,n} and the constant Ci depends only on r. So, by 
(3.19) we obtain 



lim max \f m (z)\ = 0. 



That is, {f m } converges to uniformly on any compact subset of D n . By (3.19), we may assume 
|/°m| m+1 > 2' then this and the definition of normal weight imply 



0< 



, s P-(pm) 

PKPm) __ {l-\Pm\) a {l + \Pm\+- + \p m \ m + 1 ) a 



Kp 



m+2\ 



p(p% + \ 
(l-\p m \ m+2 ) a 



< 



(1 + \Pm\ H \-\pn 

PJPrn) -> 1 



— - < ( ) -^O(m^cx)) 



This, together the estimate liminf , 2\ > ^fj yield 



KMz (m) )) 



Ofn 



55 M/4J - 2 b - 



(ro)\ 



<9wi 



M*w)) 



> W m )9{\* ^ {Pm 



p(p 



p(Pnr)9(\Pn 



\m+2\ H'Kh'm 



KPr, 



P{p\ 



m+2\ 



- 2 b 



as m is sufficiently large. Because ip £ B u} (D n ) we have 



(3.20) 



o<£-^ (m) ) 



|^(* (m) )/mM* (m) )) 



<IMU/mM* (m) ))H0 (ro^oo). (3.21) 



Therefore, (3.16), (3.20) and (3.21) imply 

\\rp £ |j 

|| J-ipiLpJmWuj 



>E<"(*D 



i=i 



^ (2 W)^ ( ^ z W )) |l( z W ) + ^N)/ B (^))) 






^M)^I (z M 



9z,- 



E-^ (m) ) 



i=i 



^ (z< m >)/ ro Mz< m >)) 



dzj 



p(Mz {m) )) 

>Ce 



■3 

dfn 



dw\ 



M* (m) )) 
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as m is sufficiently large. This contradicts the lim ||3w, v / m |L = 0. 

(2) Suppose that ip(p a G B^fiiY) n ) and (1.5) holds. Then by (3.10), (3.11) and Theorem 
A, T^ v : B^ (D n ) — ► £M D ") is bounded. Hence T^(B^ (B n )) C £L,o(D n ). From (1) 
we know T^ : B^(D n ) — ► B U) (D n ) is compact. Because B U)> o(D n ) is a closed subspace of the 
Banach space £> w (D n ), we know that T^ i(p : B^fl(D n ) — ► £> W) o(D n ) is compact. Conversely, it 
is trivial that ip(p a G £> W) o(D n ) for all multi-index a. Assume ip and (p violate (1.5). Then we 
only define the test function as (3.18), then f m is holomorphic on D n and hence in Buo(D n ). 
Similar to that in the proof of (1), we can get a contradiction. The proof is completed. 



4 Final remarks 

Let <9*D n = {z eC n : \ Zj \ = l,j = 1,2, • ■ ■ ,n} be the Shilov boundary of D n . Instead of 
using the closure of all polynomials in n complex variables under || • H^, we also define the other 
little fi— Bloch type space £> Mi *(D") as 



^,*(D") = { f G B^D") : lim E^ 



9/ 







It is clear that Bu*(J^ n ) is a closed subspace of Bu(D n ). Similarly, we have the following 
theorems. 

Theorem 4.1 Let V G #(D n ) and p G #(D n ,D"). Then 1^ : # M ,*(D n ) — ► £ w ,*(D n ) is 
bounded if and only if the following conditions are all satisfied: 



dip 



~\<Pk(z)\ dt 



1 + £ /o , W 



fc=i 



< 00, 



(1) sup £ Oj(Zj) q- 

zeD n j=i J 

(2) sup E ^ 

zGD" j,k=l 

(3) V G &,,*(D n ) and ip<p k G ^,*(D") for all k = 1,2, • ■ ■ ,n. 



ftfe i 



tf(*)S£(*) 



< oo, 



Theorem 4.2 Let V G #(D n ), c^ G H(D n ,~D n ) and / ( 



1 _d^_ 
M (t) 



oo. Then T^ : £ M; *(D n ) 



2? W) *(D n ) is compact if and only if the following conditions are all satisfied: 



M, 



1) lim V u;(z 7 - 

<Azj) 

n(<Pk(z)) 



w-M) 



1 _i_ Y^ fl^fe( z )l _M_ 
1 r- 2^ Jo M (t) 



fc=l 



o, 



(2) lim £ 

v ( 2 )^aD» ijfc=1 



ga; i 



mit(z) 



o, 



(3) V G ^,*(D n ) and V^fc G B^(B n ) for all fc = 1, 2, 



, n. 



Theorem 4.3 Let V G #(D n ), tp G if (D n , D") and j^ 1 ^ < oo. Then T^ v 
/? W) *(D n ) is compact if and only if the following conditions are all satisfied: 



£v,*(° n ) 



uj{zj) 



(1) lim V ; — 



iK*)fe(*) 



0, fe = 1,2, ■ ■ ■ ,n, 

(2) V G 6 w ,*(D n ) and V>V?fc G B U) ^(D n ) for all fc = 1,2, • • • ,n. 

The proof of these theorems goes as the proof of Theorem A, Theorem B and Theorem C 
in Sect. 2 and Sect. 3 respectively. We only need to notice that if conditions (l)-(3) hold 
in Theorem 4.1, then similar to that in the proof of Theorem 2.3 in [14], we also can obtain 
T^f G B w ,*(D n ) for any / G B^(B n ). 
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COMPACTNESS OF COMPOSITION OPERATOR IN THE 
LIPSCHITZ SPACE OF THE POLYDISC 

ZHONG-SHAN FANG AND ZE-HUA ZHOU* 



Abstract. In 1987, Shapiro showed that composition operator induced 
by symbol ip is compact on the Lipschitz space if and only if the infinity 
norm of tp is less than 1 by a spectral-theoretic argument, where tp is a 
holomorphic self-map of the unit disk. In this note, we shall generalize 
Shapiro's result to the n-dimensional case. 



1. Introduction 

Let U n be the unit polydisc of n-dimensional complex spaces C n with 
boundary dU n , the class of all holomorphic functions on domain U n will 
be denoted by H{U n ). Let (f(z) = (<pi(z),--- ,(p n (z)) be a holomorphic 
self-map of U n , composition operator is defined by 

C v (f)(z) = f(<p(z)) 

for any / £ H{U n ) and z £ U n . 

During the past years much effort has been devoted to the research of 
such operators on a variety of Banach spaces of holomorphic functions with 
the goal of explaining the operator-theoretic behavior of C^,, such as bound- 
edness and compactness, in terms of the function-theoretic properties of the 
symbol (p. We recommend the interested readers refer to the books by J. H. 
Shapiro [9] and Cowen and MacCluer [2], which are good sources for infor- 
mation on much of the developments in the theory of composition operators 
up to the middle of last decade, as well as some papers for n-dimensional 
case by Zhou et all [4, 11, 12, 13, 14, 15, 16] on the Bloch space in polydiscs 
or classical symmetric domains, Gorkin and MacCluer [4] between Hardy 
spaces in the unit ball. 

To our surprise, by a spectral-theoretic argument, Shapiro [10] obtained 
the following fact: CL is compact on the Lipschitz space L\_ a {D) if and 
only if ||</2||oo < 1- Ln this paper, we shall generalize Shapiro's result to the 
unit polydisc. 
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2. Notation and background 

Throughout the paper, D is the unit disk in one dimensional complex 
plane, and |||z||| = max {|^,|} stands for the supremum norm on the unit 

l<j<n 

polydisc. Define Rf(z) = (Vf(z),z) where z = {z\,--- ,z n ) G U n , and 
H(U n ,D) for the class of the holomorphic mappings from U n to D. For 
< a < 1, it is well known that the Lipschitz space Li_ Q (/7 n ) is equivalent 
to a — Block space, which is defined to be the space of holomorphic functions 
/ G H{U n ) such that 

||/||i_ Q = sup f>H*;l 2 ) a lJr(*)l<°°- 

zeu n ^[ ozj 

Here, Lipschitz space L\_ a {U n ) is a Banach space with the equivalent norm 

= l/(0)| + ||/||l-a. 



Moreover, one should note that every holomorphic function in Lipschitz 
space extends continuously to the closed unit polydisc. 
The Kobayashi distance ku n of U n is given by 



1 i + \\\4> z {w) 

kun(z,w) = -log- 

2 l-\\\<b z (w) 



where 4> z : U n — ► C/ n is the automorphism of f7 n given by 

, , x ,w\-z\ w n - z n 

(pzM = (i — = — . ■ ■ ■ . i — = — 

Since the map t — ► log y^f is strictly increasing on [0, 1), it follows that 

1 -*- "T I 1 _ — | 

k un (z,w) = max {-log- !^ } = max {p(z j , Wj )}, 

where p is the Poincare distance on the unit disk D C C. 

Following [1], the horosphere E(x, R) of center x G dU n and radius R and 
the Koranyi region H(x, M) of vertex x and amplitude M are defined by 

E(x,R) = {z eU n : limsup[fc(7n(z,ti;) - ku"{0,w)} < -logR} 

w^x 2 

and 

H(x,M) = {z £U n : limsup[k un (z,w) -ku™(0,w)\ +ku^(0,z) <logM}. 

w— >x 

We say that / has K — limit L G C at x if f{z) — > L as z — ► x inside any 

Koranyi region i/(x, M), we shall write K — lim f{z) = L. 

Let / G H(U n ,D) and x G 9C/ n . If there isTsuch that 

. f l-|/M| - 
hmmi — — — - = o < oo, 

tu^x 1 — \\w\\ 
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we call / is 5 — Julia at x. If there exists r € dU n such that 

f(E(x,R))QE(r,5R) 

for all R, we call this r is the restricted E- limit of / at x. 
It should be noticed that 6 > 0. In fact, 

p(0, /(«;)) < p(0, /(0)) + p(f(0),f(w)) < p(0, /(0)) + %»(0, w); 

therefore H^Ml > 1 ~ 1/(0)1 > n 
rnereiore 1 _||| JU ,||| ^ 2 (i+|/(0)|) > u - 

3. Some Lemmas 

Lemma 1. (Julia-Wolff-Caratheodory Theorem, Theorem 4-1 in [1],) Let 
f G H(U n ,D) be 5 — Julia at x G 9C/ ra , and r G 9J7 6e t/ie restricted 
E-limit of f at x, then 

K — lim — — (z) = St. 

z^x dx 

Lemma 2. (Theorem 1 in [11] or Corollary 4-1 in [14],) Composition oper- 
ator C_p is bounded on the Lipschitz space Li- a (U n ) if and only if there is 
a constant M > such that 



k,l=l 



dz k 



1 



\ z k\ 



mW 



< M 



for z G U n . 



Lemma 3. (Theorem 2 in [11] or Corollary 4-2 in [14] ) Composition oper- 
ator dp is compact on the Lipschitz space Li_ Q (t/ n ) if and only if 



lim sup y, 

S ^° dist(<fi(z),dU n )<6 k l=1 



dpi 
dz k 



(z) 



:i 



\ z k 



2\a 



(l-l^)l 2 ) 



2\a 



0. 



Lemma 4. (Lemma 3.2 in [1]) Let f G H(U n ,D) and x G dU n . Then 



lim inf 

W—+X 1 



i-l/HI 



[W\ 



lim inf 
t-*i- 



1-i 



where (p x (t) = tx for any t G [0, 1). 



4. Main theorem 

Theorem 1. Suppose dp is bounded on L\_ a {U n ) , then for every 1 < I < n 
and £ G dU n with \<pi(£)\ = 1, (pi is 8 — Julia at £. 

Proof. For every 1 < I < n and £ G <9C/ n with </?/(£) = 77 and 77 = e e °, we will 
show that (pi'\s 5 — Julia at £ according to the following cases. 

Casel: £ = (&,£'),& = e* and |||£'||| < 1. 

First we consider the special case for £ = e\ = (1, 0, • • • ,0) and r\ = 1. 
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For r e (1/2, 1) , define a(r) = (r, 0, • • • , 0) = rei and set g(r) = (pi(rei). 
then g'(r) = -^-(vei). It follows from Lemma 2 that the boundedness of Cy; 
implies that 

h(r) = mpi(r ei )( X V X = rg'(r)(-. 1 '" 



1 -<pi(rei) ' 1 -#(r) 

is bounded. 

Putting u(r) = -^J* , it is easy to see that </(r) = —(1 — r)u'(r) + u(r) 
and 

h(r) = ru(r)~ a [— (1 — r)w (r) + u(r)]. 
If we write v(r) = u(r) 1 ~ a , then 

(1 — r)v (r) + v{r) - 



1 — a r 

the general solution of this differential equation is 

1 - a [ r h{s) , C 

V[r = — —. / — —dS+- rz . 

w {l-r) 1 - a J 1 s(l-s) a (1-r) 1 -" 

Since h is bounded, the first term in the right above is a bounded function 
of r, and moreover v(r) is of the order o( ,,_ \i_ a ) as r — ► 1~, so we have 
C = 0. Hence u, and moreover -u is also bounded, according to Lemma 4, 
for some 5, (fi is <5 — Julia at ei. 

Now we return to the proof in case 1 . Considering the mapping <pi : U n — ► 
C/ n , where 

for z = (zi,z') £ f7 n . It is easy to check that Ca, is bounded on L\- a {U n ) 

and <pi(ei) = 1. 

By the above argument, we get liminf — l^Lglil = £ < +oo, that is 

t-t-i- 

liminf i-| w (tft.O)i _ liminf lim iHgg^O)! 

t->l~ 1 — £ t-+l- r- >1~ 1 — t 

> hm mi . 

~ t-i- 1-t 

It follows from Lemma 4 that 

1 - lvz(OI 

liminf l irr£rr = S < +oo. 

w->£ 1 - ' 



Case2: £ = (6,6,0,6 = e*,& = e 02 and |||6||| < 1. 

Now assume <£>/(l, 1,0, •■■ ,0) = 1, and set g{r) = ^(r, r, 0, • • • ,0) for 
r e (1/2,1). then g'(r) = gf (r,r,0,--- ,0) + gf (r,r,0,--- ,0), and so 
R(fl(r, r, 0, • • • ,0) = rg'(r), we can deal with it as in the case 1, and we can 
get u is bounded, furthermore 

liminf 1 "'^ 1 =*< +oo. 
w->£ 1 - 
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n 

Case 3: For the case </?;(£) = 1 with £ = ^ /3fce*i, where /?& = or 1, 

fc=i 
and efc = (0, , 0, • • • , 1, 0, ■ ■ ■ ,0) with the k — th component is 1, otherwise 
0; and even more general case, in a similar argument with the cases 1 and 
2, we can also show 

w->€ 1 - 



This completes the proof of this theorem. □ 

Remark. Here |^(£)| = 1 means the continuous extension of ipi on the 
closed unit polydisc, since for each 1 < I < n, ipi £ Li- a (U n ). And by 
Theorem 3.1 in [1], if ipi is 5 — Julia at £, then (pi has restricted E'-limit 
r G dU n at £. Moreover, ipi($,) = r as a non-tangential limit. 

Theorem 2. C v is compact on Li- a (U n ) if and only if ipi £ Li_ Q (f7 n ) and 
Halloo < 1 /or eac/i I = 1,2, ■ ■ ■ , n. 

Proof. Sufficiency is obvious. Now we just turn to the necessity. Suppose to 
the contrary that there exists I (1 < I < n) satisfying |yj(£)| = 1 for some 
£ £ <9f/ n . It follows from Theorem 1 that p>\ is S — Julia at £, therefore by 
Lemma 1, we have Bxpi(z) has .K" — /imit at £. Hence 



> y-.gg. (z) | (i-IIMII 2 ) a 



k,l=l 



n 



> Ei*-^mi 



<fy>j , .. (1 - |||z| 



|2\Q 



,ji' 8V "(l-lw(=)l 2 )" 

as z — > £ inside any Koranyi region, where we can take C = ^. It is a 
contradiction to the compactness of C v by Lemma 3. Now the proof of 
Theorem 2 is completed. □ 
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INTERPOLATION FUNCTIONS OF THE g-GENOCCHI AND 
THE g-EULER POLYNOMIALS OF HIGHER ORDER 

YOUNG-HEE KIM, KYUNG-WON HWANG, AND TAEKYUN KIM 



Abstract Cangul-Ozdcn-Simsck [1] constructed the g-Genocchi numbers of high order using 
a fermionic p-adic integral on Z p , and gave Witt's formula and the interpolation functions of 
these numbers. In this paper, we present the generalization of the higher order g-Eulcr numbers 
and g-Genocchi numbers of Cangul-Ozden-Simsck. We define q-extensions of tii-Eulcr numbers 
and polynomials, and w-Genocchi numbers and polynomials of high order using the multivariate 
fermionic p-adic integral on Z p . We have the interpolation functions of these numbers and poly- 
nomials. We obtain the distribution relations for g-extensions of ui-Euler and ui-Genocchi poly- 
nomials. We also have the interesting relation for q-extensions of these polynomials. We define 
(h, q)-extensions of ui-Euler and m-Genocchi polynomials of high order. We have the interpolation 
functions for (h, g)-extensions of these polynomials. Moreover, we obtain some meaningful results 
of (h, q)-extensions of ui-Euler and ui-Gcnocchi polynomials. 
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Key words and phrases : Genocchi numbers and polynomials, Eulcr numbers and polyno- 
mials, (jr-Genocchi numbers, q-Euler numbers, fermionic p-adic integral 



1. Introduction, Definitions and Notations 

Many authors have been studied on the multiple Genocchi and Eulcr numbers, 
and multiple zeta functions (cf. [1-2], [4-6], [9-10], [14], [17], [19], [22], [24]). In 
[10], Kim, the first author of this paper, presented a systematic study of some 
families of multiple g-Eulcr numbers and polynomials. By using the q-Volkcnborn 
integration on Z p , Kim constructed the p-adic g-Euler numbers and polynomials of 
higher order, and gave the generating function of these numbers and the Euler q- 
C-function. In [14], Kim studied some families of multiple g-Genocchi and q- Eulcr 
numbers by using the multivariate p-adic g-Volkcnborn integral on Z p , and gave 
interesting identities related to these numbers. 

Recently, Cangul-Ozdcn-Simsck [1] constructed the g-Genocchi numbers of high 
order by using a fermionic p-adic integral on Z p , and gave Witt's formula and the 
interpolation functions of these numbers. In [17], Kim gave another constructions 
of the q- Euler and g-Gcnocchi numbers, which were different from those of Cangul- 
Ozdcn-Simsek. Kim obtained the interesting relationship between the g-ui-Eulcr 
numbers and g-w-Gcnocchi numbers, and gave the interpolation functions of these 
numbers. In this paper, we will present the generalization of the higher order q- 
Euler numbers and q-Gcnocchi numbers of Cangul-Ozden-Simsek approaching as 
Kim did in [17]. 

Let p be a fixed odd prime number. Throughout this paper, the symbols 
Z p ,Q p ,C and C p denote the ring of p-adic rational integers, the field of p-adic 
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rational numbers, the complex number field and the completion of algebraic clo- 
sure of Q p , respectively. Let N be the set of natural numbers and Z + = N U {0}. 
Let v p be the normalized exponential valuation of C p with \p\ p — p^ v p^ = -. 

The symbol q can be treated as a complex number, q G C, or as a p-adic number, 
q G C p . If q G C, then we always assume that |g| < 1. If q G C p , then we usually 
assume that |1 — q\ p < 1. 

Now we will recall some g-notations. The g-basic natural numbers are defined by 
[n] q = ^- = 1 + q + q 2 + ■ ■ ■ + q n - 1 (n G N), [n]- q = 1 ~^ q ,r and the g-factorial 
by [n\ q \ = [n\ q [n — l] q ■ ■ ■ [2] q [l] q . In this paper, we use the notation [x] q = ^ 
and [x]- q = — 1+ q . Hence lim[x] g = x for any x with \x\ p < 1 in the present 

p-adic case (cf. [1-25]). 

The q-shift factorial is given by 

(a; q) = 1, (a; q) k = (1 - a)(l - aq) ■ ■ ■ (1 - aq^ 1 ). 

We note that lim(a; q)k = (1 — a) k - It is known that 

g-»l 

OO 

(a; q)^ = (1 - a)(l - aq){\ - aq 2 ) ■■■ = [](1 - aq 1 - 1 ) (see [8]). 

i=l 
From the definition of the q-shift factorial, we note that 

/ n («; ?)oo 

{aq";q) 00 

Since (" a ) = (-l)'( a + i_1 ), it follows that 



z l . 



The g-binomial theorem is given by 

00 

E 



n=0 



(a; g)n „ = (az; q) c 
(q;q) n (z;q)<x 



where z,q G C with |z| < 1, \q\ < 1. For the special case, when a = q a (a G C), we 
can write as follows: 

(zq a ;q) oc _ ^(q a ;q) n _ „ 



S : 



(z;q) a (z;q)oo ^ (q;q)r 

(1 - q a )(l - q a+1 ) ■••(!- g^™- 1 ) 



:x 



^ (l-g)(l-g 2 ) ■••(!- 9 ") 



n=0 

DC 



y^ [a] q [a + l] g ■ ■ ■ [a + n - l] g 
? ttl [lU2],-"[n] 9 

^ [a] g [q+l] g ---[a + n-l] g „ 
^ [n]„! 

n=0 L J9 



The g-binomial coefficients are defined by 



-l] g ---[n-fc + l]« 



jq! _ fajgl" ~~ ! J-; " " " L" ~ " ~<~ '-J'/ 



*>/„ [*],![n-fc],! [fc],! 



(see [14], [16]). 
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Hence it follows that 



1 v—v (n + a — 1 N 

El ■ : 



(^9)a f^\ n 



n=0 



which converges to nJzT 5 = S (" + " ) z™ as q ^ 1 . 



n=0 



We say that / is a uniformly diffcrcntiablc function at a point a € Z p , and write 
/ G UD(Z p ), the set of uniformly diffcrcntiablc function, if the difference quotients 
F g (x, y) = f{x) x Z f y (v) have a limit I = f(a) as (x, y) -> (a, a). For / € UD(Z P ), the 
q-deformed bosonic p-adic integral is defined as 

r pN ~' <t 

hU) = j f{ x ) d Vq{ x ) = 1™ E ^ WVT' 

and the q-deformed fcrmonic p-adic integral is defined by 



^ /(x)d M _ g (x) = Jirn^ ^ /(z)pv| 



The fcrmionic p-adic integral on Z p is defined as 

/_!(/) = lim/_ g (/) = / f{x)dn- 1 {x). 

It follows that I_i(/i) = -I-i(f) + 2/(0), where /i(x) = /(a; + 1) (cf. [4-17]). 
The classical Eulcr polynomials E n (x) arc defined as 

^T^E^^T' 
eJ + 1 *— ' n! 

a;— 

and the Euler numbers £„ are defined as _E„ = 25 n (0) (cf. [1-25]). The Genocchi 
numbers are defined as 

-rr t = E g ™^ for 1*1 <7r > 

n— 

and the Genocchi polynomials G n {x) are defined as 
2i 



e *' = $>„(*)- (see [12], [14], [21]). 



n=0 

It is known that the w-Euler polynomials E nyW (x) are defined as 



:x 



o _ j-n 

* | -i e = / ,-^n,t«(, a; J T- 

we 1 + 1 * — ' n! 

a;— 



and E nw = E nw (0) are called the w-Eulcr numbers. The w-Genocchi polynomials 
G n ,w{x) are defined as 

9f °° +n 

we 1 + 1 *— i 



x=0 



and G n , w = G„ jTO (0) are called the w-Genocchi numbers (see [1]). 
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The w-Euler polynomials En,w (x) of order r are defined as 

o °° 4-n 

x— 

and En, w = En, w (0) are called the w-Euler numbers of order r. The w-Genocchi 
polynomials Gn, w (x) of order r are defined as 



It 

p-^ 1 - — 

-1 

x—0 



00 j-n 

T e rf = ^G«(x)- (see[l]), 



and Gn,w> = Gn/ w (0) are called the w-Euler numbers of order r. When r = 1 and 
w = 1, En,L(x) and £«% are the ordinary Euler polynomials and numbers, and 
Gnjwix) and Gn, w are the ordinary Genocchi polynomials and numbers, respec- 
tively. 

In Section 2, we define g-cxtcnsions of w-Euler numbers and polynomials of or- 
der r and tw-Genocchi numbers and polynomials of order r, respectively, using the 
multivariate fcrmionic p-adic integral on Z p . We obtain the interpolation func- 
tions of these numbers and polynomials. We have the distribution relations for 
^-extensions of w-Euler polynomials and those of ui-Gcnocchi polynomials. We 
obtain the interesting relation for q-extensions of these polynomials. We also de- 
fine (h, g)-extensions of tu-Euler and w-Genocchi polynomials of order r. We have 
the interpolation functions for (h, q) -extensions of these polynomials. Moreover, 
we obtain some meaningful results of (h, ^-extensions of w- Euler and w-Genocchi 
polynomials when h = r — 1. 

2. ON THE EXTENSION OF THE HIGHER ORDER q-GENOCCHI NUMBERS AND 
g-EULER NUMBERS OF CANGUL-OZDEN-SlMSEK 

In this section, we assume that w G C p with |1 — w\ p < 1 and 5 6 C p with 
|1 — q\ p < 1. Recently, Cangul-Ozden-Simsek [1] constructed w-Genocchi numbers 
of order r, G„ L, as follows: 



(1) t r I w Xl+ - +Xr e t( - Xl+ - +x ^d^ 1 (x 1 )---d^ 1 (x r ) 

v we* + r ^ n - w n\ 



ni 

n=0 



where J zr = J z ■ ■ ■ J z (r— times) and reN. They also consider the q-cxtension of 
Gn,w as follows: 

f J2 (h-i+l)xi t(Y, Xi) 

(2) t r / q i=1 e i=1 dyu_i(xi) • • • dix-\{x r ) 



j_^_ _ V"Wh,r)?L_ 

(q h e t + 1) • • • (q h - r + 1 e t + 1) ^ n - q n\ ' 
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From (2), they obtained the following interesting formula: 

(3 ) ofc!."-rrif":of:f r+ r 1 ') (-')••" 



v=0 x ' 1 

The following similar formula obtains from the above formula. We are very 
interested to study the following formula using [v] q instead of v in the (3). 



X 



\ ' v=0 ^ ' 1 

In the viewpoint of the g-extension of (1) using the multivariate p-adic integral on 

(r) 

Z p , we define the ^-analogue of w-Eulcr numbers of order r, En,w,q, as follows: 
(4) E^ wq = f w^+-+^[x l + --- + x r ] n q d^ l {x 1 )---d^ l {x r ). 

From (4), we derive that 






2 r \ fn\ I 

2 r 






00 / i 1 

77i + r — 1 



- 2 "£ ' K-irvMj. 



m 

Therefore, we obtain the following theorem. 
Theorem 1. Lei r € N and n <G Z+. Then we have 

(5) 41, = 2 r f; ( m+ ^ l \-l) m w m [mT q . 

m=0 ^ ' 

oo . 

Let fW(t, w|g) = Y. E n,w, q ^. By (4) and (5), we see that 

F^(t,w\q) = [ w Xl+ - +Xr e t ^ 1+ - +x ^dfj,- 1 {x 1 )---dn- 1 {x r ) 
= 2r g (rn + r-l\ l)mw7net{m]q 

Thus we obtain the following corollary. 

Corollary 2. Let F^(t,w\q) = ^ E^l^^. Then we have 

n=0 

FW(t, w|g) = 2 r £ (™ + J^ ~ *) (-l) m «/V [m k 

m=0 ^ ' 

Let us define the g-cxtcnsion of w-Eulcr polynomials of order r as follows: 

(6) Efy >q (x) = / w^+-+^[x + x 1 + --- + x r }^d^ 1 (x 1 )---d^ 1 (x r ). 
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By (6), we have that 

«» = o^f:(;)<-i>v'<T^ )r 

= 2 r f;( m+ ,r 1 ')<-irv>>+*!; 

Therefore, we obtain the following theorem. 
Theorem 3. Let r <G N and n <G Z+. Then we have 

(7) E£l iq (x) = 2 r £ ( m+ ^ 1 )(-l)V[m + I ]» 

oo 

Let FW(t,tu,*|«) = E ^£i>,g(aO£r- % (6) and (7), we have 

71 = 

Jzr 

= 2 r Y j ( m + r ~ l \-l) m w m e t ^ m+x ^. 

m=0 ^ ' 

Therefore we have the following corollary. 

Corollary 4. Let F^ r \t, w,x\q) = J2 En,L, q (x)^j. Then we have 

n=0 

(8) F« (t, w,x\q) = 2 r ^2( m + T ~ ^ (-l)™ w ™e* [m+3;1 ' . 

m=0 ^ ' 

Now we define the g-extension of u>-Genocchi polynomials of order r, Gn,w,q{x), 
as follows: 

(9) 2T^ m + r ^ (-ir w V^ = ^GW,W^. 

m=0 v ' n=0 

Then we have 

00 IB 

(10) E^l,^ 

n=0 

= t r / u; :El+ - +:l; '-e*[ :l;+:ri+ - +:E '-]^/j_ 1 (a; 1 )---rf/j_ 1 (x r ) 

r J (n + r)\ 



00 ^ /■ /^ I ~\ fTi+r 

V/ ii) I1+ '" +Ir [x+iH ha; r ]"d/^_i(xi)---d^i(x r )r!( 



n=0 

By comparing the coefficients on the both sides of (10), we see that 

(*0,w,q\ X ) = ^ r l,to,(j( a ') = • • • = (-' r -l,w,q\ X ) = 0, 
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and 

(11) G n+r wq {X) 



= r! 



n + r 



r J Jz\ 



[x + X\ + • • • + X r ]gdlJ,-l(xi) ■ ■ ■ dtX-l(x r ) 



"( n+ r r ) E{ nU*)- 



(r) / \ (r) 

In the special case of x = 0, Gn/ w ,q{0) = G n .w,q are called the g-extension of 
w-Genocchi numbers of order r. By (11), we have the following theorem. 

Theorem 5. Let r E N and n <G Z+. TTien we /iawe 



r!("+ r ) 

= £ (r) (x) 

and G 0)ai]g (x) = G lwq (x) = ■ ■ ■ = G r _ lwq (x) = 0. 

Now we consider the distribution relation for the g-extension of w-Eulcr polyno- 
mials of order r. For d € N with d = 1 (mod 2), by (8), we see that 

(12) F^(t,w,x\q) 

= 2 r Y j ( m+ ^ l \ (_i)"w [m+a!l « 

m=0 ^ ' 

d— 1 j- °° / _i_ 1 \ 

E (n w0i )(- 1 ) ai+ '" +0r2r E( m (-ir» m v [dl ' [m+a ^ £± ' 

ai,--a r =0 z— 1 m— 

= E (fl^)(-l) 0l+ - +a ^ (r) (M^ ^ «i + • • • + a r + x | gd) 

ai,-a r - z— 1 

By (12), we obtain the following distribution relations for En, w ,q{x) and G^ w (x), 
respectively. 



Theorem 6. Let r <G N, n € Z + and deN witfi <i = 1 (mod 2). Then we have 

E^, q {x) = [dT q E (]I"> n ')(-l) ai + "" H -<l^( - + '"j ar+ - )• 

ai,---a r = i—1 

Furthermore, 

^t, w >) = [< E (n^)(-l) ai+ - +a -G^,,( fll + - - - + ^ + " ). 
ai,---a r = i— 1 

For the extension of (2), we consider the (/i, g)-extension of w-Euler polynomials 
of order r. For h € Z, r € N and n € Z + , let us define the (h, g)-extension of 
ui-Euler polynomial of order r as follows: 
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(13) E%£(x) 

, , £ (h-t+l)xi 

w Xl+ '" +Xr [x + xi H h i r ]Jf =1 d/i_i(o;i) • • • <fyi_i(av). 

From (13), we obtain that 

^) W = ^_v (?)( " 1)V ' 

"■""■^ j (l-g)«^(l + g'+' l W )(l + g i +' l - 1 ™)---(l + g i +' l -''+ 1 u;) 



rui = 2- " c;)(-i)V* 

1 ! (l-q) n ^(-q l+h w:q-^ 



v i; 2=0 V 7 m=0 v 7 1 1 

= 2 r J2( m + Tl ) {-l) m q hm w m [m + x\™. 

m=0 ^ m ' 9 _1 

Therefore, we have the following theorem. 

Theorem 7. Let h e Z, r € N and n € Z+. TTien we have 

(15) E ' (xj = — y^/,7 7ZT _i\ 

^ -q) jr^\-q + w ■. q ^ 

= 2 r J2( m + Tl ) {-l) m q hm w m [m + x] n q . 

m=0 \ TO /q-i 

We also have the following result. 

oo . . 

Corollary 8. Let F^ h ^{t,w,x\q) = J2 E n,£ >!q( x )h ■ Then we have 



n=0 



(16) F( h ^(t,w,x\q) = 2 r J2[ m ) (-l) m q hm w m e t[m+x] " 



m 

m=0 v 7 1 



Remark 1. In ifte special case x = 0, E n ]w,q{Q) = E n .w. q are called the (h,q)- 
extension of w-Euler numbers of order r. 



If we take /i = r — 1 in (14), then we have 



E^-^Hx) = - V- 



2 r A (?)(-!)'« 



(1 - gr)« ^ (1 + g'+ r - 1 w)(l + q i+r - 2 w;) •••(! + q l w) 



1 J (l-?) n ^(-g'w:«)r 






jTf^E I (-W-E m+ r f- 1 '™'"""" 

v y ' i=0 V 7 m=0 V 7 <? 
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Then wc have the following theorem. 
Theorem 9. Let r <G N and n <G Z+. Then we have 

2 r ^(?)(-l)V x 



Ei 



n,w,q W q _ \ n /_^ 



(1 -q) n f^{-q l w : q) r 

= r fl( m+ ^ 1 ) (-l) m w m [m + xr q . 
We also the following corollary. 

oo . 

Corollary 10. Let F^-^ r \t,w,x\q) = T, E n,w,i {x)^. Then we he 
(18) F('- 1 ^(i,w;,a;| g )=2 r ^( /m + r_1 ") (-l) m w m e ^ m+x ^ . 

m=0 x '9 



From (18), we note that 



F^-^\t,w,x\q) = 2 r ^( m + r l \ (-l)™ w ™e^ m+x ^ 
(19) = ^ g-° r ia, (-i)«i+-+^ w a i+-+^ 

ai,---a r — 



, ~ / TO + r-l\ ( _ irwmVMg[m+ ° 1+ -r^- ] g 



m=0 x 7 <? 

d-1 

W 

ai,--a r - 



V" gSo^ ^^ (_ 1 )Ol+- + " ., „.'!■' <•: 



xF^-^([d} q t,W d , ai + --- + ar + X \q d ), 

where d E N with d = 1 (mod 2). By (19), we obtain the following the distribution 
relation for En,w,q (x). 

Theorem 11. For r e N, n € Z + and d € N wit/i rf = 1 (Viod 2j. TTien we ftave 

c;(r-l,r)/ s 

= [< E g fr^ ( -i)- + --- + -^ + --- + -<A1( ai + • • • + ar + * )• 



ai .•••a 1 .— 



Now we define the (/i, g)-extension of w-Genocchi polynomials G n ,w,q{x) of order 
r as follows: 

OO / . 1 \ ^"^ 4.TL 

(20) 2 r fVf I (_i)-»/Ve' |m+ll ' = VGM(i)-. 



m=0 x ' 9 n=0 
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Then wc have 

2_^ n,w,q\ X )' r 



n=0 



(21) = t r / qSo h l+1)Xi w ^+-+ x <-e^ x+Xl+ - +x ^diJ,- 1 {xi)---diJ,-i{xr) 



~ /■ £ (h-i+l) Xi 
> / g i=0 W Xl + '" +Xr [x + X 1 -\ \-X r ]gdlJ,-l(xi)---dlJ,-l{Xr) 

n«I 



n=0 

'n + r\ t n+r 



xr 



r J (n + r)! 
From (13) and (21), we derive the following result. 

Theorem 12. Lei r € N and n <G Z+. TVien we Ziawe 



! .; .' _' W — I \. I.I ; 

w Xl+ "' +Xr \x + xi H hx r ]"d^_i(xi) • ■■d^-\{x r ) 



GU r rU, q (x) f ZV>-^>*„ Xl+ ... +Xr 



H("+ r ) 

= E^ri (x) 
and G 0wq (x) — G lwq (x) = • • • = G r _ lwq (x) = 0. 



When h = r — 1 in Theorem 12, we have 

(1 — l,r) 



(T) 



m=0 ^ '8 

2 r y^ (?)(-i)'g' a 

(1 -«)"££ (-«'«> :«)r 

P(r-l,r)/| 

Remark 2. in the special case x = 0, Gn,w,q(0) = G n .w,q are called the (h,q)- 
extension of w-Genocchi numbers of order r. 
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The improved preconditioned AOR method for 
irreducible //-matrices * 
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Abstract 

In this paper, we first improve the preconditioned AOR method for irre- 
ducible L-matrices considered by Yun and Kim [Convergence of the precon- 
ditioned AOR method for irreducible L-matrices, Appl. Math. Comput., 
(2008), doi:10.1016/j.amc.2007.11.045], and then we prove the convergence 
of our method. Lastly, numerical experiments to illustrate the theoretical 
results are provided. When choosing the approximately optimal parame- 
ters, our method has smaller spectral radii of the iterative matrices than 
the method provided in Yun and Kim's, which is shown through numerical 
examples. 

Keywords: AOR method; Linear system; L-matrix; Preconditioned 
AOR method; 

MSC: 65F10 



1 Introduction 

For solving the linear system 

Ax = b, x,beR n , (1) 
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where A = (ojj) G W ixn is a nonsingular matrix. An iteration method is often 
considered. For any splitting, A = M — N with det(M) 7^ 0, the basic iterative 
method for system (1) is 

x i+1 = M- 1 Nx k + M~\ A; = 0,1,.... 

For simplicity, without loss of generality, we assume that A has a splitting 
of the form A = I — L — U, where I denotes n x n identity matrix, — L and —U 
are the strictly lower, and upper triangular parts of A, respectively. In [2], the 
AOR iterative method is defined 

x (i+i) = ( / _ r L)- 1 [(1 - lu)I + (u- r)L + LuU]x (i) + (I - rL)~ l ub. (2) 

Then the iteration matrix of the AOR iterative method is 



T ru) = (I - rL)- L [(l - u)I + (u - r)L + uU], 



(3) 



where 10 and r are real parameters with uj 7^ 0. 

We now transform the original linear system (1) into the preconditioned 
linear system 

PAx = Pb, (4) 

where P is called a preconditioner. Then the basic iterative method for solving 
the linear system (1) is 



Xk+l 



M^NpXk + M^Pb, A; = 0,1,. 



(5) 



where xq is an initial vector and PA = M p — N p is a splitting of PA. 
In this paper, we consider the following two cases where 

P = P Sl or P = P S2 . 

The preconditioner Pg 1 is of the form P$ 1 = I + S±, where 

/ ... \ 

— a 2 a 2 i ... 



Si 



-a 3 a 3 i 








y -a n a n i ... y 
The preconditioner P$ 2 is of the form P$ 2 = I + S 2 , where 



/ -a 2 ai2 




So 




-a 3 a 23 
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Here, «» (i = 2, 3, . . . n) are real parameters and <Xi > for % — 2, 3, . . . n. Espe- 
cially, if «j = 1 (i — 2, 3, . . . n), then the preconditioners are the case in Yun and 
Kim [1]. Let 

A = P Sl A, and S X U = D' + L' + U\ 

where D is a diagonal matrix, L is a strictly lower triangular matrix, and U is 
a strictly upper triangular matrix. Then, from S\L = we can obtain 

A = (I + Si)(I -L-U) = I-L-U + S 1 -S 1 U = D-L-U, (6) 

where D = I - D' , L = L - S ± + £,', and U = U + U' . 

Let A = Ps 2 A and S2L = D* + L*, where D* is a diagonal matrix and L* is 
a strictly lower triangular matrix. Then, we obtains 

A = (I + S 2 )(I - L - U) = I - L - U + S 2 - S 2 L - S 2 U = D - L - U, (7) 

where D = I-D*,L = L + L*,&ndU = U-S 2 + S 2 U . 

If we apply the AOR iterative method to the preconditioned linear system 
(4), then we get the preconditioned AOR iterative method whose iteration matrix 
is 

T rw = {D- rL)-\{l - u)D + (u - r)L + uU) if P = P Sl , (8) 

or 

T ruJ = (D-rL)- 1 ((l-uj)D + (uj-r)L + LoU) if P = P Sa , (9) 

When uj — r, the (preconditioned) AOR iterative method reduces to the 
(preconditioned) SOR iterative method [5]. For uj = r, T ruJ , T ru) and T ru) defined 
by (3), (8) and (9) are denoted by T u , T w and T u , respectively. That is, 

T uj = (I-luL)- 1 ((1-lu)I + luU), (10) 

f u) = (b-uoL)- 1 {(l-uj)b + uoU), (11) 

T^ = {D-uoL)-\{1-uj)D + uoU), (12) 

In this paper, first in section 2, we present some notation, definitions and 
preliminary results. Next, we discuss the convergence of the preconditioned AOR 
iterative method which uses 

P = I + S 1 or P = I + S 2 

as a preconditioner in section 3. Furthermore, in section 4, we provide numerical 
experiments to illustrate the theoretical results obtained in Section 3, and we find 
if we choose the set of parameters then our method has smaller spectral radii of 
the iterative matrices than the method provided in [1], which is shown through 
numerical examples. Lastly, in section 5, we obtain some conclusions. 
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2 Preliminaries 



nxn 
ijj 



We shall use the following notations and lemmas. A matrix A = (a^) G 
is called a Z -matrix if a^ < for % ^ j, and it is called an L-matrix if A is a 
Z- matrix and a^ > for i — 1,2, ... . For a vector x G M n , x > (rr > 0) denotes 
that all components of a; are nonnegative (positive). For two vectors x,y E R n , 
x > y (x > y) means that x — y > 0, (x — y > 0). These definitions carry 
immediately over to matrices. A(2 : n, 2 : n) denotes the submatrix of A G R nxn 
whose rows are indexed by 2,3, ... ,n and columns by 2, 3, . . . n. Let p(A) denotes 
the spectral radius of A, and A is called irreducible if the directed graph of A is 
strongly connected [3]. 

We first refer to the following result which is essentially. 

Theorem 2.1 ([3]). Let A > be an irreducible matrix. Then 

(a) A has a positive eigenvalue equal to p(A); 

(b) A has an eigenvector x > corresponding to p{A); 

(c) p{A) is a simple eigenvalue of A. 

Theorem 2.2 ([4]). Let A > be a matrix. Then the following hold. 

(a) If Ax > (3x for a vector x > and x ^ 0, then p{A) > (3; 

(b) If Ax < '-/x for a vector x > 0, then p(A) < 7. Moreover, if A is 
irreducible and if fix < Ax < ^x, equality excluded, for a vector x > and x 7^ 
and x 7^ 0, then f3 < p{A) < 7 and x > 0. 

3 Main results 

Theorem 3.1. Let A = (a^) G W nxn be an L-matrix and A(2 : n, 2 : n) be an 
irreducible submatrix of A. Suppose that there exists a nonempty set j3 C Ni = 
{2,3,..., n} and real parameters on > for % — 2, 3, . . . , n such that 

< aiauan < 1, if i G (3, 
a u an =0, if i G N x - (3. 

Let T ruJ and T ru) be defined by (3) and (8). If < r < u < l(w^0,r^l), then 

(a) p(T ru) ) < p(T rw ) if p{T ruJ ) < 1; 

(b) p{Tru) = p(T ruJ ) if p(T ru> ) = 1; 

(c) p{T ru ) > p(T ruJ ) if p{T ru ) > 1. 

Proof. By (3), T TL0 can be expressed as 

T ru} = (l-uj)I + uj(l-r)L + ujU + H, (13) 
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where if is a nonnegative matrix. Since A is an L-matrix, L and U are nonneg- 
ative. From (13), T rul > 0. Since A(2 : n, 2 : n) is irreducible and auan 7^ for 
% G /3, it is easy to show that A is irreducible. Since w ^ 0, r ^ 1 and A is irre- 
ducible, u;(l — r)L + u)U is irreducible. Hence, T rw is irreducible from (13). From 
Theorem 2.1, there exists a vector x > such that T ra; x = Ax, where A = p(T rLU ). 
Since L is a strictly lower triangular matrix, S±L = 0. From T rul x = Ax, one 
easily obtains 

((1 - u)I + (u- r)L + luU)x = A(i - rL)x, , .. 

cuSiUx = (A + w-l^is. [ ' 

Using (8) and (14), 

f ruJ x-\x = {D-rL)- l ((l-uj)D + {^-r)L + ujU -\{D-rL))x 

= (D - rL) _1 ((l -to- X)D + (u-r + \r)L + uU)x 

= (D - ri)-\(uj + A - l)D' + (uj-r + Xr)(L' - S ± ) + uU')x 

= (D - rL)- x ((A - 1)£>' + (A - l)rL' + (r - u - Ar)Si + u;SiC/)x 

= (£> - rZJr^A - 1)(£>' + rL') + (-Ar + A + r - l)Si)x 

= (A - 1)(D - riy^D' + rL' + (1 - r)Si)a;. 

(15) 
Since < a^auan < 1, D , L and Si are nonnegative. Since A = L — U is also 

an L-matrix, .D, L and £/ are all nonnegative. By simple calculation, T ruJ can be 

expressed as 



T ruJ = (l-uj)I + uj(l-r)D- 1 L + ujD~ 1 U + H = ~ , (16) 




where if is a nonnegative matrix, T\2 > is an 1 x (n — 1) matrix and T22 > is 
an (n — 1) x (n— 1) matrix. Since an 7^ for i E f3, Tyi is a nonzero matrix. Since 
A(2 : n, 2 : n) is irreducible, it is easy to show that A(2 : n, 2 : n) is irreducible. 
Since cj 7^ and r^l, from (16) T rw (2 : n,2 : n) — T 22 is irreducible. Let 

y = (£>' + r L' + (1 - r)5i)x and 2 = (5 - rZ) _ V (17) 

Since Oji 7^ for i G /3, r 7^ 1 and x > 0, y > is a nonzero vector and the 
first component of y is zero. Since (D — rL)^ 1 is a nonnegative lower triangular 
matrix, z > is also a nonzero vector and the first component of z is zero. Thus, 
we can set 

*=(*) mdz = (l)' (18) 

where Xi G 1R 1 > 0, x 2 € IR n_1 > 0, and z 2 G R n_1 > is a nonzero vector. From 
(15)-(18), T ru) x — Ax = (A — 1)2; and hence 

(1 -uj)xi +T12X2 = Ai, (19) 
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T 22 x 2 - Xx 2 = (A - l)z 2 . (20) 

If A > 1, then from (20) one obtains 

T 22 x 2 > Xx 2 and T 22 x 2 ^ Xx 2 . (21) 

From (20) and Theorem 2.2, p(f 22 ) > A. Since < (1-w) < 1, p{f ru) ) = p(T 22 ) > 
A = p(T rw ). 

If A < 1, then from (20) one obtains 

T 22 x 2 < Xx 2 , T 22 x 2 ^ Xx 2 . (22) 

Since T 22 > is irreducible and x 2 > 0, from (22) and Theorem 2.2 

p(f 22 ) < X. (23) 

Since T 12 > is nonzero and x 2 > 0, Ti 2 x 2 > 0. From (19) (1 — uo)xi < Xx x and 
thus 

(l-w)<A. (24) 

Since p{T ruJ ) = max{(l - uo),p(T 22 )}, from (23) and (24) p{T rL0 \< X = p(T rw ). 

If A = 1, from (15) T rw x = Xx. Hence, from Theorem 2.2 p(T rul ) = X = p{T ru} ) 
is obtained. □ 

Corollary 3.2. Let A = (o^) G R nxn be an L-matrix and A(2 : n, 2 : n) 

be an irreducible submatrix of A. Suppose that there exists a nonempty set 

j3 C Ni = {2,3, ...,n} and real parameters oti > fori = 2,3, . . . ,n such 

that 

< ctiauan < 1, if i e (3, 

auan =0, if i G Ni- (3. 

Let T u and T u be defined by (10) and (11). If0<oo<l, then 

(a) p(T u ) < p(T u ) ifp(T u )<l. 

(b) p(T w ) = p(T u ) ifp(T u ) = l. 

(c) p{T w ) > p(T„) ifp(T u )>l. 

Remark 3.3. If r = uo = 1, then the (preconditioned) AOR method reduces 
to the (preconditioned) Gauss-Seidel method. For r = u> — 1, since T ru) and T 22 
used in the proof of Theorem 3.1 are not necessarily irreducible, the proof of The- 
orem 3.1 does not make sense . Hence, it can not be guaranteed that Corollary 
3.2 holds for r = uo = 1. Further work will discuss the case of r = uo = 1 under 
the similar assumptions used in Corollary 3.2. 
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Lemma 3.4. Let A = (a^) G E" xn be an L-matrix. Suppose that there ex- 
ist a nonempty set 7 C N 2 = {1,2, . . . ,n — 1} and real parameters a, > for 
i = 2, 3, ... ,n such that ai+iO^+iOj+i^ < 1 for all i G N 2 . Let T ruJ and T rw be 
defined by (3) and (9). If < r < 00 < l(u ^ 0,r ^ 1) and A is irreducible 
even for a^+i set to for every i 6 7, then T rul and T rui are nonnegative and 
irreducible. 

Proof. Since A is irreducible even for a^+i set to zero for every i G 7, A = 
I — L — U is irreducible. Hence, T rul is irreducible and nonnegative from (13). Let 

A = P 2 A = (I + S 2 )A = D-L-U, 

where D, L and U are defined as in (7). Since A is an L-matrix and ctj+ia^+iaj+i^ < 
1 for all % G A^, ^4 is also an L-matrix and thus D, L and U are all nonnegative. 
Since the nonzero structure of A is the same as that of A with a^+i set to zero for 
every % G 7, A is also irreducible by assumption. Note that T rcJ can be expressed 
as 

T ruJ = (1 - w) J + w(l - r)D~ l L~ l + ujD^U -1 + L 7 , (25) 

where Lf is a nonnegative matrix. From (25), T ru) is nonnegative. Since u^O, 
r 7^ 1 and A is irreducible, u;(l — r)D L + cjL> [/ is irreducible. Hence, 
T ru) is irreducible from (25). □ 

Theorem 3.5. Let A = (a^) G R nxn be an L-matrix. Suppose that there exists a 
nonempty set 7 C N 2 = {1, 2, . . . , n — 1} snc/i that a^+i 7^ /or alii E j and real 
parameters ojj > /or « = 2, 3, . . . , n such that a i+1 a^ i+ iai + i^ < 1 for all i G N 2 . 
Let T ruJ and T ruJ be defined by (3) and (9). If < r < uj < \{uj 7^ 0,r 7^ 1) and 
A is irreducible even for a^+i set to /or every JG7, toen 

faj p(T raJ ) < p(T rw ) if p(T rw ) < 1. 

f&) p(T r J = p(T raJ ) if p(T rw ) = 1. 

fcj p(T r J > p(T raJ ) if p(T rw ) > 1. 



Proof. From Lemma 3.4, T ra; is nonnegative and irreducible. By Theorem 2.1, 
there exists a vector x > such that T TLO x = Ax, where A = p{T rul ). From 
T ra ,x = Ax, one easily obtains 

((l-u)I + (u-r)L + uU)x = X(I-rL)x, . ■ 

((X + LO-I)S 2 + (r-LO-Xr)S 2 L)x = uS 2 Ux. [ ' 
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Using (9) and (26), 

T ruj x-Xx = (D-rL)- 1 ((l-o;)D + (a;-r)L + wU : - X{D - rL))x 

= (D - rLy l {(l -u- X)D + (u-r + Xr)L + uU)x 

= (D - rL)' l {{uj + A - l)D* + {uj-r + Xr)L* + u{S 2 U - S 2 ))x 

= (D - rT)-\{uj + A - 1){D* + S 2 ) + (w - r + Xr){L* - S 2 L) - uoS 2 )x 

= (D - rL)- 1 ^^ + A - 1)£>* + (A - 1)5 2 - (w - r + Xr)D*)x 

= (D - rly^l-Xr + A + r - 1)D* + (A - l)S 2 )x 

= (X-l)(D-rL)- 1 ((l-r)D* + S 2 )x. 

(27) 
Since < ojjaijOji < 1, -D, £)*, L and S 2 are all nonnegative. Let 

y = ((1 - r )£>* + S 2 )x and z = (D - rVj^y. (28) 

Since a^+i 7^ for « G 7 and x > 0, y — (?/j) > and y { is nonzero for J67. 
Since (D — rL)^ 1 is a nonnegative lower triangular matrix, z = (zi) > and ^ is 
also nonzero for z G 7. From (27) and (28), one obtains 

T rul x - Xx = (A - l)^. (29) 

For the case of A = 1 and A > 1, T r0J x = Xx and T TLO x > Xx (with T ruJ x 7^ Xx) 
are obtained directly from Theorem 3.1 and 3.3, respectively. If A < 1, then 
from (29) T ru) x < Xx and T ru! x 7^ Xx. Since T ruJ is irreducible from Lemma 3.3, 
Theorem 2.2 implies that p{T ruJ ) < X = p(T r0J ). Hence, the theorem follows from 
Theorem 2.2. □ 

Corollary 3.6. Let A = (a^-) G R nxn be an L-matrix. Suppose that there 
exists a nonempty set 7 C N 2 — {1, 2, . . . , n — 1} such that a^j+i 7^ /or a/H G 7 
and rea/ parameters o^ > /or i = 2,3, ... ,n suc/i £/ia£ ai+ia^i+iOi+i^ < 1 /or 
a// i (z N 2 . Let T w and T w &e defined by (10) and (12). If < uj < 1 and A is 
irreducible even for a^j+i se£ to /or every i 67, t/ien 

(aj p(T w ) < P (tJ) ifp(T u )<l. 

(b)p(T u )=p(T u )ifp(T u ) = l. 

(c) p(T u ) > p(T u ) if p(T u ) > 1. 

Remark 3.7. If r = u — 1, then the proof of Theorem 3.4 does not make 
sense since it is not generally true that T ruJ and T rw are irreducible. Hence, it can 
not be guaranteed that Corollary 3.6 holds for u = 1. Further work will discuss 
the case of r = uj = 1 under the similar assumptions used in Corollary 3.6. 
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4 Numerical experiments 

In this section, we provide numerical experiments to illustrate the theoretical 
results obtained in Section 3. If we choose the set of parameters, then our method 
has smaller spectral radii of the iterative matrices than the method provided in 
[1]. All numerical experiments are carried out using MATLAB 7.1. For simplicity 
of comparison, suppose that all of «j are equal and let a — oli for i — 2, 3, . . . , n. 
Let p{T rw ) and p(T ru ) denote the spectral radii of the corresponding iteration 
matrices for a — 1. Let p op t(T ruJ ) and p op t(T ru) ) denote the spectral radii of the 
corresponding iteration matrices when using approximately optimal parameters 
otif \ and «(T ra; )5 respectively. 

Example 4.1. [1] Consider a 4 x 4 matrix A of the form 

/ 
A = 

V 

It is easy to see that the matrix A satisfies all assumption of Theorems 3.1 
and 3.5. Note that (3 = {4} C Ni and 7 = {2, 3} C N 2 . Since the smaller spectral 
radius of the iteration matrix is, the faster the convergence rate is, we compare 
spectral radii of the iterative matrices in tables 1 and 2 for example 4.1. 

Table 1 Spectral radii of the iterative matrices p(T rLJ ), p(T rLJ ) and p(T rw ) with various of r and u> 



1 








-0.3 \ 


0.3 


1 


-0.3 


-0.3 





-0.3 


1 


-0.3 


0.3 





-0.3 


1 / 





r 


U) 


p(T r oj) 


p(T ru ) 


p(T rLU ) 


Popt\-L roj) 


a (f ru> ) 


p(T rul ) 


a (T ruJ ) 


0.9 


1 


0.3406 


0.2937 


0.2331 


0.1881 


4.5 


0.1557 


2.3 


0.8 


1 


0.3852 


0.3377 


0.2844 


0.2290 


4.0 


0.2111 


2.1 


0.7 


1 


0.4201 


0.3721 


0.3240 


0.2599 


3.7 


0.2546 


2.0 


0.7 


0.8 


0.5361 


0.4977 


0.4592 


0.3662 


7.2 


0.3679 


4.5 


0.G 


0.8 


0.5593 


0.5204 


0.4854 


0.3850 


6.0 


0.3952 


3.7 


0.5 


0.8 


0.5793 


0.5400 


0.5079 


0.3998 


•5.4 


0.4214 


3.3 


0.5 


0.G 


0.6845 


0.6550 


0.6309 


0.5297 


8.4 


0.5562 


5.5 


0.1 


0.G 


0.6976 


0.6680 


0.6458 


0.5372 


7.2 


0.5706 


4.8 


0.3 


0.G 


0.7093 


0.6795 


0.6590 


0.5425 


G.5 


0.5855 


4.2 


0.3 


0.4 


0.8062 


0.7863 


0.7727 


0.6844 


9.0 


0.7209 


5.7 


0.2 


0.4 


0.8133 


0.7933 


0.7807 


0.6855 


7.9 


0.7284 


5.G 


0.1 


0.4 


0.8197 


0.7997 


0.7879 


0.6852 


7.1 


0.7364 


4.9 
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Tabic 2 Spectral radii of the iterative matrices p(T rLJ ), p(T rul ) and p(T rul ) with various of u>, where r = to 





U) 


p(T rul ) 


p(T roJ ) 


p(T ruJ ) 


Popt \-L rco) 


a (Tru>) 


p{T ru ) 


a (T rul ) 


0.95 


0.3465 


0.3018 


0.2391 


0.2082 


4.4 


0.1645 


2.5 


0.9 


0.4066 


0.3643 


0.3098 


0.2585 


5.5 


0.2273 


3.2 


0.8 


0.5081 


0.4702 


0.4275 


0.3521 


7.3 


0.3416 


4.6 


0.7 


0.5941 


0.5604 


0.5268 


0.4396 


8.6 


0.4460 


5.3 


0.G 


0.6695 


0.6403 


0.6140 


0.5230 


9.5 


0.5416 


5.4 


0.5 


0.7371 


0.7125 


0.6924 


0.6036 


10.1 


0.6301 


5.6 


0.4 


0.7984 


0.7786 


0.7638 


0.6824 


10.5 


0.7129 


5.5 


0.3 


0.8547 


0.8398 


0.8295 


0.7607 


10.5 


0.7907 


5.6 


0.2 


0.9066 


0.8967 


0.8903 


0.8382 


11.0 


0.8641 


5.9 


0.1 


0.9549 


0.9499 


0.9470 


0.9175 


10.9 


0.9338 


5.6 



Example 4.2. Consider a n x n matrix A of the form 

/ 1 d c 2 c 3 Ci . . . \ 

C 3 I Ci C 2 ' • Ci 

A 



\ 



c 2 


c 3 








^3 


Ci 






1 


C\ 


c 2 


C 3 




c 2 


c 3 


1 


Cl 




c 3 


C\ 


C-2 


^3 


1 



/ 



where Ci = — 2/n, c 2 = 0, c 3 = — l/(n + 2). Clearly, the matrix A satisfies all 
assumptions of Theorems 3.1 and 3.5. Note that (3 = {2, 4, 5, 7, 9, 10, . . .} C iVi 
and 7 = {1, 2, 3, ... n — 1} C iV 2 . Numerical results for this matrix A are provided 
in Tables 3 and 4 for n = 30 and in Tables 5_and 6 for n = 100. 

Table 3 Spectral radii of the iterative matrices p(T ri ^), p(T ruJ ) and p(T ruJ ) with various of r and u> 





r 


u> 


p(T ru >) 


p(T r oj) 


p(T ruJ ) 


Popt\-L no ) 


a {T TUJ ) 


p(T rul ) 


a (T ra ) 


0.9 


1 


0.9076 


0.9047 


0.8966 


0.6781 


19.0 


0.1557 


2.3 


0.8 


1 


0.9147 


0.9120 


0.9054 


0.6906 


19.3 


0.2111 


2.1 


0.7 


1 


0.9207 


0.9182 


0.9128 


0.7032 


19.6 


0.2546 


2.0 


0.7 


0.8 


0.9365 


0.9345 


0.9302 


0.7624 


19.6 


0.3679 


4.5 


0.6 


0.8 


0.9407 


0.9388 


0.9352 


0.7712 


19.8 


0.3952 


3.7 


0.5 


0.8 


0.9443 


0.9426 


0.9395 


0.7788 


19.9 


0.4214 


3.3 


0.5 


0.6 


0.9583 


0.9569 


0.9546 


0.8340 


19.9 


0.5562 


5.5 


0.4 


0.6 


0.9607 


0.9594 


0.9574 


0.8395 


20.0 


0.5706 


4.8 


0.3 


0.6 


0.9628 


0.9616 


0.9599 


0.8448 


20.1 


0.5855 


4.2 


0.3 


0.4 


0.9752 


0.9744 


0.9733 


0.8966 


20.1 


0.7209 


5.7 


0.2 


0.4 


0.9765 


0.9757 


0.9747 


0.8999 


20.2 


0.7284 


5.6 


0.1 


0.4 


0.9776 


0.9769 


0.9761 


0.9032 


20.3 


0.7364 


4.9 
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Table 4 Spectral radii of the iterative matrices p(T rLJ ), p(T rul ) and p(T rul ) with various of u>, where r = to 





U) 


p(T rul ) 


p(T roJ ) 


p{T r0J ) 


Popt \J- rco) 


a (T rul ) 


p{T ru ) 


a (T ra ) 


0.95 


0.9083 


0.9055 


0.8969 


0.6908 


19.0 


0.6308 


9.8 


0.9 


0.9168 


0.9142 


0.9069 


0.7109 


19.0 


0.6812 


10.4 


0.8 


0.9317 


0.9296 


0.9243 


0.7524 


19.3 


0.7588 


11.3 


0.7 


0.9445 


0.9427 


0.9389 


0.7921 


19.6 


0.8195 


12.1 


0.G 


0.9555 


0.9541 


0.9514 


0.8284 


19.8 


0.8622 


12.6 


0.5 


0.9652 


0.9641 


0.9622 


0.8617 


19.9 


0.8980 


13.1 


0.4 


0.9738 


0.9729 


0.9716 


0.8930 


20.0 


0.9265 


13.5 


0.3 


0.9814 


0.9808 


0.9800 


0.9224 


20.1 


0.9493 


13.8 


0.2 


0.9882 


0.9878 


0.9874 


0.9500 


20.2 


0.9690 


14.1 


0.1 


0.9944 


0.9942 


0.9940 


0.9758 


20.3 


0.9858 


14.4 


Table 5 


Spectral radii of the iterative matrices p(T ru 


,), p{f rU! ) and 


p(Trw) with 


various of r and 


U! 




r 


W p(T r u>) 


1 p{T rul ) 


p(T rLU ) 


Popt\-L ru ) 


"(T™) 


p{T ru ) 


a (T ru .) 


0.9 


1 0.9705 


0.9702 


0.9694 


0.8208 


75.0 


0.8576 


38.8 


0.8 


1 0.9729 


i 0.9726 


0.9720 


0.8228 


75.2 


0.8981 


39.9 


0.7 


1 0.9749 


i 0.9747 


0.9742 


0.8296 


76.1 


0.9210 


40.5 


0.7 


0.8 0.979S 


i 0.9797 


0.9793 


0.8637 


76.1 


0.9259 


45.4 


0.G 


0.8 0.9813 


: 0.9812 


0.9808 


0.8687 


76.8 


0.9419 


45.8 


0.5 


0.8 0.9826 


i 0.9824 


0.9821 


0.8735 


77.4 


0.9524 


45.8 


0.5 


0.6 0.9869 


i 0.9868 


0.9866 


0.9051 


77.4 


0.9584 


47.9 


0,1 


0.6 0.9877 


0.9876 


0.9874 


0.9083 


77.8 


0.9639 


48.5 


0.3 


0.6 0.9884 


0.9883 


0.9881 


0.9115 


78.2 


0.9676 


48.9 


0.3 


0.4 0.9923 


; 0.9922 


0.9921 


0.9410 


78.2 


0.9784 


48.9 


0.2 


0.4 0.9927 


0.9926 


0.9925 


0.9430 


78.5 


0.9807 


49.3 


0.1 


0.4 0.9931 


0.9930 


0.9929 


0.9449 


78.8 


0.9824 


49.6 


Table 6 


Spectral radii of the iterative matrices p(T ru 


,), p{f rw ) and 


p(Trw) with 


various of u>, where r = to 




U) 


p(T rul ) 


p(T roJ ) 


p{T raj ) 


Popt \J- no) 


a (T rul ) 


p(T rL u) 


a (T ra ) 


0.95 


0.9707 


0.9704 


0.9696 


0.8218 


73.5 


0.8185 


38.8 


0.9 


0.9735 


0.9732 


0.9725 


0.8342 


74.1 


0.8532 


40.9 


0.8 


0.9783 


0.9781 


0.9776 


0.8583 


75.2 


0.8961 


44.3 


0.7 


0.9825 


0.9823 


0.9819 


0.8807 


76.1 


0.9296 


46.0 


0.G 


0.9860 


0.9859 


0.9856 


0.9015 


76.8 


0.9507 


47.1 


0.5 


0.9891 


0.9890 


0.9888 


0.9209 


77.4 


0.9653 


47.9 


0.4 


0.9918 


0.9917 


0.9916 


0.9389 


77.8 


0.9759 


48.5 


0.3 


0.9942 


0.9942 


0.9941 


0.9558 


78.2 


0.9838 


48.9 


0.2 


0.9963 


0.9963 


0.9963 


0.9715 


78.5 


0.9903 


49.3 


0.1 


0.9983 


0.9983 


0.9982 


0.9862 


78.8 


0.9956 


49.6 
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Remark 4.3. When a — 1, in this case, the preconditioner is the one in [1]. 
The above numerical experiments indicate that the spectral radii of iterative ma- 
trices with the proposed preconditioners achieve significant improvement over the 
spectral radii of iterative matrices with the existing preconditioners in [1]. 

5 Conclusions 

In this paper, we improve the preconditioned AOR method for irreducible 
L-matrices and analyze the convergence of our method. When choosing the 
various parameters, the spectral radii of the iteration matrices with the proposed 
preconditioner is smaller than those in [1], which is shown through numerical 
experiments. Particularly, one may discuss how choose the set of parameters in 
order to really accelerate the convergence of the considered method. Furthermore, 
the optimal choice of this set of parameters is valuably studied. 
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SOME RESULTS IN FUZZY COMPACT LINEAR OPERATORS 



HAKAN EFE AND CEMIL YILDIZ 



Abstract. In this paper wc introduce the concept of fuzzy compact oper- 
ators between fuzzy n-normcd linear spaces in the sense of Narayanan and 
Vijayabalaji [12]. 



1. Introduction 

The concept of 2-norm and n-norm on a linear space has been introduced and 
developed by Gahler in [5, 6]. After that Misiak [11], Kim and Cho [8] and Malceski 
[10] developed the theory of n-normed space. In [7], Gunawan and Mashadi gave 
a simple way to derive an (n-l)-norm from the n-norm and realized that any n- 
normed space is an (n-l)-normed space. 

In 2003, Bag and Samanta [1] introduced a definition of a fuzzy norm and proved 
a decomposition theorem of a fuzzy norm into a family of crisp norms. Also they [2, 
3] gave some important properties on fuzzy norms. Lael and Nourouzi [9] introduced 
the fuzzy compact linear operators between fuzzy normed linear spaces. 

Narayanan and Vijayabalaji [12] introduced the concept of fuzzy n-normed linear 
space as a generalization of fuzzy normed linear space. In [4], Efe defined various 
types of continuities of operators and boundedness of linear operators over fuzzy 
n-normed linear spaces such as fuzzy continuity, sequential fuzzy continuity, weakly 
fuzzy continuity, strongly fuzzy continuity, weakly fuzzy boundedness and strongly 
fuzzy boundedness. 

In this paper we study on fuzzy compact operator between fuzzy n-normed lin- 
ear spaces in the sense of Narayanan and Vijayabalaji [12]. Some definitions and 
theorems are generalized in fuzzy n-normed linear space. 

2. Fuzzy h-normed linear spaces 

Definition 1 ([7]). Let n G N and let X be a real vector space of dimension d > n. 
(Here we allow d to be infinite.) A real-valued function || •,..., -|| on X x • • • x X 

n 

satisfying the following four properties, 

(1) ||a?i, a?2, •••, x„|| = if and only if Xi, X2, ■■■, x n are linearly dependent, 

(2) ||xi, X2, ••■, x n \\ is invariant under any permutation, 

(3) ||xi,X2, ...,ax n || = \a\ ||xi,X2, ■•■, x n \\ for any a <s R, 

(4) \\x 1) x 2 ,...,x n _ 1 ,y + z\\ < ||xi,x 2 ,...,x„_i,y|| + ||xi, x 2 , ..., x„_i, z\\, 

is called an n-norm on X and the pair (X, 1 1 •,..., -||) is called an n-normcd space. 
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Definition 2 ([12]). Let X be a linear space over a real field F. A fuzzy subset N 
of X x • • • x X x R (R, set of real numbers) is called a fuzzy n-norm on X if and 

n 

only if 

(Nl) for all t £ K with t < 0, N(xi,x 2 ,...,x n ,t) = 0, 

(N2) for all t £ R with t > 0, N(x\, x 2 , ...,x n ,t) — 1 if and only if Xi, x 2 , ■■■, x n 

are linearly dependent, 
(N3) N(xi, x 2 , ..., x n , t) is invariant under any permutation of x\, ..., x n , 
(N4) for all t £ R with t > 0, N(xi,x 2 ,...,cx n ,t) = N(xi,x 2 ,...,x n ,t/\c\), if 

c/0,cef, 

(N5) for all s,t£R, 

N( Xl ,x 2 ,...,x n + x n ,s + t)>mm{ N{xi ^^ t) }, 

(N6) N(x\, x 2 , ..., x n , •) is a nondccreasing function of K and 

lim N(xi, x 2 ,...,x n ,t) = 1. 

t — >00 

Then (X,N) is called a fuzzy n-normed linear space or in short f-n-NLS. 
Remark 1. From (N3), it follows that in a f-n-NLS, 
(N4) for all t £ R with t > 0, 

N(xi,x 2 ,...,cxi,...,x„,t) = N(xi,x 2 ,...,Xi,...,x„,t/\c\), 

if c ^ 0, 

(N5) for all s,fgl, 

iV(i 1 ,i 2 ,...,a; ! +i ! ,...,i n ,s + t)>min , , ' 

^ iv l, x l i x 2i •■•) -^21 •••; ^ni <v 

Example 1. Le£ (X, 1 1 -,-,..., -||) 6e an n-normed space as in Definition 1. Define, 
N(xt X-y x t) = { *+lki^2,...,^|| ^ * > °' f G M ' 

1 1,S2 '-' Xn ' j \ if t<0 

for all X\,x 2 , ..., x n £ X. Then (X,N) is a f-n-NLS. 

Theorem 1 ([12]). Let (X,N) be a f-n-NLS. Assume further those 

(N7) N(xi,x 2 , ...,x n ,t) > for all t > implies Xi,x 2 , ...,x„ are linearly depen- 
dent. 

Define 

||a;i,X2,...,x„|| Q = M{t : N(xi,x 2 , ..., x n , t) > a}, a £ (0,1). 

Then {||-, •,..., -|| Q : a £ (0,1)} ascending family of n-norms on X. These n- 
norms are called a—n- norms on X corresponding to the fuzzy n-norm on X. 

(N8) We assume that, for xi,x 2 , ...,x n are linearly independent, 

N(x\,x 2 , ...,x„, •) is a continuous function of R and strictly increasing on the 
subset {t : < N(x ± ,x 2 , ..., x n , t) < 1} of R. 
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Definition 3 ([4]). Let (X,N) be a f-n-NLS and {x(k)} be a sequence in X. Then 
{x(k)} is said to be convergent if there exists a x G X such that 

lim N(xi,X2, • ••, x n -i, x(k) — x, t) = 1 

k — >oo 

for every Xi,Xz, ...,x n -i,X G X and for all t > 0. Then x G X called limit of the 
sequence {x(k)} and denoted by lima;(fc) = x or x(k) — > x. 

Definition 4 ([4]). A sequence {x(k)} in (X,N) is called Cauchy sequence, if 
lim N(xi, X2, • ••, x„_i, x(k) — x(l),t) = 1 

k,l — >oo 

for every xi, £2, • •■, x n -\ G X and for all t > 0, k, I G N. 

Definition 5 ([4]). Let (X, N^ and (Y, N 2 ) be two f-n-NLS. A mapping T : X — ► 

Y is said to be fuzzy continuous at z G X, if for given e > 0, a G (0,1), there 
exists 5 = S(a, s) > 0, j3 = /3(a, s) G (0, 1) such that for all X\,X2, •••, x n _i,y G X, 
2/1,2/2, -,2/n-i e Y , 

Ni(xi,X2,—,x„-i,y - z,S) > (3 => N 2 (yi,y2, ...,y n -i,Ty - Tz,e) > a. 

If T is fuzzy continuous at each point of X , then T is said to be fuzzy continuous 
on X . 

Definition 6 ([4]). Let (X, iVi) and (Y, N 2 ) be two f-n-NLS. A mapping T : X — ► 

Y is said to be strongly fuzzy continuous at z G X, if for each e > 0, there exists 
S > such that for all X\, X2, •••, x n -\, y G X , y\, y 2 , •••, 2/n-i € Y , 

N 2 (yi, 2/2, ...,y n -i,Ty-Tz,e) > N 1 (xi,x 2 , ...,x n -i,y - z,S). 

If T is strongly fuzzy continuous at each point of X, then T is said to be strongly 
fuzzy continuous on X . 

Definition 7 ([4]). Let (X, iV~i) and (Y, N 2 ) be two f-n-NLS. A mapping T : X — ► 

Y is said to be weakly fuzzy continuous at z G X , if for a given e > 0, a G (0, 1), 
there exists S — S(a, e) > such that for all xi,x 2l ..., x n -i,y G X, 2/1,2/2, •■■, 2/n-i € 
Y, 

N 1 (xi,X2,—,x n -i,y-z,5) > a =4> 

N 2 (y 1 ,y 2 ,:;yn-i,Ty-Tz,e) > a. 

IfT is weakly fuzzy continuous at each point of X, then T is said to be weakly fuzzy 
continuous on X . 

Definition 8 ([4]). Let (X, iVi) and (Y, N 2 ) be two f-n-NLS. A mapping T : X — ► 

Y is said to be sequentially fuzzy continuous at z G X , if for any sequence {x(k)} 
in X with x(k) — > z implies Tx{k) — > Tz, k G N. I.e., for all t > 0, 

lim Ni(xi,X2, ...,x n -i,x(k) — z,t) = 1 =>• 

k — >oo 

lim N 2 (yi,y2,...,y n -i,Tx(k) -Tz,t) = 1. 

k — >oo 

for all x\, X2, ■■■, x n —i, y G X, 2/1,2/2, •••, 2/«-i € Y. IfT is sequentially fuzzy con- 
tinuous at each point of X , then T is said to be sequentially fuzzy continuous on 
X. 

Remark 2. It is easy to see that if a mapping is strongly fuzzy continuous then it 
is weakly fuzzy continuous. 
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Theorem 2 ([4]). Let (X,JVi) and {Y,N 2 ) be two f-n-NLS and T : X — >Y be a 
mapping. If T is strongly fuzzy continuous then it is sequentially fuzzy continuous. 

Theorem 3 ([4]). Let (X,^) and {Y,N 2 ) be two f-n-NLS and T : X — >Y be a 
mapping. Then T is fuzzy continuous iff it is sequentially fuzzy continuous. 

Definition 9 ([4]). Let {X, N x ) and (Y, N 2 ) be two f-n-NLS andT : X — > Y be a 
linear operator. T is said to be strongly fuzzy bounded on X iff there exists positive 
real number M such that for all x\,x 2 , ...,x n -i,y <E X, yi, y 2 , ...,y n -\ G Y and for 

all s£l, 

N 2 (yi,y 2 ,...,y n -i,Ty,s) > N ± [xi,x 2 ,-,x n ^ 1 ,y, — J . 

Let us denote the set of all strongly fuzzy bounded linear operators from a f-n- 
NLS pf.JVi) to (Y,N 2 ) by T{X,Y). 

Theorem 4. J-{X, Y) is a linear space. 

Proof. First note that for T U T 2 e f(X,Y) and y e X, we have (Ti + T 2 )(y) = 
Ti(y) +T 2 (y) and (XTi)(y) = XTi(y). Since T\ and T 2 are strongly fuzzy bounded, 
then there exist positive numbers Mi and M 2 such that 

N 2 (yi,y 2l ... 1 y„-i,T 1 y,t) > TVi ( xi,x 2 , ...,x n -i,y, j^- J and 

N 2 (yi,y 2 ,... 1 y„-i,T 2 y,t) > TVi ( xi,x 2 , ...,x n , — 

for all x\ , x 2 , . . . , £„_ i , y € X and yi,y 2 , ..., y n - i € Y and for alH G K. Now for any 
scalars a, (3 and for all x € X we have 

N 2 (y 1 ,y 2 ,...,y n -i,(aT 1 + f3T 2 )y,t) 
= N 2 (y 1 ,y 2 , ...,y n _i,aTi(y) + /3T 2 (y),t) 

N 2 (yi,y 2 ,...,y n -i,T 1 (ay),±) , 1 



> min<^ "*U"'"'-">»n-^u«">2 



> min 



^2 (yi,y 2 ,...,y n -i,T 2 {(3y), 
Ni [xi,x 2 ,...,x n -i,ay, ^J , 
JVi ^i,x 2 ,...,x n _i,^y, 2]^ J 

^1 (*l,»2,-,Xn-l,y,2|SpSr) . 

Choose M = max{2|a|Mi, 2\(3\M 2 } + 1. Thus M > 2\a\M t and M > 2\j3\M 2 and 
this shows that 

> — and — r^r; > 



2|a|Mi ~ M 2|/3|M 2 ~ M 

for alH > 0. Hence 

N 1 (xi,x 2 ,...,x n - 1 ,y, J > N 1 lxi,x 2 ,...,x n - 1 ,y,— ) and 

Ni(x 1 ,x 2 ,...,x n -i,y, j > iVi f zi,X2,...,x n _i,2/, — 
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which implies 

^ IVi ^l,X2,---,X„_i, (/, 2|^|M 2 J J V 

Then we have 



N 2 (yi,y 2 ,...,y n -i,(aT 1 + [3T 2 )y,t) > Ni lx 1 ,x 2 ,...,x n _ 1 ,y, 

for all £ > 0. If t < 0, then the relation is obvious. 
Thus, there exists M > such that 

N 2 (yi,y 2 ,...,y n -i,(aT 1 + f3T 2 )y,t) > Nt (xi,x 2 ,...,Xn-i,y,j7 

for all a;i, X2, ■■■, x n -i, y G X, y\, y 2 , ...,y n -i G Y and for all £ G R. This implies 
that ali + /3T 2 e ^(-X", Y). Hence j£*(X, F) is a linear space. □ 

Definition 10 ([4]). Let (X,Ni) and (T,7V 2 ) &e two f-n-NLS and T : X — ► Y~ &e 
a linear operator. T is said to be weakly fuzzy bounded on X if for any a G (0, 1), 
there exists M a > such that for all X\, x 2 , ■■■, x n -i, y G X, y\,y 2 , ■ ■•, y n —i G Y 
and for all t G R, 

TVi lxi,X2,...,x n -i,y,jj-J >a^ N 2 (y 1 ,y 2 ,...,y n _ 1 ,Ty,t) > a. 

Let us denote the set of all weakly fuzzy bounded linear operators from a f-n-NLS 
(*,JVi) to (Y,N 2 ) by F{X,Y). 

Theorem 5. T'(X,Y) is a linear space. 

Proof. First note that for T X ,T 2 G T'(X,Y) and y G X, we have (Ti + T 2 )(y) = 
Ti(y) + Tj^y) and (ATi)(y) = \T\{y). Since Ti and T 2 are weakly fuzzy bounded, 
for all a G (0, 1), there exist positive numbers M^, M^ such that 

Ni(x 1 ,x 2 ,...,x n - 1 ,y,j^ I ) > a=*> N 2 (y 1 ,y 2 ,...,y n _ 1 ,T 1 (y),t) > a, 

TVi f xi,a;2,...,a;„_i,2/, — J > a =*• A^ 2 (2/1,2/2, -, j/„_i,T 2 (y),£) > a 

for all xi, x 2 , ..., x n -i, y G X, j/i, j/2, •■■, J/n-i G V and for all t G R. 
Let fci and &2 be any two arbitrary nonzero scalars. Then, 

N 1 (x 1 ,x 2 ,...,x n - 1 ,y, J = N 1 lxi,x 2 ,...,x„-i,kiy,-^ I )>a, 

Ni ixi,x 2 ,...,x n -i,y, j = TVi f xi,a; 2 ,...,x n _i,fc22/, ^^ J > a. 

Choose M a = 2|fci|M^ + 2|fc 2 |M2. Then 
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N l{xi>X2 ,..., Xn _ 1>y ,— j = M(*i I x 9 ,...,^i,y, 2|jfci|J ^* 2|fa|JW2 )>a 

TVi fxi,x 2 ,-,x ra _i,y, 2 | fcl | M i J > " 

Ni \Xl,X2,...,X n -!,y, 2|fe 2 *Mg ) ^ a 

; . f ^2 (yi,y2,---,yri-i,7i(fcij/),|| > a 

1 ^2 (yi,y 2 ,...,y n -i,T 2 (k 2 y),±) > a 

=*• ^2 (yi,J/2, — ,J/n-ij (fciTi + k 2 T 2 )y,t) > a 
=*> k 1 T 1 + k 2 T 2 e F'(X,Y). 

If k 1= k 2 = 0, obviously fciTi + fc 2 T 2 e J"'(X,F). Hence JF'(X,Y) is a linear 
space. D 

Theorem 6 ([4]). Lei (X.iVi) and (Y,N 2 ) are f-n-NLS and T : X — > Y be a 
linear operator. If T is strongly fuzzy bounded then it is weakly fuzzy bounded but 
not conversely. 

Definition 11 ([4]). Let (X,iVi) and (Y,N 2 ) be two f-n-NLS and T : X — > Y be 
a linear operator. T is said to be uniformly bounded if there exists M > such that 
for all a € (0, 1), 

\\yi,y2,-,Vn-i,Ty\\l < M\\x 1 ,x 2 ,...,x n ^ 1 ,y\\l 

where 1 1 -,-,...,, -||^ and \\-, ■,...,, -||„ are a-n-norms of Ni and N 2 respectively. 

Theorem 7 ([4]). Let {X,Ni) and (Y,N 2 ) be two f-n-NLS and T : X -> Y be a 
linear operator. Then 

(i) T is strongly fuzzy continuous everywhere on X if T is strongly fuzzy con- 
tinuous at a point z£l. 
(ii) T is strongly fuzzy continuous iff T is strongly fuzzy bounded. 

Theorem 8 ([4]). Let {X,N X ) and (Y,N 2 ) be two f-n-NLS satisfying (NI) and 
(N8). Let T : X — ► Y be a linear operator. Then T is strongly fuzzy bounded iff 
it is uniformly bounded with respect to a-n-norms of N\ and N 2 . 

Remark 3. If T is strongly fuzzy bounded then it is sequentially fuzzy continuous 
on X . 

Theorem 9 ([4]). Let (X,7Vi) and (Y,N 2 ) be two f-n-NLS and T : X — >Y be a 
linear operator. IfT is sequentially fuzzy continuous at a point then it is sequentially 
fuzzy continuous on X . 

Theorem 10 ([4]). Let {X,N{) and {Y,N 2 ) be two f-n-NLS and T : X — > Y be 
a linear operator. Then 

(i) T is weakly fuzzy continuous everywhere on X if T is weakly fuzzy contin- 
uous at a point yo € X. 
(ii) T is weakly fuzzy continuous iff T is weakly fuzzy bounded. 

Theorem 11 ([4]). Let (X,N X ) and (Y, N 2 ) be two f-n-NLS satisfying (NI) and 
(N8). Let T : X — ► Y be a linear operator. Then T is weakly fuzzy bounded iff T 
be bounded w.r.t. a-n-norms of N\ and N 2 , a € (0, 1). 
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Theorem 12 ([4]). Let {X,N{) and (Y,N 2 ) be two f-n-NLS satisfying (N7) and 
(N8). Let T : X — ► Y be a linear operator. Lf X is of finite dimension then T is 
weakly fuzzy bounded. 

Definition 12. Let (X,N) be a fuzzy n-normed linear space. A subset B of X is 
said to be the closure of K C X if for any x € B, there exists a sequence {x(k)} in 
K such that 

lim N{x\,x 2 , ■■■, x n -i,x(k) — x, t) = 1 

k — >oo 

for all t > 0. We denote the set B by K . 

Definition 13. A subset A of a fuzzy n-normed linear space (X, N) is said to be 
bounded iff there exist t > and < r < 1 such that 

N(xi,X2,—,x n ,t) > 1-r 

for all xi, X2, • ■•, x n € A. 

Definition 14. A subset A of a fuzzy n-normed linear space (X, N) is said to be 
compact if any sequence {x(k)} in A has a subsequence converging to an element 
of A. 

3. Main Results 

Definition 15. Let (X,Ni) and (Y,N 2 ) be two f-n-NLS. A linear operator T : 
X — > Y is called fuzzy compact operator if for every fuzzy bounded subset M of X 
the subset ofT(M) <zY is relatively compact, i.e., the fuzzy closure ofT(M) is a 
fuzzy compact set. 

Example 2. Let (X, \\-, •,...,, -Hi) and (Y, ||-, •,...,, -{{2) be two ordinary n-normed 
linear spaces, and T : X — ► Y be a compact operator. Then T : (X,N\) — ► 
(Y, N2) is a fuzzy compact operator, where N\ and N2 are the standard fuzzy norms 
induced by ordinary norms ||-, •,..., ,-||i and \\-, ■,...,, -||2; respectively, i.e., 

11 1; 2 ' -'"' > \ if t<0 

and 

if t > 0, t e R, 



N 2 ( yi ,y 2 ,...,,y n ,t) = { '+ll»i.M,...„i/»ll2 if / ( , 

Theorem 13. Let (X, iVi) and (Y, N 2 ) be two f-n-NLS andT : X — > Y be a linear 
operator. Then T is fuzzy compact iff it maps every fuzzy bounded sequence {x(k)} 
in X onto a sequence {Tx(k)} in Y which has a fuzzy convergent subsequence. 

Proof. Suppose that T be a fuzzy compact operator and {x(k)} be a fuzzy bounded 
sequence in X. The fuzzy closure of {Tx(k) : k € N} is a fuzzy compact set. So 
{Tx(k)} has a fuzzy convergent subsequence by definition. 

Conversely, let A be a fuzzy bounded subset of X. We show that the fuzzy 
closure of T(A) is fuzzy compact. Let {x(k)} be a sequence in the closure of 
T(A). For given e > 0, k e N and t > 0, there exists {y(k)} in T(A) such that 
N 2 (yi,y 2 ,...,y n -i,x(k) - y{k),{) > 1 - e. Let y(k) = Tz{k), where z(k) € A. 
Since A is fuzzy bounded set, so is {z(k)}. On the other hand, since T is a fuzzy 
compact operator, {T z(k)} has a fuzzy convergent subsequence y{ki) = Tz(ki). 
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Let y(ki) — > y for some y £Y. Hence N 2 (yi,y2,—,y n -i,y{ki) - 3/, §) > 1 - e for 

all n,j > tiq. Then we get 

n 2 lyi,y2,-,y n -i,x(ki) -y,^ 

> mini N * ( yuy2 '-' yn - 1 ' X ^~ y ^'^) 

1 N 2 (y 1 ,y 2> ...,yn-i,y(ki)-y ) l) 

> l-e 

for all m > tiq. Hence {x(ki)} is a fuzzy convergent subsequence of {x(k)}. Thus 
the fuzzy closure of T(A) is a fuzzy compact set. □ 

Lemma 1. Let (X,N) be a fuzzy n-normed space satisfying (N7)and {x(k)} be a 
sequence in X . Then 

lim N {x\,X2, ■ •■, x n -i,x(k) — x,t) = 1 iff lim ||xi,a;2, ...,x n -i,x(k) — x\\ a = 

k — >oo k — >oo 

for all a £ (0, 1). 

Proof. Suppose that x(k) — ► x. Choose a £ (0, 1) and t > 0. Then there exists 
fc € N such that 

TV (xx,x2, ..., x n -i,x(k) — x,t) > 1 — a, 
for all k > ko. It follows that 

I l^l 5 *£2> ■■•5 Xn—1 j Xfc X| 1 1_ a \ £ 

for all k > k . Thus 

||a;i,X2, ...,.x„_!,a;(fc) - a;||i_ a -*■ 0. 
Conversely, let 

\\xi,X2,—,X n -l,x(k) -X\\ a ->0 

for all a e (0, 1). Fix a e (0, 1) and t > 0. There exists fc G N such that 

A{r > : N (x\,x 2 , ■ ■■, x n -i, x(k) — x, t) > 1 — a} < t, 
for all k > k . This implies that 

N (x\,X2, ...,x n _i,x(k) — x,t) > 1 — a 

for all k > ko, i.e., x(k) — ► x. D 

Definition 16. Let (X, N) be a fuzzy n-normed space. We define the following 
subset of X: 

B a [x,r] = {y £ X : N (x 1 ,x 2 , ...,x n -i,x - y,t) > a} 

where Xi,x 2 , ■•■, x n -\, x £ X , a £ (0, 1) and r > 0. 

Theorem 14. Let (X, N) be a fuzzy n-normed space satisfying (N7)and 

N (xi, x 2 , ..., x n , •) is a continuous function on R. Then X is finite dimensional 
iff B a [x, r] is a fuzzy compact set in X, for each a £ (0, 1) and r > 0. 
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Proof. Let 

A a [x,r] = {y G X : ||a?i, £tr 2 , ...,X„-i,x- y\\ a < r}, 
where a G (0, 1) and r > 0. 

We first show that B a [x, r] = A a [x,r\. If y G B a [x,r], then 

N (xi,X2, ...,x n -i,x -y,t) > a. 

Since ||a;i, X2, • ■•, £«-i, x — y\\ a < r, then y G -A a [a;, r\. 
Now if y G A a [x,r], then 

||a;i,x 2 , ...,x n -i,x - j/|| Q < r or A {£ > : N (xi, x 2 , ...,x n -i,x - y, t) > a} < r. 

If 

A{t > : N (xi,X2, ...,x n -i,x - y,t) > a} < r 
then 

N (xi,x 2 , ...,x n -i,x -y,t)> a. 
Thus y e B a [x,r]. 
If 

A{£ > : N (xi, X2, ...,x n -\,x — y,t) > a} — r, 

there exists a sequence {tk} inM such that tk — ► r, and TV (a;i, X2, ■■■,x n -i, x — y,tu) > 
a. By continuity of N (xi,x 2 , —,x n , •) we get 

N (xi,X2,—,x n -i,x - y,r) = lim JV(a;i,X2,...,x„-i,x - y,t k ) > a. 

k — >oo 

Hence y G B a [x,r] and therefore B a [a;,r] = j4 Q [x,r]. 

Now suppose that dimX < oo, x±,X2, ■■■,x n -i,x G X, and r > 0. Choose 
the sequence {a;(fc)} in B a [x,r]. It is clear that ^4 a [x, r] is a compact subset of 
(X, ||-, •,...,, -||q). Hence there exists a subsequence {x(ki)} of {x(k)} and v G 

j4 a [a;,r] such that x{ki) ' - — '^ " v. Since all norms are equivalent in finite dimen- 
sional spaces, x(ki) ' ■ — '■* v, for all /? G (0, 1). Thus, we obtain x(ki) — > v by 
Lemma 1. Since B a [x,r] = A a [x,r], we have v G B a [x,r]. 

Conversely, let B a [x,r] be fuzzy compact. To show that X is finite dimensional, 
it suffices to prove that A Q [.x,r] is compact with respect to a-n-norm. Choose 
a sequence {x(k)} in j4 Q [x,r]. Since B a [x,r] is fuzzy compact, it has a fuzzy 
convergent subsequence {x(ki)}. Lemma 1 implies that {x(ki)} is convergent under 
||-, •,...,, -|| Q . Thus A Q [x, r] is compact in n-normed linear space {X, ||-, ■,...,, -|| a ) 
which shows that X is finite dimensional. D 



Lemma 2. Let (X, Nx) and (Y, N 2 ) be two f-n-NLS satisfying (N7)and T : X — ► 
Y be a fuzzy compact operator. Then 

T:(X,\\-,-,...,,-\\i)^(Y,\\;;...,,-\\l) 

is an ordinary compact operator for all a G (0, 1). 

Proof. We show that for each bounded sequence {x(k)} in (X, ||-, •,...,, -||q), the 
sequence {Tx(k)} has a convergent subsequence in (Y, ||-, •,...,, -||q). Let {x(k)} be 
a bounded sequence in (X, \\-, ■,...,, -||„). There exists M > such that 

||a;i,x 2 , ...,x n -i,x(k)\\a < M 

for all k G N. Hence 

ATj (x li X2,— i x n -i,x(k),M) > a 
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for all k, that is {x(k)} is fuzzy bounded. Thus {Tx(k))} has a fuzzy convergent 
subsequence {Tx(ki)}. By Lemma 1, {Tx(fcj)} is convergent under ||-, •, ..., , -||„. □ 

Theorem 15. Let (X,Aq) and {Y, N 2 ) be two f-n-NLS satisfying (N7) and (N8). 
Then 

(a) Every fuzzy compact operator T : (X,N\) — ► (Y,N 2 ) is weakly fuzzy 
continuous. 

(b) If dimX = oo then the identity operator I : (X,N\) — > (X, TVi) is not a 
fuzzy compact operator. 

Proof, (a) Choose a € (0,1). Let ||-, ■,...,, -||J, and ||-, •,...,, -||„ are a-n-norms on 
X and y corresponding to the fuzzy n- norms Ni and N 2 , respectively. By Lemma 
2, 

T : (X, ||.,.,..,, ■ ||i) —»(y,||., -,...,, .||») 

is a compact operator. Since compact operator is bounded, there exists M a > 
such that 

\\yi,y2,-,y n -i,Tx\\l < M a \\x 1 ,x 2 ,...,x n _ 1 ,x\\ 1 a . 

Hence T is weakly fuzzy bounded by Theorem 11. Now Theorem 10(h) implies that 
T is weakly fuzzy bounded. 

(b) The identity operator / maps B a [0, 1] to itself. Suppose on the contrary that 
I is a fuzzy compact operator. Then B a [0, 1] is fuzzy compact for all a € (0, 1). Now 
B a [0, 1] C A a [0, 1] = B a [0, 1] implies that B a [0, 1] is closed and so fuzzy compact. 
Thus X is finite dimensional by Theorem 14, which is a contradiction. □ 

Theorem 16. Let (X,Ni) and (Y,N 2 ) be two f-n-NLS. Then the set of all fuzzy 
compact linear operators from X to Y is a linear subspace of T'(X, Y). 

Proof. Suppose that T± and T 2 are fuzzy compact linear operators from X to Y 
and {x(k)} be any fuzzy bounded sequence in X. Then the sequence {Tix(k)} 
has a fuzzy convergent subsequence {T\x(ki)}. The sequence {T 2 x(ki)} also has 
a fuzzy convergent subsequence {T 2 z(k)}. Hence {Tiz(k)} and {T 2 z(k)} are fuzzy 
convergent sequences. Let Tiz(k) — ► u, and T 2 z{k) — ► v. If t > 0, we have 

lim N 2 (y 1 ,y 2 ,...,y n -i,(T 1 +T 2 )z(k) -u-v,t) 



k- 



-oc 



> limmin^ My u y 2 ,...,y n ^T,z{k)-u^ 



i. - L ^2 (yi,y 2 ,...,y„-i,T 2 z(k) - v, 2j 

for all J/i,J/2,— ,3/n-i <S ^- Thus, limfe^oo N 2 (yi,y 2 , ...,y n -i, (Ti + T 2 )z(k) -u- 
v,t) = 1, for all t > 0. This implies Ti + T 2 is a fuzzy compact operator. Now if 
T\x(ki) — ► y, then 

lim N 2 (yi,y2, —,y n -i,oiTix(ki) - ay,t) 

k — >oo 

= lim N 2 [yi,y2,-,y n -i,T 1 x(ki)-y, t—t ) = 1, 

fe^oo y \a\ J 

for all a G M\{0}, and t > 0. Hence aTi is also a fuzzy compact operator which 
completes the proof. □ 

Theorem 17. Let (X, N) be a f-n-NLS, T : X — ► X be a fuzzy compact linear 
operator, and S : X — > X be a strongly fuzzy continuous linear operator. Then ST 
and TS are fuzzy compact operators. 
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Proof. Let {x(k)} be any fuzzy bounded sequence in X. Then {Tx(k)} has a fuzzy 
convegent subsequence {Tx(fcj)}. Let lim^oo Tx(ki) = y. Since 5 is strongly fuzzy 
continuous, by Theorem 2 we have ST(x(ki)) — > <S(y). Hence ST(x(k)) has a fuzzy 
convergent subsequence. This proves ST is fuzzy compact. 

Next we show that TS 1 is fuzzy compact. Let choose any fuzzy bounded sequence 
{x(k)} in X . Then there exist to > and ro € (0, 1) such that 

Nx (xi,X2,—,x„-i,x(k),t ) > 1 -r 

for all /c > 1. By Theorem 7(ii) we conclude that the operator S is a strongly fuzzy 
bounded linear operator. Thus there exists M > such that 

N2 (yi,y2, -,yn-i, Sx(k)),t M) > 1 - r 

for all /c. It follows that {Sx(k)} is fuzzy bounded sequence in S(X). Because T is 
fuzzy compact, {TSx(k)} has a fuzzy convergent subsequence. This completes the 
proof. □ 

Lemma 3. Let (X,N) be a f-n-NLS satisfying (N7), N (xi,X2, ■■■,x n ,-) be a con- 
tinuous function on K and dimX < 00. Then each fuzzy bounded sequence {x(k)} 
in (X, N) has a fuzzy convergent subsequence. 

Proof. Let {x(k)} be a fuzzy bounded sequence in (X,N). There exist to > and 
ro € (0, 1) such that 

N (xi,X2,—,X n -l,x(k) i to) > 1 -ro 

for all k e N. Hence x(k) G Bi_ ro [0,t ], for all fc e N. By Theorem 14, Bi^^O,^] 
is a fuzzy compact set, so {x(k)} has a fuzzy convergent subsequence. □ 

Theorem 18. Let (X,iVi) and (Y,-/V 2 ) &e two f-n-NLS satisfying (N7) and (N8). 
If T : X — ► Y is a linear operator where dimX < 00, then T is weakly fuzzy 
continuous. 

Proof. It is clear from Theorem 12 and Theorem 10(h). □ 

Theorem 19. Let {X,N{) and (Y,N 2 ) be two f-n-NLS satisfying (N7) and 

N 2 (j/i, j/2> ■■■lUm ") is continuous function on R, and T : [X,N{) — > (Y, N 2 ) a 
linear operator. Then the following hold: 

(a) If T is weakly fuzzy bounded and dim T(X) < 00, then T is a fuzzy compact 
operator. 

(b) In addition if (X, N ± ) and (Y, N 2 ) satisfying (N8) and dimT(X) < 00, then 
T is a fuzzy compact operator. 

Proof, (a) Let {x(k)} be a fuzzy bounded sequence of (X,N\). There exist to > 
and ro € (0, 1) such that 

N(x 1 ,x 2 ,...,x n ^ 1 ,x(k),t ) > 1-r-o 

for all k E N. Since T is weakly fuzzy bounded, there exists Mi_ ro > such that 
for all k, 

N(x 1 ,x 2 ,...,x n _ 1 ,x(k),t ) > l-r => 
N 2 (yi,y 2 ,--,yn-i,Tx(k),j^ — J > l-r . 
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It follows that {Tx(k)} is a fuzzy bounded sequence in T(X). Since dimT(X) < oo, 
the sequence {Tx(k)} has a convergent subsequence by Lemma 3. Hence T is fuzzy 
compact. 

(b) T is weakly fuzzy continuous by Theorem 18. Furthermore Theorem 10(ii) 
implies that T is weakly fuzzy bounded. Since dimT(X) < oo, by the (a) we 
conclude that T is a fuzzy compact operator. □ 
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1 Introduction 

Shape preserving approximation by real polynomials of real variables on 
the compact interval [a, b] in the classical non- weighted L p [a, 6]-norms with 
< p < oo, is a well developed topic in mathematics (for a comprehensive 
treatment of the subject see for example the very recent book [3]). 

But papers concerning shape preserving weighted approximation on the 
real line seem to be almost nonexistent. In fact, the only paper we found on 
the topic is the very recent paper [5]. 

The aim of this paper is to show that the so-called L-positive approxi- 
mation method developed in [1] is powerful enough to produce new results 
in shape preserving weighted approximation. 

2 Shape Preserving Weighted Uniform Ap- 
proximation 

For a continuous weight function w : R — ► (0, 1], define the weighted space 
C W (R) = {/ : R -»■ R; / - continuous on R and lim f(x)w(x) = 0}. 

x— »±oo 

It is a linear space endowed with the norm ||/||c w (r) = sup{w(x)\f(x)\;x G 
R}. 

Also, for any r G N|J{0} define the space 

C;(R) = {/ : R - R; /W G C w (m, for all 7 = 0, 1, ..., r}, 

endowed with the norm ||/|| C r = max{||/W ||c„(R);7 = 0,l,...,r}. Clearly 
we have C°(R) = C W (R). 

In all what follows we will consider the exponential (Freud) weight 



w n (x) 



e~ lxl \ witho> 1. 
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The general results in [1] will allow us to obtain in an easy way shape 
preserving results in weighted approximation. Thus, first we obtain the fol- 
lowing results in simultaneous shape preserving weighted approximation. 

Theorem 2.1. Let r > be an even number. For any f G C£, (R) 
satisfying f^\x) > 0, for all x G R and j = 0,2,4, ...,r 7 there exists a 
sequence of polynomials (P n ) n with degree (P n ) < n, such that P„ (x) > 0, 
for all x G R, n G N and j = 0, 2, 4, ..., r and 

\\f - P n \\cr wa <CE n (f,C r Wa (R)), for all n G N, 

where C > is independent of n and f and 

E n (f, C;„(M)): = inf{||/ - PWc^P e V n }. 

Proof. If we fix r an even number and in Corollary 2.1 in [1] we take 
Hf) = / (7) , 7 = 0,2,4, ...,r, F = C r Wa (R) and define p(x) = E^o^ e 
C r w (R), then we immediately obtain the conclusion in the theorem. □ 

As an immediate consequence we obtain the following result. 

Corollary 2.2. Let r > be an even number and f G C r w (R) satisfying 
f^\x) > 0, for all x G R and j = 0,2,4, ...,r. There exists a sequence of 
polynomials (P n )nen with degree (P n ) < n, such that for every j = 0,2,4, ...,r 
we have 

lim \\PW - f {j) \\n<R) = and P^(x) > 0, Vx G R. 



Proof. Taking into account Theorem 2.1, clearly that it is sufficient to 
prove that for any fixed even number r, we have 

\imE n (f;C r Wa (R))=0. 

For this purpose, let us denote by Q n a polynomial of degree < n attached 
to / such that 

11/ - Qn\\c Wa (R) < C mf ||/ - Q\\ Cwa (R), 

with a constant c > 1. We clearly have limj^oo ||/ — <5n||c w (R) = 0. 
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But according to a classical result of Freud ([2, Theorem 4.1]) (see also 
for example [4, p. 90, Theorem 4.1.7]), this immediately will imply that 

lim \\f U) - Q^\\c wam = 0, for all 1 < j < r. 



Since 



EMC r Wa (R))<me^{\\f^-Q^\\ Cwa{R) }, 



passing to limit with n^oowe get the desired conclusion. □ 

Remark. Given r G N and / with f^ > on R and denoting 

E r n (f,C Wa (R)) := inf{||/ - P||c^ w ; P G V n , P {r \x) > 0}, 

the main result in [5, Theorem 1] is that we have 

\imE r n (f,C Wa (R)) = 0, 

n— »oo 

or equivalently, that there exists a sequence of polynomials (P„)„ e N with 
degree (P n ) < n, such that we have 

lim \\P n - f\\ Cwa (u) = and pW(x) > 0,Vx G R. 

n— *oo 

It is clear that for even rGN, Corollary 2.2 is a simultaneous approxi- 
mation-type result corresponding to Theorem 1 in [5] . 

Now, if for fixed 5 > we define as in [1, p. 483] the set M 5 (R) of 
all (5-increasing functions, by the set of functions / : R — ► R satisfying the 
property 

Ag) ~ AT) > Q) f ora n a;?7eM) | a: _ 7 | > ( 5 ?x _^ 7? 
x — 7 

applying Corollary 2.2 in [1] we immediately obtain the following. 

Theorem 2.2. For any S > 0, f G C^ a (R) f|M { (R), i/iere exzsfo a 
sequence of polynomials (P n ) n with degree (P n ) < n such that P n G M,j(R) 
for all n G N and 

11/ - PnIL < CP n (/; C Wa (R)), for all n G N, 

where C > is independent of f and n. 

Remarks. 1). Theorem 2.2 is the weighted correspondent of the non- 
weighted approximation result in [1, Corollary 3.6]. 

2) In fact, all the applicative results in the Sections 3 and 4 in [1] can 
be re-written in the weighted approximation setting, at least for Freud-type 
weights of one or several variables. 
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STABLE MIXTURE MODEL WITH DEPENDENT STATES FOR 

FINANCIAL RETURN SERIES EXHIBITING SHORT HISTORIES 

AND PERIODS OF STRONG PASSIVITY 



AUDRIUS KABASINSKAS, SVETLOZAR T. RACHEV, LEONIDAS SAKALAUSKAS, 
WEI SUN, AND IGORIS BELOVAS 



Abstract. The paper provides some analysis solutions for financial return 
series exhibiting short histories and periods of strong passivity. The mixed- 
stable law is used to fit the forex data and the self-similarity analysis is made 
as well. The power-corelation measure is used to describe the relation between 
the presented series. 



1. Introduction 

Adequate distributional fitting of empirical financial scries for financial risk fac- 
tors, such as asset returns, fix income rates, FX-rates, implied volatilities, etc., has 
a great influence on forecasting and investment decisions. Gaussian models were 
the first to be applied and became the cornerstone of much of financial economic 
theory. However, there is no sufficient empirical evidence that the classical Gauss- 
ian models adequately describe the behavior of financial scries. More specifically, 
real-world financial time series are often characterized by skewness, kurtosis, heavy 
tails, self- similarity and multifractality. Alternative distributions have been pro- 
posed. One distribution supported by empirical evidence, first observed more than 
45 years ago by Mandelbrot (1963), is the stable distribution. The advantages of 
the stable distribution for modeling financial risk factors are now well documented 
(see, for example, Rachev and Mitnik, 2000 and Rachev et ai, 2005). 

A limitation of the wide spread usage of stable distributions in the financial 
industry is that, with the exception of a few special cases, they do not have an- 
alytical distribution and density functions. They are however easily described by 
their characteristic functions (CF). Today, this limitation is overcome due to the 
availability of various numerical methods to estimate the parameters of the stable 
distribution (see Rachev and Mitnik, 2000, Stoyanov and Racheva-Iotova, 2004, 
and Nolan, 2007). 

In this paper, we look at two specific problems associated with the analysis of 
the distribution of assets financial risk factors: the short series problem and the 
stagnation problem. To overcome the short scries problem, the bootstrap method 
can be employed (see Hesterberg et al., 2003). Bootstrapping is a method for 
estimating the distribution of an estimator or test statistic by treating the data as 
if they were the population of interest. That is, the bootstrap method allows one 
to "create" from the short series a long enough series such that the series exhibits 



Key words and phrases. Passivity, mixed-stable model, forex volatility, powcr-corclation 
measures. 



269 



A. KABASINSKAS, S. RACHEV, L. SAKALAUSKAS, W. SUN, AND I. BELOVAS 

multifractality and self-similarity, two characteristics that have been often observed 
for real-world financial risk factors. 

The stagnation problem is due to the fact that a time series for some financial 
risk factors exhibit extremely strong passivity. That is, for some time periods, the 
financial risk factor does not change because there are no transactions. Assets such 
as corporate bonds, real estate, and illiquid stocks exhibit this trait, as well as the 
market for foreign exchange (forex). The same is valid for some implied volatility 
time series. The stagnation problem, which can also be referred to as the zero 
financial rcturn/ratc/volatility problems, is potentially more serious than it may 
seem. In this paper, we provide a model for dealing with this problem. We do so 
by including the following additional condition into the traditional (continuously 
distributed random variable modeling) model: The random variable is equal to 
zero with a certain (rather high) probability, otherwise it is distributed by the 
continuous (normal, stable etc.) law. More formally, we can say that we are 
extending a continuous model to the mixed one (probability mixture model) . 

Our model is applied to various daily FX and implied volatility time series and 
the distribution used is the stable distribution. After examining more than 20,000 
risk factors of a large Hedge Fund (HF) we were offered the selected 14 time se- 
ries that are difficult to be modeled with other classical methods. Those series 
are daily implied volatilities and FX-rates. We fit stable distribution using maxi- 
mal likelihood method (MLE). Goodness of fit is verified by the Anderson-Darling 
distributional adequacy test. The stability is also tested by the homogeneity test, 
based on the fundamental property of stable laws. Unfortunately, because of the 
high probability of zero value (financial risk factor is equal to zero), continuous 
distribution fitting tests (Anderson-Darling, Kolmogorov-Smirnov, etc) are hardly 
applicable (they are used only for continuous distributions) . Since the mixed-stable 
is not a continuous model, in this paper the Koutrouvelis goodness-of-fit , test based 
on the empirical characteristic function and modified \ 2 (Romanovski) test were 
used. 

Similarly with emerging stock markets Belov et al. (2006), the data set we are 
using exhibits long strings of zeros and heavy tailed distributed values outside the 
zero-strings. 

Section 2.3 deals with the distributional analysis of constancy period lengths 
of zeros. The empirical study of the 14 time series and modeling experiments 
have showed that constancy period lengths are distributed by the Hurwitz zeta 
distribution instead of the commonly used geometric distribution. Considering 
these results an improved mixed-stable model with dependent states of the log- 
changes is proposed. 

When constructing a portfolio, it is essential to determine relationships between 
underlying financial risk factors. In classical economics and statistics (i.e., where 
the data have finite first and second moments), the relationship between random 
variables (log-volatility changes, log-FX rates, returns etc.) is characterized by co- 
variance or correlation. However under the assumption of stability (non-Gaussian 
stable models) covariance and correlation (Pearson correlation coefficient) cannot 
be applied, since the variance (if the index of stability a < 2) and the mean (if 
the index of stability a ^ 1) do not exist. In this case, we can apply rank correla- 
tion coefficients (ex. Spearman or Kendall [19, 20]) or the contingency coefficient. 
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Under the assumption of stability, it is reasonable to apply generalized covariancc 
coefficients codiffcrcnce [33] or power correlation measures [5]. 

2. Methodology 

Quantative analysis methods of financial data (returns, rates, log- volatility changes, 
etc.) usually start with its distributional description and empirical parameter es- 
timation. But in problematic cases, e.g. some analyzed value repeats numerous 
times, and traditional analysis cannot be accomplished. Theoretically, probability 
that continuous random variable X is equal to any value a supposed to be equal 0, 
i.e. P{X = a)=0, but in practice (in stock and forex markets, computer networks 
etc.) this rule is broken [2, 3, 4, 5] and [18]. In such cases none of the continuous 
distributions can be used to describe the given data series. This problem is poorly 
analyzed in literature, but one approach was proposed by Belovas et al. [2] . In this 
paper we borrow the main ideas from [2] applied to the new data of interest to us. 

We analyze the following random variables 

X, = log P i+1 - log Pi 

where Pi is cither implied volatility value at day i, or FX-rate at day i. 

We start the analysis of our data set of 14 time series with empirical parameters 
estimation (mean, standard deviation, skewness, kurtosis etc.) and goodness-of-fit 
hypothesis testing 1 (Anderson-Darling). Our further analysis includes: 

(1) fit alternative non-Gaussian distributions, e.g. alpha-stable, hyperbolic 
etc.; 

• in case the data are a-stable distributed, with alpha less than 2 (second 
moment of the random variable do not exist), relations between series 
are discussed; 

(2) analyzing the self-similarity and multifractality of our time-series and calcu- 
lating Hurst index H. Recall that for Gaussian processes, H = 0.5 indicates 
Brownian motion; 0.5 < H < 1 indicates long time memory processes and 
"persistent behavior"; < H < 0.5 shows "anti-persistent behavior", see 
for example [33]; 

(3) calculating how many times the time series value is equal to zero and fitting 
the mixed distribution to the data. We are also analyzing the behavior of 
zeros in the series (how they are distributed and occur in the series, are 
they random, how they can be simulated, etc.). 

2.1. The stable distributions and an overview of their properties. Follow- 
ing the well-known definition, see [32, 33], a r.v. X has stable distribution and 
denoted 

X=S a (<r,f3,n), 
where S a is the probability density function, if X has a characteristic function of 
the form: 

cxp {-<r a ■ \t\ a ■ (1 - i(3sgn(t) tan(^)) +i^t},ifa^ 1 
exp{-cr • |i| • (l + i[3sgn{t)^ ■ log \t\) + ifj,t},i{a = 1 

Each stable distribution is described by 4 parameters: the first one and most 
important is the stability index a £ (0;2], which is essential when characterizing 



Null hypothesis: data are distributed by the normal (Gausian distribution) with the empirical 
mean and empirical variance. 
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financial data. The others, respectively are: skewness /3g[-l,l], a position fi £ R. 
the parameter of scale a > 0. 

The probability density function is 



p(x) 



1 

2^ 



+oo 



4>{t) ■ ex.p(—ixt)dt. 



In the general case, this function cannot be expressed in closed form. The infinite 
polynomial expressions of the density function are well known, but it is not very 
useful for Maximal Likelihood Estimation (MLE) because of the error estimation 
in the tails, the difficulties with truncating the infinite series, and so on. We use 
an integral expression of the PDF in standard parameterization 



p(x,a,/3,ij,,a) 



1 



• cos t 



^j./w-tan^))*. 
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Figure 1. Logarithm of the probability density function Si. 5 (1,0,0) 



It is important to note that the Fourier integrals are not always convenient to 
calculate PDF because the integrated function oscillates (Figure 1). That is why a 
new Zolotarev-type formula is proposed which does not have this problem: 

p(x,a,^,v)={ 4=^i^(^^)exp{H^r^(^^)Kif^M 
i • T (1 + i) • cos (i arctan (/? • tan (ft))) ,ifx = /x 



U a (tp,#) 



in (fa(<p + ■&)) \ I_Q /cos (I ((a -l)<p + off)) ' 



sin 



cos(^) ; V cos(^) 

where 6 = arctan (/3tan ™J — • sgn(x — p) (for properties see [2, 3]). 
If /j,=0 and <T=1, then p(x, a, /3) = p(— x, a, — /3). 
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A stable r.v. exhibit two important properties (see [18]): 

(1) If X\,X2,. ■ ■ , X n are independent r.vs. distributed as S a (a,P,ii), then 

n 

^2 Xi will be distributed as S a (a ■ n x l a , 3, /i • n). 

(2) li Xi, X 2 ,- ■ ■ , X n are independent r.vs. distributed as S a (o~, [3, u), then 

y- d_ ( n l l a ■ Xi + n ■ (n - n 1 /"),ifa ^ 1 

2-^ l ~\ n ■ X x + - ■ a ■ 3 ■ n Inn, if a = 1 
»=i *■ "■ 

Another important property is the following one: 

Let X\, X2,. ■ ■ ,X n be independent identically distributed random variables and 

1 " 
Vn = -^-^2 x k + A n , 

where B n > and A n are constants of scaling and centering. If F n (x) is a cu- 
mulative distribution function of the r.v. rj ni then the asymptotic distribution of 
functions F n (x), as n — > oo, is stable. Furthermore, for any stable distribution 
F(x), there exists a series of random variables rj n , such that their distribution 
functions F n (x) converge to F(x), as n — > oo. 

The pth moment i?|X| p = L P(\X\ P > y)dy of the random variable X exists 
and is finite only if < p < a. Otherwise, it docs not exist. 

2.1.1. Stable processes. A stochastic process {X(t),t <G T} is stable if all its finite 
dimensional distributions are stable [18, 33]. 

Let {X(t),t e T} be a stochastic process. {X(t),t e T} is a-stable if and only 

d 

if all linear combinations J^ ^>kX(tk) (here d ^1 ti,t2, ■ ■ ■ ,td € T, 61,62,. • • ,bd 

fe=i 
- real) are a-stable. A stochastic process {X(t),t£ T} is called the (standard) 
a-stable Levy motion if: 

(1) X(0)=0 (almost surely); 

(2) {X(t): t ^0} has independent increments; 

(3) X(i) - X(s) - S a ((t - s) 1 /", 3,0), for any s$ s < t < 00 and < a ^ 
2, -1 </3< 1. 

Note that the a-stable Levy motion has stationary increments. As a=2, we have 
the Brownian motion. 

2.1.2. Parameter Estimation Methods. The problem of estimating the parameters 
of stable distribution is usually severely hampered by the lack of known closed 
form density functions for almost all stable distributions [3] . Most of the methods 
in mathematical statistics cannot be used in this case, since these methods depend 
on an explicit form of the PDF. However, there are numerical methods that have 
been found useful in practice and are described in [31, 34, 35, 36] and [28]. 

Given a sample x±,. . . ,x n from the stable law, we provide estimates a, (3, fi, and 
a of a, f3, ji, and a via 

• Method of Moments (empirical CF) ; 

• Regression method. 

• MLE method 
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2.1.3. Comparison of estimation methods. We simulated a sample of 10 thousand 
members with the parameters a — 1.75, (3 = 0.5, /i — and a — 1 (see [18]). 
Afterwards we estimated the parameters of a stable random variable with different 
estimators. All the methods are statistically acceptable, but the maximal likelihood 
estimator yields the best results. From the practical point-of-view, MLE is the worst 
method, because it is very time-consuming. For large sets (^10.000 and more) we 
suggest using the regression (or moments) method to estimate a, (3 and a, then 
estimate /z by MLM (optimization only by /x) . As a starting point you should choose 
a, [3, a and sample mean, if a > 1 and a median, otherwise, for /x. For short time 
series, use MLE with any starting points (optimization by all 4 parameters). 

2.2. Analysis of process behavior. Examples of stability analysis can be found 
in the works of Rachev [6, 17, 37] and Weron [41]. In the latter paper, Weron 
analyzed the DJIA index (from 1985-01-02 to 1992-11-30. 2000 data points in all). 
The stability analysis was based on the Anderson-Darling criterion and by the 
weighted Kolmogorov criterion (D'Agostino), the parameters of stable distribution 
were estimated by the regression method proposed by Koutrouvelis [21]. The author 
states that DJIA characteristics perfectly correspond to stable distribution. 

We also verify two hypotheses: the first one - Hj is that our sample (with 
empirical mean /t and empirical variance a) follows Gaussian distribution. The 
second - H 2 is that our sample (with parameters a, f3,/i and a) follows the stable 
(non-Gaussian) distribution. Both hypotheses are examined by two criteria: the 
Anderson-Darling (A-D) method and Kolmogorov Smirnov (K-S) method. The 
first criterion is more sensitive to the difference between empirical and theoretical 
distribution functions in far quantiles (tails), in contrast to the K-S criterion that 
is more sensitive to the difference in the central part of distribution. 

To prove the stability hypothesis, other researchers [14, 27] applied the method of 
infinite variance, because non-Gaussian stable r.vs have infinite variance and thus 
the set of empirical variances,!? 2 of the random variable X with infinite variance 
diverges. 

Let xi,. . . x n be ascrics of i.i.d.r.vs X. Let n < N < oo and x„ be the mean of the 

n 

first n observations, S 12 = -^2 (xi — x„) 2 , 1 ^ n ^ N. If a distribution has finite 

n 

variance, then there exists a finite constant c < oo such that Y] (xi — x n ) 2 — ► c 

n i=l 

(almost surely), as n — > oo. Additionally, if the series is simulated by the non- 
Gaussian stable law, then the series S 2 diverges. Fofack [12] has applied this 
assumption to a series with finite variance (standard normal, Gamma) and with 
infinite variance (Cauchy and totally skewed stable). In the first case, the series of 
variances converged quickly and, in the second case, the series of variances oscillated 
with a high frequency, as n — ■> oo. Fofack and Nolan [13] applied this method in the 
analysis of distribution of Kenyan shilling and Morocco dirham exchange rates in 
the black market. Their results allow us to affirm that the exchange rates of those 
currencies in the black market change with infinite variance, and even worse - the 
authors state that distributions of parallel exchange rates of some other countries 
do not have the mean (a < 1 in the stable case). We present, as an example, a 
graphical analysis of the variance process of one of our analyzed series (Figure 2). 
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^^ Valines b tHiaoaaa 



Figure 2. Series of empirical variance of 
USD.NOK.FXO.0.0.10.25C.CP log-volatility changes 



the 



The columns in this graph show the variance at different time intervals (5 days 
period), and the solid line shows the series of variances 5^ (up to time n). One can 
see that, as n increases, i.e. n —> oo, the series of empirical variance S^ not only 
diverges, but also oscillates with a high frequency. The same situation is for mostly 
all the data sets we presented (for more see [18]). 



2.2.1. Stability by homogeneity of the data series and aggregated series. The third 
method to verify the stability hypothesis is based on the following property for sta- 
ble iid (independent identically distributed) rv's. Suppose we have an original finan- 
cial series (log- volatility changes and log-FX rates) X\, A2,. ■ ■ ,X n which we assume 
are iid and stable distributed. Let us calculate the partial sums Y\,Y2,. ■ ■ iY[n/d], 

k-d 

where Yk = X) -X-U k=l. . . [n/d], and d is the number of sum components 

i=(k-l)-d+l 

(freely chosen) . The stability implies that original Xi and derivative series Yi must 
be homogeneous (they must behave similarly and have the same properties). Ho- 
mogeneity of original and derivative (aggregated) sums was tested by the Smirnov 
and Anderson criteria {to 2 ). 

The accuracy of both methods was tested with generated sets, that were dis- 
tributed by the uniform R(-l,l), Gaussian N(0,l/v / 3), Cauchy C(0,1) and stable 
*S'i.75(l, 0.25, 0) distributions. Partial sums were scaled, respectively, by Vu, yd, d, 
(ji/i- 75_ rp^ e ^ eg j. wag re p ea t ec ] f or a total 100 times. The results of this modeling 
show that the Anderson criterion (with confidence levels 0.01, 0.05 and 0.1) is more 
precise than that of Smirnov with the additional confidence level. 

It should be noted that these criteria require large samples (of size no less than 
200), which is why the original sample must be large enough. The best choice would 
be if one could satisfy the condition n/d > 200. 
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2.2.2. Self-similarity and multifractality. Often financial time series exhibit frac- 
tionallity or self- similarity, see for example [18, 37] and the references therein. The 
Hurst indicator (or exponent) is used to characterize fractionallity. 

There are a number of equivalent definitions of self-similarity [39] . The standard 
one states that a continuous time process Y — {Y(t), t G T} is self-similar, with 
the self-similarity parameter H (Hurst index), if it satisfies the condition: 



(1) 



Y{t)=a- H Y(at), Vi e T, Va > 0, < H < 1, 



where the equality is in the sense of finite-dimensional distributions. The canonical 
example of such a process is Fractional Brownian Motion (H = Y2). Since the 
process Y satisfying (1) can never be stationary, it is typically assumed to have 
stationary increments [9]. 

Figure 3 shows that stable processes are the product of a class of self-similar 
processes and also that of Levy processes [10]. Suppose a Levy process X—{X(t), 
t ^0}. Then X is self-similar if and only if each X(t) is strictly stable. The index 
a of stability and the exponent H of self-similarity satisfy a = 1/H. 




Figure 3. Self-similar processes and their relation to Levy and 
Gaussian processes 



Consider the aggregated series X^ m \ obtained by dividing a given series of length 
N into blocks of length m and averaging the series over each block. 



X {m) (k) 



Til 



E 



X;, hercfc = 1,2 . 



[N/m] 



i— (fe— l)m+l 



Self-similarity is often investigated not through the equality of finite-dimensional 
distributions, but through the behavior of the absolute moments. Thus, consider 



AM { - m \q) = E 



i=\ 



iyx(%) =-y\x^(k)-x 



fc=l 



276 



STABLE MIXTURE MODEL 

If X is self-similar, then AM^ m '(q) is proportional to m^ q \ which means that 
In AM^ m ' (q) is linear in In m for a fixed q: 

(2) \nAM {m \q) = /3(q) In m + C(g). 

In addition, the exponent /3(g) is linear with respect to q. In fact, since X^ m \i)~m 1 ^ H X{i), 
we have 

(3) /%) = q(H - 1) 

Thus, the definition of self-similarity is simply that the moments must be propor- 
tional as in (2) and that /3(g)satisfies (3). 

This definition of a self-similar process given above can be generalized to that 
of multifractal processes. A non-negative process X(t) is called multifractal if the 
logarithms of the absolute moments scale linearly with the logarithm of the ag- 
gregation level to. Multifractals are commonly constructed through multiplicative 
cascades [11]. If a multifractal can take positive and negative values, then it is re- 
ferred to as a signed multifractal (the term "multiaffine" is sometimes used instead 
of "signed multifractal"). The key point is that, unlike self-similar processes, the 
scaling exponent [3{q) in (2) is not required to be linear in q. Thus, signed multi- 
fractal processes are a generalization of self-similar processes. To discover whether 
a process is (signed) multifractal or self- similar, it is not enough to examine the 
second moment properties. One must analyze higher moments as well. 

However this method is only graphical and linearity is only visual. 

2.2.3. Hurst exponent estimation. There are many methods to evaluate this index, 
but in literature the following are usually used [39] : 

• Time-domain estimators, 

• Frequency-domain/ wavelet-domain estimators. 

The methods: absolute value method (absolute moments), variance method (ag- 
gregate variance), R/S method and variance of residuals are known as time domain 
estimators. Estimators of this type are based on investigating the power law rela- 
tionship between a specific statistic of the series and the so-called aggregation block 
of size 777. 

The following three methods and their modifications are usually presented as 
time-domain estimators: 

• Periodogram method; 

• PWhittle; 

• PAbry-Veitch (AV). 

The methods of this type are based on the frequency properties of wavelets. 
All Hurst exponent estimates were calculated using SELFIS software, which is 
freeware and can be found on the web page http://www.cs.ucr.edu/~tkarag. 

2.3. A mixed stable distribution model. Let Y ~ B(l,p) and X ~ S a [2]. 

Let a mixed stable r. v. Z take the value with probability 1 if Y — 0, else 
Y = 1 and Z = X. Then we can write the distribution function of the mixed stable 
distribution as 

(4) 

P(Z <z) = P(Y = 0)-P(Z < z\Y = 0)+P(Y = 1)-P(Z < z\Y = 1) = p-e(z)+(l-p)-S a (z) 
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where e(x) 



0, I!$0 



is the cumulative distribution function (CDF) of the 



1, x>0 
degenerate distribution. The PDF of the mixed-stable distribution is 

f(x) = p ■ 6{x) + (1 -p) • p a (x), 

where 8(x) is the Dirac delta function. 

2.3.1. Cumulative density, probability density and characteristic functions of mixed 
distribution. For a given set of log-changes {x\ , x%, • • • , x n }, let us construct a set of 
nonzero values {x u x 2 , ■ • • , #n-fc}- The implied log-volatility of USD.CAD.FXO.0.0.7.25C.CP 
is given as an example (p = 0.402, see Figure 4). Then the likelihood function is 
given by 



(5) 



L(x,e,p)~(i-p) k p n - k Y[ Pa (x z ,t 



where 9 is the vector of parameters (in the stable case, 9 = (a, f3, p,cr)). The 
function (1 — p) k p n ~ k is easily optimized: p max = ri ^- So we can write the 
optimal CDF as 



(6) 



F(z) = S a (z, 6» max ) + -e(z), 

n n 



— 



'E? trti I 
Masd Sable 
Subfe 




Figure 4. CDF of USD.CAD.FXO.0.0.7.25C.CP. 



where the vector # max of parameters is estimated with nonzero data. 
The probability density function (see Figure 5) 



(7) 



p{z) = p a (z,9 ma ,x) + -5(z). 

n n 
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Figure 5. PDF and a histogram of USD.CADFXO.0.0.7.25C.CP. 

Finally we can write down and plot (Figure 6) the characteristic function (CF) 
of the mixed distribution. 

n— k k 

4>mix(t) = ■ <p{t) + - 

n n 
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Figure 6. Empirical, Gaussian, Stable mixed, and Stable contin- 
uous CF of USD.CAD.FXO.0.0.7.25C.CP 



The empirical characteristic function is equal to 4>(t, X) = — ^ e ltXj . 

2.3.2. Mixed model adequacy. Since we have a discontinuous distribution function, 
the classic methods (Kolmogorov-Smirnov, Anderson-Darling) do not work, and 
choose a goodness-of-fit test based on the empirical characteristic function [22, 23], 
or use a modified x 2 (Romanovski) method [20] . 
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The CF-based test of Brown and Saliu [7] is not applicable, since it was devel- 
oped for symmetric distributions. A new stability test for asymmetric (skewed) 
alpha-stable distribution functions, based on the characteristic function, should be 
developed, since the existing tests are not reliable. 

A mixed-stable model of risk factor log-changes distribution was proposed in 
[2]. Since the goodness-of-fit tests for continuous distribution functions cannot 
be implemented, the tests, based on the empirical characteristic function and a 
modified x 2 test, are used, see [2]. 

2.3.3. Modeling of stagnation intervals. We analyzed (see [18]) the following r.vs 
Xi = , if P i+ i = Pi and X t = 1 , if P i+ \ ^ Pi , where {Pi} is a set of exchange 
rates and {Xi} is a set of discrete states, following our time scries (changc=l or 
not=0). 

Empirical study of lengths distribution of zero state runs. Theoretically if states 
are independent (Bernoulli scheme), then the series of lengths of zero state runs 
should be distributed by geometrical law. However, the results of empirical tests do 
not corroborate this assumption. We have fitted the series distribution of lengths 
of zero state runs by discrete laws (generalized logarithmic, generalized Poisson, 
Hurwitz zeta, generalized Hurwitz zeta, and discrete stable). The probability mass 
function of Hurwitz zeta law is 

P(t=k) = u Siq (k + q)- s , 



k E N, q > 0, s > 1. The parameters of all discrete 



where v s , q = E(» + «)" 

\i=0 

distributions were estimated by the ML-method. 

Transformation and distribution fitting. First of all, we will show how financial 
data from our data sample are transformed to subsets length of zero state series 
and then we will fit each of the discrete distributions mentioned in above section. 
Carvalho, Angeja and Navarro have showed that data in network engineering fit 
the discrete logarithmic distribution better than the geometrical law. So we intend 
to test whether such a property is valid for our financial data. 

A set of zeros between two units is called a run. The first run is a set of zeros 
before the first unit and the last one after the last unit. The length of the run is 
equal to the number of zeros between two units. If there are no zeros between two 
units, then an empty set has zero length (Figure 7). 



Series of states 



Zero states runs 



Series of zero states runs 
lengths 




Figure 7. Data transformation 
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To transform our data (from the state series, e.g., 010011101011100110) the two 
following steps should be taken: (a) extract the zero state runs (e.g., 0.00.0.0.000.0) 
from the states series; (b) calculate the length of each run (1,2,0.0.1,1,0.0.3,0.1,). 
After the transformation, we estimated the parameters of each discrete distribution 
mentioned above and tested the nonparametric x 2 distribution fitting hypothesis. 
The mixed stable model with dependent states. Since the runs test rejects the 
randomness hypothesis of the sequence of states, the probability of states (zeros and 
ones) depends on the position in the sequence. If the lengths of states sequences 
are distributed by Hurwitz zeta law, then the probabilities of states are 

P(X n = 1|..., AVfc-i = l, X n _ k = 0, X n _ 1= 0) = ^nc N,k g Z , 

k 1 - E Pi 

3=0 

where pk are probabilities of Hurwitz zeta law; P(Xq=1) — pq. It should be noted 
that P(X n = 0\...) = l-P(X n = l\...),n,ke Z Q . 

With the probabilities of states and distribution of nonzero data, we can generate 
sequences of log-changes (interchanging in the state sequence units with a stable 
r.v.) see Figure 8 and [18]. 

Series nf zero itnrps 
11IQS ItDgttK 




-0.01 ijOS 0,20 C -0,10 0.02 Ol0O -OjOI OuM 0,M 0.32 -1 $<l -QJU2 &.9S0 



Figure 8. Simulation of passive stable series 



So, the mixed-stable modeling with dependent states is more advanced than that 
of independent (Bernoulli) states, and it requires parameter estimation by both the 
stable (a, /3, [i, a) and Hurwitz zeta (q, s) law. 

2.4. Relationship measures. In constructing a financial portfolio, it is essential 
to determine relationships between different series [18, 30]. However, under the 
assumption of stability (sets of log- volatility changes and log-FX rates are modeled 
by stable laws), the classical relationship measures (covariance, correlation) cannot 
be applied. Therefore the generalized Markowitz problem is solved by generalized 
relationship measures (covariation, codifference) . 

In the classical economic statistics (when the distributional law has two first 
moments, i.e., mean and variance), relations between two random variables are de- 
scribed by covariance or correlation. But if we assume that financial data follow 
the stable non-Gaussian law (empirical studies corroborate this assumption), co- 
variance and especially correlation (Pearson) cannot be calculated. In a case when 
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the first (a ^ 1) and the second (a < 2) moments do not exist, other correlation 
(rank, e.g., Spearman, Kendall, etc. [19]) and contingency coefficients are proposed. 
However, in the portfolio selection problem Samorodnitsky and Taqqu [33] suggest 
better alternatives, even when mean and variance do not exist. They have proposed 
alternative relation measures: covariation and codifference. 

2.4.1. Codifference. If X\ and X 2 are two symmetric i.d. [33] (with cti = a 2 = a) 
stable random variables, then the covariation is equal to 

[x 1 ,x 2 ] a = J SlS i a - 1) r(ds), 

s 2 

where a > 1 , y^ = |y|"sign (a) and T is a spectral measure of (*i, X 2 ). 

In such a parameterization, the scale parameter a x of symmetric stable r.v. 
can be calculated from [*i,*i] Q = a x . If a = 2 (Gaussian distribution), 
the covariation is equal to half of the covariance [*i,*2] 2 = 2 L Cov(*i,*2) and 
[*i,*i] 2 = a x becomes equal to the variance of X\. However, the covaria- 
tion norm of X e S a (a > 1) can be calculated as ||*|| = ([X, X] ) ' a . If 
X ~ S a (cr,0,0) (SaS case), then the norm is equivalent to the scale parameter of 
the stable distribution \\X\\ a = a . 

In a general case [29] the codifference is defined through characteristic functions 

codx.y = ln(£exp{i(*- Y))}) - ln(£exp{>*}) -ln(Eexp{-iY}) 

- In ( E C xp{i(X-Y)} \ _ , / 4>x-y 
111 \E cxp{iX}-E cxp{-iY} J ~ m \<j> x -<l>-Y 

or empirical characteristic functions 



codx y — hi 



3 = 1 



iX; . V^ c-iY, 



E e iX > ■ E 



e 



\ z^ ^ J z^ ^ J 
\j=i j=i / 

The codifference of two symmetric (SaS) r.vs X and Y (0 < a ^ 2) can be 
expressed through the scale parameters 

codx,Y = \\X£ + \\Y£-\\X-Y£ 

If a = 2, then cod Xj y = Cov (X, Y) . 
Samorodnitsky and Taqqu have showed that 

(1 - 2"" 1 ) (||*||° + \\Y\0 < codx.r < ||*||° + \\Y\C 

here 1 ^ a ^ 2, and, if we normalize (divide by ||*||" + ||^||^ ), we will get a 
generalized correlation coefficient. 

In the general case [29] , the following inequalities 

(1 - 2"- 1 ) In ( x - ^ < cod v v = In ( Ecx P {i(x-Y)} 

V 1 Z J m \ E exp{iX}E cxp{-iY} ) ** ct,u *,y ~ m I Boxp{iX}-Ecxp{-»y} 



sC In 



l 



E cxp{iX}-£ cxp{-iy} 

axe proper, and if we divide both sides by In (E exp{iX} ■ _Eexp{— iY}), we will get 
the following system of inequalities for the correlation coefficient 

, ( Ecxp{iX}-Ecxp{-iY} \ 
(1 oa-n s \ Ecxp{i(X-Y)} ) 

(1 — 2 ) < corrv y = r^ ? ; ? — ' — rv ^ 1 

V ; -ln(Ecxp{iX}-Eexp{-iY}) 
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If < a. ^ 1 this correlation coefficient is only non-negative, and if a = 2, = 0, 
then —1 $J corrx,Y — Px,y ^ 1 is equivalent to the Pearson correlation coefficient. 
Significance of codifference. The significance of the Pearson correlation coefficient 
is tested using Fisher statistics and that of the Spearman and Kendall coefficients, 
respectively, are tested using Student and Gaussian distributions. But it is likely 
that there are no codifference significance tests created. In such a case, we use the 
bootstrap method (one of the Monte-Carlo style methods). The following algorithm 
to test the codifference significance is proposed: 

(1) Estimate stable parameters {a, (3, a and p) and stagnation probability p 
of all equity series; 

(2) Estimate relation matrix of measure p (covariation or codifference) for every 
pair of equities series; 

(3) Test the significance of each p^ by the bootstrap method: 

(a) generate a pair of two ith and jth mixed-stable (with estimated para- 
meters) series, and proceed to the next step; 

(b) calculate the fcth relation measure pf-, between the ith and jth series; 

(c) repeat (a) and (b) steps for fc = 1, ...,N (for example, 10000) times; 

(d) construct ordered series of estimates p\ • ; 

(c) if p\j ' '' < p t j ^ p\j ' , then the significance of p^ is rejected 

with the confidence level 0.05, i.e., it is assumed that p^ = . 
(f) repeat 3a — 3f steps for each pair of equities i and j. 

2.4.2. Generalized power- correlation measures. In [5] the power correlation mea- 
sures was introduced, with three standardizations (absolute and median deviation, 
and universal). 

Definition 1. The power- correlation measure is defined as a function of two ran- 
dom variables X and Y 

N 

Xj—p-x _ Yj—p,y 



s.x 



E 

P(X,Y) = 1-^- 

E * 
»=i 

here 7 = min(ax,CKY) is an existing moment of r.v., p, and s, are standardization 
constants, ax and ay are estimates of stability parameters of random variables X 
and Y respectively. 

In the general case, p, is the estimate of the location parameter, s. = a, is 
the estimate of the scale parameter. Depending on 7 three standardizations was 
proposed [5]: the universal one (for general case), and two special standardizations: 
absolute deviation standardization (for 1 < 7 < 2, when the mean exists) and 
median standardization (for 7 < 1). 

Definition 2 (Universal standardization). The centering and normalization con- 
stants (/t, and s. respectively) are equal to the estimates of the location and scale 
parameters respectively. 

This standardization method could be applied with every possible stability index. 
Note that if 7=2, then p, and s, can be replaced by the mean and the standard 
deviation respectively. 
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Definition 3 (Absolute deviation standardization). In the case when 7 € (1;2), 
then the centering and normalization constants (/}. and s # respectively) are equal to 

n 

the mean fix of underlying series X and the absolute deviation sx = J"^ \Xi — fx\ 

n i=i 
respectively. 

Definition 4 (Median standardization). In the case when 7 < 1 (as well as in 
the general case), then the centering constant /x, can be replaced by the median m, 
and the normalization constant s, by the following normalization constant §x = 
median \ X — mx\- 

The norm of codifference and power correlation measures indicates the strength 
and direction of a linear relationship between two random variables. Depending on 
the moment 7, these relation measures are bounded [33]: 

1-2 7 " 1 ^ p(X,Y) ^ 1. 

In the general statistical usage, they refer to the departure of two variables from 
independence. However, if p(X, Y) = 0, we cannot say that random variables X 
and Y are independent. 

3. Description of the data 

As we already mentioned in the introduction, a large HF will model and forecast 
around 20,000 risk variables such as equity returns, interest rates, bond yields, FX 
rates, volatility surfaces, etc. Very often such scries exhibit strings of zero values 
and heavy tailed distributed values otherwise. An example of such daily time scries 
selected from those 20,000 was offered to be analyzed and it is given in Table 1. 

Table 1 . Empirical characteristics of data sets and criterion prob- 
abilities of Anderson Darling 



Nr Data set 




Empirical characteristics Nr. of Nr. of 




A 


a 71 72 Probab. obs. zero 
of A-D daily 
crit. data 



1 CHF.JPY.FXO.0.0.10.25C.CP a 

2 CHF.JPY.FXO.0.0.7.ATM.CP 

3 EUR.JPY.FXO.0.0.10.25C.CP 

4 GBP.NOK.FXO.0.0.3.25C.CP 

5 USD.CAD.FXO.0.0.7.25C.CP 

6 USD.GBP.FXO.0.0.10.25C.CP 

7 USD.JOD.CCY.CP 

8 USD.MXN.FXO. 0.0.5. 25C.CP 

9 USD.MXN.FXO. 0.0.5.ATM.CP 

10 USD.NOK.FXO.0.0.10.25C.CP 

11 USD.NZD.FXO.0.0.3.ATM.CP 

12 USD.NZD.FXO.0.0.7.ATM.CP 

13 USD.SEK.FXO.0.0.10.25C.CP 

14 USD.UAG.CCY.CP. 






0.028 


1.176 


32.34 


- 


1439 


520 


-0.0002 


0.020 


0.642 


32.19 


- 


1439 


521 


0.0001 


0.028 


2.692 


44.12 


- 


1640 


502 


-0.0001 


0.013 


1.596 


24.46 


- 


1439 


69 


0.0004 


0.019 


2.040 


55.45 


- 


1443 


580 


0.0001 


0.012 


0.807 


19.03 


- 


1443 


564 





0.001 


-0.101 


27.25 


- 


2488 


1773 


-0.0004 


0.014 


-1.467 


32.17 


0.999 


1640 


672 


-0.0003 


0.014 


-1.115 


31.49 


0.999 


1640 


687 


0.0001 


0.021 


0.814 


16.23 


0.999 


1443 


277 


0.0004 


0.014 


6.300 


123.1 


- 


2288 


1044 





0.016 


-1.45 


34.71 


0.999 


1443 


514 


0.0001 


0.018 


0.695 


15.61 


0.999 


1443 


233 


-0.0004 


0.009 


-4.350 


82.39 


- 


2488 


189 



1 CHF.JPY.FXO.0.0.10.25C.CP means that we analyze JPY/CHF implied volatility of call option, 
with a delta equal to 0.25, with 10 days to maturity. The probability of A-D crit. shows the 
p probability of Anderson-Darling adequacy test with normal distribution. (-) means that A-D 
goodncss-of-fit test is completely rejected for any significance level. Here fi is an empirical mean, 
a is a standard deviation, 71 is empirical skewness and 72 is empirical kurtosis. 
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In our illustrations, we use a data scries for daily foreign exchange rates (series 
7 and 14) and option volatilities of foreign exchange rates (other series in Table 1). 
The first three symbols are ticker of the first currency; the second three symbols are 
ticker of the second currency; the next three symbols FXO means implied volatility 
and CCY means the spot exchange rate; the numbers following FXO indicate the 
time to maturity of the option in terms of years, months, and days (for example, 
0.0.10 would mean option with a time to maturity of years, months and 10 days, 
see note of Table 1). "ATM" means an at-the-money call option and "25C" is a call 
option with a delta equal to 0.25. We use different pairs of exchange rates with the 
length of each series being different and ranging from 1,439 observations to 2,488 
observations. The average number of observations is 1,694. Most importantly for 
our study, the number of zero daily data differs, from as few as 4.79% to a high 
of 71.26% with an average of 33.23% . Information about the data series length is 
provided in Table 1. 

As Table 1 shows, some of the data series are strongly asymmetric (71), and the 
empirical kurtosis (72) shows that density functions of the series are more peaked 
than that of the Gaussian distribution. Consequently, consistent with the findings 
of other studies and Anderson-Darling goodness-of-fit test, we conclude that the 
Gaussian models are inappropriate. So we proceed to the stability (non-Gaussian) 
analysis of the series. 

3.1. Application of mixed-stable model. Since we have found several zeros 
(repeating value) in our series (see Table 1) we start with the mixed-stable model 
parameters estimation (see Section 2.3.1). The results of parameter estimation for 
14 forex implied volatility and exchange rate series are given in Table 2. 

Table 2. Stability parameters of 14 series. 



Nr. Scries 



1. CHF.JPY.FXO.0.0.10.25C.CP 

2. CHF.JPY.FXO.0.0.7.ATM.CP 

3. EUR.JPY.FXO.0.0.10.25C.CP 

4. GBP.NOK.FXO.0.0.3.25C.CP 

5. USD.CAD.FXO.0.0.7.25C.CP 

6. USD.GBP.FXO.0.0.10.25C.CP 

7. USD.JOD.CCY.CP 

8. USD.MXN.FXO.0.0.5.25C.CP 

9. USD.MXN.FXO.0.0.5.ATM.CP 

10. USD. NOK.FXO. 0.0.10. 25C.CP 

11. USD.NZD.FXO.0.0.3.ATM.CP 

12. USD.NZD.FXO.0.0.7.ATM.CP 

13. USD.SEK.FXO.0.0.10.25C.CP 

14. USD.UAG.CCY.CP 



.05 < 


-0.00387 


-4.3E-05 


0.001165 


0.361 


.255604 


0.021663 


-0.00181 


0.001915 


0.362 


.146631 


-0.47731 


-0.03653 


0.012211 


0.306 


.05 < 


-0.02908 


-0.0016 


0.003229 


0.048 


.066127 


0.047113 


0.000873 


0.001951 


0.402 


.05 < 


0.101149 


0.003961 


0.002856 


0.391 


.186602 


-0.02678 


-6.1E-05 


9.78E-05 


0.713 


.05 < 


-0.10462 


-0.00289 


0.001925 


0.410 


.05 < 


0.120186 


0.002893 


0.00174 


0.419 


.12673 


0.131193 


0.002027 


0.004701 


0.192 


.184021 


-0.4117 


-0.00182 


0.001925 


0.456 


.186487 


0.752788 


0.031052 


0.008517 


0.356 


.199201 


-0.06614 


-0.00175 


0.005031 


0.161 


.475154 


0.471805 


0.001717 


0.001316 


0.076 



The results of goodness-of-fit test based on the empirical characteristic function 
and modified \ 2 (Romanovski) methods are similar (match in 9 and 12 cases) and 
presented in Table 3. The result shows that in 12 cases out of 14 the goodness-of-fit 
hypothesis were not rejected for mixed-stable law. More detailed results of stable- 
mixed model fitting are given in Table 4. One can see that when the number of 
"zeros" increases, the mixed model fits the empirical data "better". 



Actually the A-D criterion hypotheses of full scries stability were rejected in all cases. 
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Table 3. Results of goodness-of-fit tests (accepted/rejected cases) 

Fit Method Gaussian Mixed Gaussian Stable Mixed-stable 

Modified \ 2 0/14 0/14 0/14 9/14 

Empirical CF 0/14 0/14 0/14 12/14 

Anderson-Darling 0/14 - 0/14 

Table 4. Mixed model fit dependence on the number of zeros in series 



Number of 


Number of 


Fits 


mixed 


Fits mixed model 


"zeros" 


such 


series 


model 


(x 2 , 


%) 


(Empirical CF, % ) 


<0.1 


2 











100 


0.1-0.2 


2 




50 






50 


0.2-0.3 







- 






- 


0.3-0.4 


5 




60 






80 


0.4-0.5 


4 




100 






100 


0.5-0.6 







- 






- 


0.6-0.7 







- 






- 


0.7-0.8 


1 




100 






100 


0.8-0.9 







- 






- 



3.1.1. Analysis of zeros distribution. As mentioned in Section 2.3.3, theoretically 
the series of zeros should be distributed by the binomial law and the lengths of 
these series should be distributed by the geometrical law, however, from Table 5 
we can see that other laws fit our data (12 series) much better. It means that zero 
state series from our data are better described by the Hurwitz zeta distribution. 

Table 5. Distribution of zero state scries 



Signif. 
level 


Hurwitz 
zeta 


Generalized 

Hurwitz 

zeta 


Generalized 
logarithmic 


Discrete 
stable 


Poisson 


Generalized 
Poisson 


Geometrical 


0.01 
0.025 
0.05 
0.1 


92.86% 
92.86% 
78.57% 

71.43% 


85.71% 
78.57% 
71.43% 
64.29% 


0.00% 
0.00% 
0.00% 
0.00% 


21.43% 
7.14% 
7.14% 
7.14% 


57.14% 
42.86% 

28.57% 
28.57% 


0.00% 
0.00% 
0.00% 
0.00% 


0.00% 
0.00% 
0.00% 
0.00% 



This result allows us to assume that zero-unit states are not purely independent. 
The Wald-Wolfowitz runs test [24] corroborates this assumption for almost all series 
from the given Forex list. The inner series dependence was tested by the Hoel [16] 
criterion on the order of the Markov chain. It has been concluded that there are 
no zero order series or Bernoulli scheme series. 99% of given series are higher than 
4th-order Markov chains with (f> = 0.1% significance level. 

3.2. Analysis of series behavior. There was performed a test described in Sec- 
tion 2.2.1. The homogeneity of aggregated and full series was tested only by the An- 
derson criterion. Partial series were calculated by summing <i=10 and 15 elements 
and scaling with d 1 ' a . Following the fundamental stability statement, one may draw 
a conclusion that for USD.GBP.FXO.0.0.10.25C.CP and USD.NOK.FXO.0.0.10. 
25C.CP the hypothesis on stability is acceptable. However, if we remove the 
zeros from the series we will also see that the hypothesis on stability cannot 
be rejected for USD.NZD.FXO.0.0.7. ATM.CP, USD.NZD.FXO.0.0.3ATM.CP, 
USD.MXN.FXO.0.0.5ATM.CP, USD.MXN.FXO.0.0.5.25C.CP, USD.JOD.CCY.CP, 
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Full series 




Without zeros 


Multifractal Self-similar 


Multifractal 


Self-similar 



































1 1 


1 




1 


1 










1 










1 










1 


1 







1 1 










1 


1 







1 













1 




1 


1 


1 







1 
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USD.GBP.FXO.0.0.10.25C.CP, USD.CAD.FXO.0.0.7.25C.CP and CHF.JPY.FXO.O. 
0.7.ATM.CP. 

Having these results we may then proceed to analysis of rnultifractality and self- 
similarity. Result of absolute moments method for full series and series without 
zeros is given in Table 6. 

Table 6. Results of rnultifractality and self-similarity analysis for 
full series and series without zeros 

Nr. Series 

~T CHF.JPY.FXO.0.0.10.25C.CP 

2. CHF.JPY.FXO.0.0.7.ATM.CP 

3. EUR.JPY.FXO.0.0.10.25C.CP 

4. GBP.NOK.FXO.0.0.3.25C.CP 

5. USD.CAD.FXO.0.0.7.25C.CP 

6. USD.GBP.FXO.0.0.10.25C.CP 

7. USD.JOD.CCY.CP 

8. USD.MXN.FXO.0.0.5.25C.CP 

9. USD.MXN.FXO.0.0.5.ATM.CP 

10. USD.NOK.FXO.0.0.10.25C.CP 

11. USD.NZD.FXO.0.0.3.ATM.CP 

12. USD.NZD.FXO.0.0.7.ATM.CP 

13. USD.SEK.FXO.0.0.10.25C.CP 

14. USD.UAG.CCY.CP 
Total TO 2 5 2 

Finally only 2 indices are self-similar (Table 6): GBP.NOK.FXO.0.0.3.25C.CP 
and USD.MXN.FXO.0.0.5.ATM.CP. However if we remove the zeros from the series 
GBP.NOK.FXO. 0.0.3. 25C.CP. and USD.NZD.FXO.0.0.7.ATM.CP are self-similar. 

3.3. Relation analysis. In this section tables of following relation measures are 
given: 

• norm of codifference (Table 7) ; 

• Pearson correlation coefficient (Table 8); 

• power-correlation coefficient in universal case (Table 9); 

• power-correlation coefficient with absolute deviation standardization (Table 
10); 

• power-correlation coefficient with median standardization (Table 11); 

The first one is used only for alpha-stable distributed data. The second one is 
used in case the second moment of an underlying random variable exists. The three 
last relation measures may be used for any data, if the highest existing moment 
of the series is known. The latest measures (as also the first one) are bounded 
1 — 2 7_1 ^ p{X 1 Y) ^ 1 (here 7 = miii(ax , ay) > 1 is an existing moment), and, 
when 7^1, these measures gives only a non-negative results. 

The risk factor sets of CHF.JPY.FXO. 0.0. 10.25C.CP, CHF.JPY.FXO.0.0.7ATM. 
CP, and EUR.JPY.FXO.0.0.10.25C.CP have large correlation, USD.MXN.FXO.0.0. 
5.25C.CP and USD.MXN.FXO.0.0.5ATM.CP have large correlation, USD.NOK. 
FXO.0.0.10.25C.CP and USD.SEK.FXO.0.0.10.25C.CP have large correlation, 
USD.NZD.FXO.0.0.3. ATM.CP and USD.NZD.FXO.0.0.7.ATM.CP have large cor- 
relation. The other pairs have small correlation or are uncorrelatcd. The factors 
power-relation measures are given (Tables 9-11). 
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Table 7. Norm of codiffcrcnce for 14 series 





l a 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


1 


1.00 


0.66 


0.80 


0.01 


0.00 


-0.03 


0.00 


-0.01 


0.00 


0.00 


0.00 


0.05 


-0.03 


0.00 


2 


0.66 


1.00 


0.62 


0.05 


-0.02 


0.05 


0.00 


0.02 


0.04 


0.14 


0.02 


0.05 


0.08 


0.00 


3 


0.80 


0.62 


1.00 


0.00 


0.01 


-0.02 


0.00 


-0.01 


-0.01 


0.11 


-0.02 


0.05 


0.10 


0.00 


4 


0.01 


0.05 


0.00 


1.00 


-0.01 


0.20 


0.00 


0.10 


0.10 


0.03 


0.11 


0.05 


0.08 


0.00 


5 


0.00 


-0.02 


0.01 


-0.01 


1.00 


0.01 


0.00 


0.03 


0.03 


0.05 


0.01 


0.04 


0.06 


-0.01 


6 


-0.03 


0.05 


-0.02 


0.20 


0.01 


1.00 


0.00 


0.16 


0.17 


0.10 


0.06 


0.02 


0.07 


0.00 


7 


0.00 


0.00 


0.00 


0.00 


0.00 


0.00 


1.00 


0.00 


0.00 


0.00 


0.00 


0.00 


0.00 


0.00 


8 


-0.01 


0.02 


-0.01 


0.10 


0.03 


0.16 


0.00 


1.00 


0.98 


0.05 


0.11 


0.01 


0.07 


0.00 


9 


0.00 


0.04 


-0.01 


0.10 


0.03 


0.17 


0.00 


0.98 


1.00 


0.05 


0.11 


0.01 


0.07 


0.00 


10 


0.00 


0.14 


0.11 


0.03 


0.05 


0.10 


0.00 


0.05 


0.05 


1.00 


-0.02 


0.00 


0.86 


0.00 


11 


0.00 


0.02 


-0.02 


0.11 


0.01 


0.06 


0.00 


0.11 


0.11 


-0.02 


1.00 


0.52 


0.00 


-0.01 


12 


0.05 


0.05 


0.05 


0.05 


0.04 


0.02 


0.00 


0.01 


0.01 


0.00 


0.52 


1.00 


0.04 


-0.01 


13 


-0.03 


0.08 


0.10 


0.08 


0.06 


0.07 


0.00 


0.07 


0.07 


0.86 


0.00 


0.04 


1.00 


0.00 


14 


0.00 


0.00 


0.00 


0.00 


-0.01 


0.00 


0.00 


0.00 


0.00 


0.00 


-0.01 


-0.01 


0.00 


1.00 



a Note: For numeration sec Table 1. 



Table 8. Pearson correlation coefficient 





l a 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


1 


1.00 


0.70 


0.80 


0.02 


0.01 


-0.05 


0.00 


-0.02 


0.00 


-0.01 


0.00 


0.06 


-0.03 


-0.02 


2 


0.70 


1.00 


0.65 


0.06 


-0.02 


0.06 


0.00 


0.03 


0.05 


0.14 


0.03 


0.05 


0.09 


-0.02 


3 


0.80 


0.65 


1.00 


0.00 


0.01 


-0.03 


0.00 


-0.02 


-0.01 


0.12 


-0.03 


0.06 


0.11 


-0.02 


4 


0.02 


0.06 


0.00 


1.00 


-0.01 


0.20 


0.04 


0.10 


0.10 


0.03 


0.11 


0.05 


0.08 


-0.01 


5 


0.01 


-0.02 


0.01 


-0.01 


1.00 


0.01 


0.01 


0.03 


0.03 


0.05 


0.01 


0.04 


0.06 


-0.08 


6 


-0.05 


0.06 


-0.03 


0.20 


0.01 


1.00 


0.01 


0.16 


0.17 


0.13 


0.06 


0.02 


0.09 


-0.01 


7 


0.00 


0.00 


0.00 


0.04 


0.01 


0.01 


1.00 


0.01 


0.00 


0.05 


0.02 


-0.03 


0.05 


0.00 


8 


-0.02 


0.03 


-0.02 


0.10 


0.03 


0.16 


0.01 


1.00 


0.99 


0.06 


0.11 


0.01 


0.08 


-0.01 


9 


0.00 


0.05 


-0.01 


0.10 


0.03 


0.17 


0.00 


0.99 


1.00 


0.06 


0.11 


0.01 


0.08 


-0.01 


10 


-0.01 


0.14 


0.12 


0.03 


0.05 


0.13 


0.05 


0.06 


0.06 


1.00 


-0.02 


0.00 


0.87 


-0.01 


11 


0.00 


0.03 


-0.03 


0.11 


0.01 


0.06 


0.02 


0.11 


0.11 


-0.02 


1.00 


0.55 


0.00 


-0.02 


12 


0.06 


0.05 


0.06 


0.05 


0.04 


0.02 


-0.03 


0.01 


0.01 


0.00 


0.55 


1.00 


0.04 


-0.03 


13 


-0.03 


0.09 


0.11 


0.08 


0.06 


0.09 


0.05 


0.08 


0.08 


0.87 


0.00 


0.04 


1.00 


0.01 


14 


-0.02 


-0.02 


-0.02 


-0.01 


-0.08 


-0.01 


0.00 


-0.01 


-0.01 


-0.01 


-0.02 


-0.03 


0.01 


1.00 



' Note: For numeration sec Table 1. 



One can easily compare the traditional relation measures (see Tables 7 and 
8) with the presented power-correlation measures (see Tables 9-11). The risk 
factors sets of CHF.JPY.FXO.0.0.10.25C.CP, CHF.JPY.FXO.0.0.7.ATM.CP, and 
EUR.JPY.FXO.0.0.10.25C.CP have strong relation, USD.MXN.FXO.0.0.5.25C.CP 
and USD.MXN.FXO.0.0.5.ATM.CP have strong relation, USD.NOK.FXO.0.0.10. 
25C.CP and USD.SEK.FXO.0.0.10.25C.CP have strong relation, USD.NZD.FXO.0. 
0.3.ATM.CP and USD.NZD.FXO.0. 0.7.ATM.CP have strong relation. The other 
pairs have weak relation or arc unrelated. This means that it is more correct to use 
power-correlation measures for series that are stable distributed instead of Pearson 
correlation. 

4. Conclusions 

Parameter estimation methods and software have been developed for models 
with asymmetric stable distributions. The efficiency of estimation methods was 
tested by simulating the series. Empirical methods are more effective in time, but 
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Table 9. Power-correlation coefficient in universal case 





l a 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


1 


1.00 


0.70 


0.78 


0.26 


0.19 


0.15 


0.10 


0.14 


0.14 


0.22 


0.17 


0.16 


0.21 


0.20 


2 


0.70 


1.00 


0.61 


0.27 


0.22 


0.21 


0.12 


0.19 


0.19 


0.27 


0.21 


0.18 


0.26 


0.22 


3 


0.78 


0.61 


1.00 


0.26 


0.19 


0.15 


0.10 


0.14 


0.14 


0.24 


0.17 


0.16 


0.24 


0.20 


4 


0.26 


0.27 


0.26 


1.00 


0.21 


0.21 


0.12 


0.18 


0.18 


0.22 


0.22 


0.18 


0.25 


0.22 


5 


0.19 


0.22 


0.19 


0.21 


1.00 


0.16 


0.07 


0.14 


0.14 


0.19 


0.14 


0.14 


0.18 


0.11 


6 


0.15 


0.21 


0.15 


0.21 


0.16 


1.00 


0.04 


0.22 


0.22 


0.26 


0.15 


0.12 


0.20 


0.07 


7 


0.10 


0.12 


0.10 


0.12 


0.07 


0.04 


1.00 


0.06 


0.06 


0.08 


0.06 


0.03 


0.07 


0.11 


8 


0.14 


0.19 


0.14 


0.18 


0.14 


0.22 


0.06 


1.00 


0.99 


0.15 


0.15 


0.11 


0.15 


0.07 


9 


0.14 


0.19 


0.14 


0.18 


0.14 


0.22 


0.06 


0.99 


1.00 


0.15 


0.14 


0.11 


0.15 


0.07 


10 


0.22 


0.27 


0.24 


0.22 


0.19 


0.26 


0.08 


0.15 


0.15 


1.00 


0.16 


0.14 


0.83 


0.12 


11 


0.17 


0.21 


0.17 


0.22 


0.14 


0.15 


0.06 


0.15 


0.14 


0.16 


1.00 


0.67 


0.17 


0.08 


12 


0.16 


0.18 


0.16 


0.18 


0.14 


0.12 


0.03 


0.11 


0.11 


0.14 


0.67 


1.00 


0.15 


0.07 


13 


0.21 


0.26 


0.24 


0.25 


0.18 


0.20 


0.07 


0.15 


0.15 


0.83 


0.17 


0.15 


1.00 


0.11 


14 


0.20 


0.22 


0.20 


0.22 


0.11 


0.07 


0.11 


0.07 


0.07 


0.12 


0.08 


0.07 


0.11 


1.00 



a Note: For numeration see Table 1. 

Table 10. Power-correlation coefficient with absolute deviation standardization 





l a 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


1 


1.00 


0.69 


0.76 


0.17 


0.13 


0.16 


0.04 


0.12 


0.13 


0.19 


0.15 


0.15 


0.18 


0.10 


2 


0.69 


1.00 


0.62 


0.19 


0.14 


0.22 


0.03 


0.17 


0.17 


0.23 


0.18 


0.16 


0.21 


0.11 


3 


0.76 


0.62 


1.00 


0.16 


0.14 


0.17 


0.03 


0.13 


0.13 


0.23 


0.15 


0.16 


0.23 


0.11 


4 


0.17 


0.19 


0.16 


1.00 


0.18 


0.27 


0.07 


0.22 


0.21 


0.22 


0.25 


0.20 


0.25 


0.17 


5 


0.13 


0.14 


0.14 


0.18 


1.00 


0.16 


0.03 


0.13 


0.13 


0.18 


0.13 


0.13 


0.17 


0.06 


6 


0.16 


0.22 


0.17 


0.27 


0.16 


1.00 


0.03 


0.22 


0.22 


0.27 


0.15 


0.12 


0.20 


0.06 


7 


0.04 


0.03 


0.03 


0.07 


0.03 


0.03 


1.00 


0.04 


0.04 


0.05 


0.04 


0.02 


0.04 


0.06 


8 


0.12 


0.17 


0.13 


0.22 


0.13 


0.22 


0.04 


1.00 


0.99 


0.15 


0.15 


0.11 


0.15 


0.05 


9 


0.13 


0.17 


0.13 


0.21 


0.13 


0.22 


0.04 


0.99 


1.00 


0.15 


0.14 


0.11 


0.15 


0.05 


10 


0.19 


0.23 


0.23 


0.22 


0.18 


0.27 


0.05 


0.15 


0.15 


1.00 


0.17 


0.14 


0.84 


0.10 


11 


0.15 


0.18 


0.15 


0.25 


0.13 


0.15 


0.04 


0.15 


0.14 


0.17 


1.00 


0.67 


0.17 


0.06 


12 


0.15 


0.16 


0.16 


0.20 


0.13 


0.12 


0.02 


0.11 


0.11 


0.14 


0.67 


1.00 


0.14 


0.05 


13 


0.18 


0.21 


0.23 


0.25 


0.17 


0.20 


0.04 


0.15 


0.15 


0.84 


0.17 


0.14 


1.00 


0.08 


14 


0.10 


0.11 


0.11 


0.17 


0.06 


0.06 


0.06 


0.05 


0.05 


0.10 


0.06 


0.05 


0.08 


1.00 



a Note: For numeration see Table 1. 



the maximal likelihood method (MLM) is more effective (for real data) in the sense 
of accuracy (Anderson-Darling goodncss-of-fit test corroborate that). It should be 
noted that MLM is more sensitive to changes of the parameters a and a. 

Empirical parameters of 14 risk factors series have been estimated. Most of the 
series are very asymmetric (0.5 < |7i| < 6), and the empirical kurtosis (72 7^ 0) 
suggests that the probability density function of the series is more peaked and 
exhibits fatter tails than the Gaussian one. The normality hypothesis is rejected 
by the Anderson-Darling and Kolmogorov-Smirnov goodness-of-fit tests. 

An experimental test of the series homogeneity shows that for the stable series 
with asymmetry the Anderson test is more powerful than the Smirnov one. The 
Anderson test for the 14 series shows that 2 series are homogeneous with their 
aggregated series and 8 series when the zeros are removed are homogeneous with 
their aggregate series. 

The analysis of self-similarity and multifractality by the absolute moments 
method, indicates that 10 scries arc multifractal and concurrently 2 of them are 
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Table 11. Power-correlation coefficient with median standardization 





l a 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


1 


1.00 


0.72 


0.71 


0.12 


0.12 


0.16 


0.01 


0.09 


0.09 


0.13 


0.09 


0.12 


0.11 


0.06 


2 


0.72 


1.00 


0.62 


0.16 


0.13 


0.22 


0.01 


0.10 


0.10 


0.17 


0.12 


0.14 


0.15 


0.07 


3 


0.71 


0.62 


1.00 


0.13 


0.12 


0.17 


0.01 


0.07 


0.07 


0.16 


0.11 


0.14 


0.15 


0.07 


4 


0.12 


0.16 


0.13 


1.00 


0.14 


0.21 


0.01 


0.06 


0.06 


0.22 


0.24 


0.20 


0.25 


0.16 


5 


0.12 


0.13 


0.12 


0.14 


1.00 


0.18 


0.01 


0.08 


0.08 


0.13 


0.09 


0.12 


0.12 


0.08 


6 


0.16 


0.22 


0.17 


0.21 


0.18 


1.00 


0.00 


0.11 


0.11 


0.20 


0.09 


0.11 


0.14 


0.09 


7 


0.01 


0.01 


0.01 


0.01 


0.01 


0.00 


1.00 


0.01 


0.01 


0.00 


0.00 


0.00 


0.00 


0.01 


8 


0.09 


0.10 


0.07 


0.06 


0.08 


0.11 


0.01 


1.00 


0.99 


0.03 


0.02 


0.03 


0.02 


0.04 


9 


0.09 


0.10 


0.07 


0.06 


0.08 


0.11 


0.01 


0.99 


1.00 


0.03 


0.02 


0.03 


0.03 


0.04 


10 


0.13 


0.17 


0.16 


0.22 


0.13 


0.20 


0.00 


0.03 


0.03 


1.00 


0.16 


0.13 


0.82 


0.13 


11 


0.09 


0.12 


0.11 


0.24 


0.09 


0.09 


0.00 


0.02 


0.02 


0.16 


1.00 


0.52 


0.17 


0.15 


12 


0.12 


0.14 


0.14 


0.20 


0.12 


0.11 


0.00 


0.03 


0.03 


0.13 


0.52 


1.00 


0.14 


0.11 


13 


0.11 


0.15 


0.15 


0.25 


0.12 


0.14 


0.00 


0.02 


0.03 


0.82 


0.17 


0.14 


1.00 


0.14 


14 


0.06 


0.07 


0.07 


0.16 


0.08 


0.09 


0.01 


0.04 


0.04 


0.13 


0.15 


0.11 


0.14 


1.00 



a Note: For numeration sec Table 1. 



self-similar. On the other hand, if we remove the zeros from the series, there remain 
only 5 multifractal and 2 self-similar series. This is because the series becomes too 
short for multifractality analysis. 

A mixed stable model of log- volatility changes and log-FX rates distribution has 
been proposed. We introduced the probability density, cumulative density, and the 
characteristic functions. Empirical results show that this kind of distribution fits 
the empirical data better than any other. 

Since goodness-of-tests tests for continuous distribution functions cannot be im- 
plemented, the tests, based on the empirical characteristic function (Koutrouvclis) 
as well as modified x 2 , are used. The experimental tests have shown that, if the 
stability parameter a and the number of zeros are increasing, than the validity of 
the tests is also increasing. 

The statistical analysis of the stagnation intervals has been made. Empirical 
studies showed that the length series of the state runs of our financial data are 
better described by the Hurwitz zeta distribution, rather than by geometric distri- 
bution. Since scries of the lengths of each run are not geometrically distributed, 
the state series must have some internal dependence (Wald-Wolfowitz runs test cor- 
roborates this assumption). A new mixed-stable model with dependent states has 
been proposed and the formulas for probabilities of calculating states (zeros and 
units) have been obtained. Adequacy tests of this model are hampered by inner 
series dependence. 

The inner series dependence was tested by the Hoel [16] criterion on the order 
of the Markov chain. It has been concluded that there are no zero order series or 
Bernoulli scheme series. 

When constructing an optimal portfolio, it is essential to determine possible rela- 
tionships between different data series. However, under the assumption of stability 
traditional relationship measures (covariance, correlation) which cannot be applied, 
since (1.26 < a < 1.78). In such a case, codifference and power-correlation mea- 
sures are offered. The significance of these measures can be tested by the bootstrap 
method. 
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Abstract 

We prove unique continuation results for the gradient of solutions to second order 
elliptic equations with a strict sign condition on the potential. Some information on 
the Lebesgue measure of the nodal set of the gradient of solutions is also obtained. Such 
results are useful in nonlinear partial differential equations. A counterexample of Hartman 
and Wintner suggests that our results are sharp in some sense. Our method of proof is 
based in part on L p -estimates, a "reverse" Caccioppoli's type inequality derived herein, a 
doubling condition established by Garofalo and Lin, and the de Giorgi-Nash-Moser type 
iteration procedure. 

Keywords: Elliptic equations; Gradient unique continuation; Sign condition; L p -estimates; 
Doubling condition; Iteration procedure. 

1 Introduction 

Let $1 C M. N , N > 3, be a connected open set. We consider the second order elliptic partial 
differential equation 

Hu := - d'w(A(x)Vu) + b(x)-Vu + V(x)u = in Q., (1) 

where \b\ € L^ C (S7), V € L lo ' c (Q), and A(x) = (aij(x)) is a real symmetric matrix with 
(uniformly) Lipschitz continuous entries such that there exists a constant \i £ (1, oo) with 

ArW<<^)£,0</^l 2 (2) 

for all x e n and all f <E R N . 

We are interested in studying different types of unique continuation property on the 
gradient \Vu\ of nontrivial solutions to Eq. (1). We first give some relevant definitions. 

By a solution to Eq. (1) we mean a function u £ H\ oc (Q) such that 

(A(x)Vu,V<p) + / (b(x), Vu)(p+ / V(x)ucp = for all <p e Cj[(n). (3) 
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Note that by the interior regularity properties of (weak) solutions to Eq. (1) (see e.g. [6], 
Theorem 8.8, or more precisely [12], Chapter 3, Section 10), it follows that u G H? (O). 
Actually, it is also known that u G L^ C (S7) (see e.g. [12], Chapter 3, Section 14, Theorem 
14.1 and Remark 1). 

Definition 1 A function v G Lf oc (Q) vanishes of infinite order at a point xq G $7 if for each 

ken, 

J v 2 dx = 0{R k ) asR^O. (4) 

J \x— xo\<R 

Definition 2 The operator H has the strong unique continuation property on the gradient 
in 0, if the only solution to Hu = such that | Vu\ vanishes of infinite order at a point xq G 0, 
is u = 0. 

Definition 3 The operator H has the unique continuation property on the gradient in Q if 
the only solution to Hu = such that |Vu| vanishes in a subset of £1 of positive (Lebesgue) 
measure is u = 0. 

Definition 4 The operator H has the weak unique continuation property on the gradient in 
Q if the only solution to Hu = such that |Vu| vanishes in an open subset of £1 is u = 0. 

There is an extensive literature on the unique continuation property of nontrivial solutions, 
u, to Eq. (1). Significantly improving upon previous results obtained by Amrein, Berthier 
and Georgescu [1], Hdrmander [9], Protter [16], Schechter and Simon [17] and others, Jerison 
and Kenig [11] proved sharp unique continuation results in L p -spaces (V G L loc (O)) for 
nontrivial solutions, u, to the Schrodinger operator — Au + V(x)u. (Also see Jerison [10] 
for a simpler proof.) Their result was extended by Stein [21] to the case of the Lorentz 
space, V G L loc '°°(S7), with a "small norm" condition. Their method of proof was linked to 
Carleman's type inequalities and the harmonic analysis of the Laplace operator. These results 
were shown to be sharp in that context by counterexamples constructed by Wolff [22]. The 
variable coefficients case was taken up in Sogge [20] where it is assumed that a^ G C°°(f2) 
(also see Hartman and Wintner [8]), and Garofalo and Lin [4, 5] and Hdrmander [9] where it is 
assumed that the entries aij(x) are (uniformly) Lipschitz continuous, with additional growth 
conditions on the potential V and the drift coefficient b in Eq. (1). In an other context, the 
(TV — l)-dimensional Hausdorff measure of the nodal set of solutions was considered by Hardt 
and Simon in [7]. More references may be found in these papers. 

However, to our knowledge, very little has been done concerning unique continuation 
property on the gradient, \Vu\, of nontrivial solutions to Eq. (1). In [4], Garofalo and Lin 
proved that, if b = and V = 0, then the gradient, |Vu|, of a solution cannot vanish of 
infinite order at a point, unless u = constant. Since the gradient of the solution was shown 
in [5] to be an A q weight of Muckenhoupt, it cannot vanish on a set of positive (Lebesgue) 
measure either, provided u ^ constant. 

Their approach cannot be extended to problems with lower order terms, i.e. with V ^ for 
instance. Actually, they mentioned (without references) in [5], p. 352, that these statements 
may not be true for V ^ 0, even when V G C°°(0) and N = 1. It appears to us that this 
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fact may have been suggested by a 1955 paper of Hartman and Wintner [8] (see e.g. Sections 
1 and 2 in [8]). 

For problems with lower order terms, an obvious way to prevent constant functions from 
being (local) eigenfunctions of Eq. (1) is to assume that V{x) ^ a.e. in $7. However, as 
suggested by a counterexample in [8], p. 452, this condition may not be sufficient for strong 
unique continuation property on the gradient. The counterexample in [8] is of the form 
V{x) = u"(x)/u(x), where «(0) = 1 and u(x) = 1 ± exp(— x~ 2 ) for i/0. An analysis of 
this counterexample shows that the potential V does not change sign in a neighborhood of 
the point x = 0, where the gradient (of the solution) vanishes of infinite order. However, V 
does not satisfy a strict sign condition in that neighborhood either. Slightly modifying this 
example by considering V(x) = u"(x)/u(x), where now u(x) = 1 + xexp(— x~ 2 ) for x ^ 0, it 
is easy to see that V changes sign in every neighborhood of x = 0. In either case, the non- 
constant function u satisfies the differential equation —u" + V(x)u = and u'(x) vanishes 
of infinite order at x = 0. Thus, the strong unique continuation property on the gradient 
does not hold. This discussion clearly shows that the problem of unique continuation of the 
gradient, |Vu|, has different features than that of unique continuation of the solution, u, 
itself. 

Therefore, unless otherwise mentioned, we shall assume throughout that the potential V 
satisfies the following strict sign condition: 

V(x) < —e a.e. in S7, (5) 

for some real number e > 0. (The case V{x) > e a.e. in O will be treated in a similar way.) 

It is the purpose of this paper to show that this (natural) strict sign condition implies the 
(strong) unique continuation property on the gradient of solutions to Eq. (1) (see Section 2). 
Furthermore, we obtain some information on the (Lebesgue) measure of the nodal set (the 
set of zeros) of the gradient of nontrivial solutions. More precisely, we prove that this set has 
(Lebesgue) measure zero (see Section 3). Such results are also useful in nonlinear boundary 
value problems (see e.g. Nkashama and Robinson [14, 15] and references therein). The above 
counterexample of Hartman and Wintner seems to indicate that our results are sharp in the 
sense that a strict sign condition on the potential V is needed for strong unique continuation 
property on the gradient. 

Let us mention that, in a different setting, namely in scattering theory, a (strict) sign 
condition (in some sense) plays an important role in proving the absence of positive eigenva- 
lues (that is, eigenvalues embedded in the continuous spectrum) for Schrodinger operators. 
The eigenfunctions (and their first order derivatives) associated with such eigenvalues are 
rapidly decreasing at infinity in the L 2 -sense, provided the potential has a certain decaying 
behavior at infinity. We refer to Hormander [9], Section 5, and Simon [18, 19]. 

Our method of proof is based in part on L p -estimates, a "reverse" Caccioppoli's type 
inequality derived in Section 2, a doubling condition established by Garofalo and Lin [4, 5], 
and the de Giorgi-Nash-Moser type iteration procedure which we use in Section 3. 

Furthermore, unless otherwise indicated, we shall assume throughout that the drift coef- 
ficient b and the potential V satisfy the following additional growth conditions in the neigh- 
borhood of a possible point of singularity (see e.g. Garofalo and Lin [5] and Hormander 
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For every xo £ Q, there exist a constant ro > 0, an increasing function h : (0, ro) — ► R + with 

rro /j( r ) 

ar < oo, 

o r 

and a constant Co > such that 

\u w^n K\ x ~ x d\) i , T/ / m^^ /i(|x-x |) 

o(x) <C — j j— and \V{x)\<C Q - ^- (6) 

|x — a?o| F ~~ x o| 

for all x G -B ro (xo) n O, where 5 ro (xo) ={i£ K : |x — xo\ < ro}. (Note that this condition 
is in particular satisfied if |6| G i~ c (fi) and V G L^ c (fi).) 

As mentioned above, it is known that, under the above conditions, with the exception 
of the sign condition (5), the operator H enjoys all of the above three types of unique 
continuation property on the solution u itself. We refer to de Figueiredo and Gossez [3], 
Garofalo and Lin [4], [5], Hormander [9], Jerison [10], Jerison and Kenig [11], Sogge [20] and 
references therein. 

2 Strong Unique Continuation 

We wish to prove the following main result of this section. 

Theorem 1 The operator H has the strong unique continuation property on the gradient in 
CI; that is, |Vit| cannot vanish of infinite order at a point, unless u = 0. 

The following result is an immediate consequence of Theorem 1. 

Corollary 1 The operator H has the weak unique continuation property on the gradient in 

n. 

A more general result than Corollary 1 actually holds. Indeed, it is obvious that the operator 
H has the weak unique continuation property on the gradient in if V{x) ^ a.e. in £1. 

The following result will be useful in the proof of Theorem 1. (Note that this result does 
not require the growth conditions (6) on b and V .) 

Lemma 1 Let u € H^ (fi) be a solution to Eq. (1), and let B ro C ft be an open ball. 
Then there exist a positive constant Ci, depending on A and V , and a positive constant C%, 
depending on u, b, V and B rQ , such that for every concentric balls B r and i?2r contained in 
B ro , we have 

[u 2 <C 2 \\[ \Vu\ 2 + f |Vu| 2 l+C 3 f/ \Vu\A . (7) 

J B r U JB 2 r J Bit J \JB 2 r J 

The constants C 2 and C3 do not depend on r. 
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Proof. Pick ip e Cg°(n) with (p G C^(B 2r ) such that ip = 1 in B r , and \V<p\ < 2/r. Using 
the function «<^ 2 as a test function in the definition (3) by density, we get 

V(x)u 2 <p 2 = / (A(x)Vu,Vu)p 2 + 2 / (A(x)Vu, V<p)u(p + / (6(x), Vu)u<p 2 ; 
n in Jn Jn 

that is, 



/ V{x)u 2 p 2 = (A(x)Vu,Vu)p 2 + 2 / (A(x)X7u,X7ip)u<p + (b{x),Vu)u<p 2 . 

J EJ2r J D2r J Blr J B'2r 



Using Cauchy-Schwarz and Young inequalities, it follows that for every 5 > there is a 
constant C$ > such that 

-/ U(x)uV < / fi\Vu\ 2 ip 2 + 25 f u 2 ip 2 + C 5 [ fi 2 \Vp\ 2 \Vu\ 2 

J B2r J B2r J B2r J B2r 

„2 



+ \<P |l«(0) / (|«||6(x)|)|V«|; 

JB 2r 

which, by the inequality (5) and Holder's inequality (used twice), implies that 
e I u 2 p 2 < I (w 2 + fi 2 C 6 \Vp\ 2 )\Vu\ 2 + 25 f uV 

J D2r J B2r J B2r 

1/2 



+ \V 2 \L°°(n)\u\L2*(B r() )\ b \LN(B rQ ) ( 



|Vn| 2 



B 2r 



where 2* = 2N/{N — 2) is the Sobolev critical exponent, and \i > is the ellipticity constant 
appearing in the inequality (2). Therefore, choosing 5 sufficiently small such that 25 < e, 
and taking into account the fact that ip = 1 in B r and |V</?| < 2/r in B2 r , we deduce that 
there exit a constant C2 > 0, depending on A and V, and a constant C3 > 0, depending on 
u, b, V and B ro , such that 



[u 2 <^[ \Vu\ 2 + C 2 f \Vu\ 2 + cJ[ \Vu\ 2 \ 

JB r r JB 2 r JB 2r \JB2r J 



1/2 

|Vn| 2 ] 

' D2r J B2r \J B2r 

The proof is complete. 



Remark 1 An analysis of the proof of Lemma 1 shows that, if \b\ G Lj^ ' (fi), the third term 
in the right hand side of the inequality (7) may be omitted. Thus, the constant appearing in 
Lemma 1 would be independent of r and u as well. It suffices to use Young's inequality on 
J B (uip)(ip\b(x)\\Vu\). In this case the constant C2 > also depends on \b\x J o r^ r y 

Proof. (Theorem 1) Let u G H* (Q) be a solution to Eq. (1). If |Vn| vanishes of infinite 
order at some point xq, it follows from the definition (4) and the inequality (7) that for k = 3, 
we have 



/ 2 

J \x— xo\<R 



a- dx = 0(R 3 ' 2 ) + 0(R 3 ) + 0(R 3/2 ) = O(R) as R -> 0, 



298 M.N. NKASHAMA 

UNIQUE CONTINUATION ON THE GRADIENT 

since R < 1. Moreover, for each k £ N, k even with k > 4, we have 

u 2 dx = 0(R k ~ 2 ) + 0{R k ) + 0(R k ' 2 ) = 0(R k / 2 ) as R -> 0, 



L 



\x—xq\<R 

since R<1, and k-2> k/2 for A; > 4. 

Thus, the solution u vanishes of infinite order at xq. The conclusion of Theorem 1 then 
follows from the results on strong unique continuation property on the solution u. We refer 
to Garofalo and Lin [5] and Hdrmander [9] (also see Jerison and Kenig [11], and Sogge [20]). 
The proof is complete. 

Note that if b = 0, then Theorem 1 holds true when aij G C°°(Sl) and V G L^(9), 
without assuming the growth condition (6) on the potential V. This follows from Remark 1 
and the results of Sogge [20]. (Also see Jerison [10], and Jerison and Kenig [11].) 

In order to obtain some information on the Lebesgue measure of the set of zeros of the 
gradient of nontrivial solutions to Eq. (1), we have, in the spirit of Remark 1, the following 
result; which may be thought of as a "reverse" Caccioppoli's type inequality (see Section 3). 
It is motivated by Poincare and Wirtinger's type inequalities. 

Lemma 2 Let u € Hy (Si) be a solution to Eq. (1), and let B ro C Q be an open ball, where 
without loss of generality we assume that ro < 1. Then there exists a positive constant C&, 
depending on u, A, b, V and B ro , such that for every concentric balls B r and i?2r contained 
in B ro , we have 

[ u 2 <^[ \Vu\ 2 . (8) 

The constant C4 does not depend on r. 

The proof of Lemma 2 will depend in part on the following doubling condition which was 
established in [5]. 

Lemma 3 [5] Let u S H^ (SI) be a solution to Eq. (1), and let B rv C Si be an open ball, 
where without loss of generality r^ is sufficiently small. Then there exists a positive constant 
C\, depending on u, N , A, b, V and B ro , such that for every concentric balls Br and B2R 
contained in B ro , we have 

u 2 < d I u 2 . (9) 

B 2R Jb r 

The constant C\ does not depend on R. 

Proof. (Lemma 2) An analysis of the proof of Lemma 1 shows that 

ef u 2 (p 2 < I (n^ 2 + fi 2 Cs\V V \ 2 )\Vu\ 2 + 25 I u 2 (p 2 



+ l^ 2 |L°°(a)klL2*( B2r )|6| L AT( Bro ) f 



iVd 2 



B 2r 



1/2 



/ 2 2 

e J u ip 


< 


/ (w 2 + fi 2 C s \V^\ 2 )\Vu\ 2 + 25 / u 2 <p 2 + C 


Jb 2t 




J D2r J B2r 
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By the Sobolev Imbedding Theorem, there is a constant C" > 0, which may be chosen 
independent of r, such that 



>B 2r 



Using Young's inequality once more and the doubling condition (9), we get 

ef uV < / (^ 2 + ^ 2 C 6 \V^\ 2 )\Vu\ 2 + 25 I «V + CVU~(n) f \Vu\ 2 
+ C 7 C\<p 2 \ Loo{Sl) \ I |Vn| 2 + 7 CCV 2 |L- ( n) / u 2 . 

Therefore, by choosing 8 > and 7 > sufficiently small such that 

25 + 1 CC'\v 2 \ Lao{n) <e/2, 
the inequality (8) follows. The proof is complete. 

Remark 2 It is easy to see that all the above results hold true if the potential V G L loc (0) 
satisfies the growth condition (6) with V positive; that is, V{x) > e a.e. in $7, for some real 
number e > 0. □ 

3 Nodal Set of the Gradient 

Next, we will be interested in getting some information on the Lebesgue measure of the nodal 
set; that is, the zero set of the gradient |Vu| of solutions to Eq. (1). To do so, we assume 
that V S L^ C (Q) and \b\ G L^ c (n). We have the following result. 

Proposition 1 Let u € H\ oc (fl) be a solution to Eq. (1). If |Vu| = on a set S C fi of 

positive (Lebesgue) measure, then both |Vn| and \u\ vanish of infinite order at a.e. point of 
S. 

As an immediate consequence of Proposition 1 and Theorem 1 we deduce the following main 
result of this section. 

Theorem 2 The operator H has the unique continuation property on the gradient in O; that 
is, |Vu| cannot vanish on a set of positive (Lebesgue) measure, unless u = 0. 

To prove Proposition 1, we wish to first derive interior estimates of the L 2 -norm of the 
second derivatives of an arbitrary function u G H 2 oc (Q) in terms of the L 2 -norms of the 
functions u, |Vu| and the values of the elliptic operator Hu. For that purpose, let us write 
the elliptic operator Hu in the following equivalent form (for u £ H 2 oc (£l)): 

Hu := —aij(x)DijU + ai{x)DiU + V(x)u, 
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where ai(x) = — Dj(a,ij(x)) +bi(x), Diu = du/dxi, DijU = d 2 u/dxidxj, etc..., and the 
summation convention is understood. We have the following interior estimate. (Note that 
in obtaining this interior estimate we may assume that V £ L, ($1), \b\ £ L^ C (J7), and the 
growth conditions (6) are not required.) 

Lemma 4 There exists a constant C > such that for all u £ H 2 (Q), 

I V I Diju\ V < C ( i {Hufip 2 + [ \Vip\ 2 \Vu\ 2 + [ |Vu| V 
Jn ■ -1 \Jn Jn Jn 

+ f(V(x)u) 2 ip 2 , (10) 

Jn 

where ip £ Cq°(0,) is any given function. The constant 

C = C(n~ ,7V, lojjlco.i^), |&lx,jv c (n)) 

is independent of u and the values of ip on its support. (In \b\ L N <q\, the word "loc" refers to 
a subset of 0, containing the support of ip in £1.) 

Proof. It suffices to prove (10) for all u £ C°°(Q) PI H 2 (Q), since the inequality (10) for 
u £ H 2 oc (Q) follows from a density argument (see e.g. Theorem 7.9 in [6], p. 154). 
Using the above definition of the operator Hu, we obtain 

(Hu) 2 ip 2 = aij(Diju)a k i(D k iu)(p 2 + 2 (aijDiju)(akD k u + Vu)ip 2 

n Jn Jn 

+ / (a k D k u + Vu) V- 
Jn 

By twice integrating by parts the first term on the right, we get 

a ij (D i ju)a k i(D k iu)p 2 = - [aija k iD k iju(Diu)ip 2 + Dj{a i ja k iif 2 )D k iuD i u\ 
\ Jn 

= / [a ij a k i{D ik u){D j iu)ip 2 - Dj(aija k i<p 2 )D k iuDiU 
Jn 

+D k (a ij a k i(p 2 )D lj uD i u\ . (11) 

Using the inequality (7.6) in [12], Chapter 3, Section 7, the first term in the right hand side 
of (11) may be estimated by 

N 



n 



/ aijakiDikuDjiwp 2 > fi 2 / Y] \D. 
Jn Jn ■ j=1 



,2 2 
ijU\ (f . 



Therefore, 

N 



\ f y, ia^iv 2 < !{hu)\ 2 



+ / [Dj(aija k iip 2 )D k iuDiU- D^aijakicp^DijuDiu] (12) 
Jn 



2 / (aijDiju)(a k D k u + Vu)(p - / (a k D k u + Vu) if 
Jn Jn 



2,„2 
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Let us consider the terms containing the derivatives of <p; that is, part of the second term 
in the right hand side of the inequality (12). By Young's inequality, we have that, for every 
8>0, 

N 

/ a ijak i(D k iuD jV - D lj uD k ip)2i P D i u<5 / V | Aj«|V + ^C / |Vc^| 2 |Vu| 2 , 
Jn Jn • ■_! Ja 

where the constant C = C [N, \(Hj\l°°(Ci)) > 0- Similarly, the remaining terms of the second 
term in the right hand side of the inequality (12) may be estimated by 

TV 

/ [Dj(aija k i)(pD k iu- D k (aijaki)(pDiju}ipDiU < 5 V] \Diju\ 2 ip 2 + <5 -1 C" / |Vu|V 2 , 
Jn Jn • •_! Jci 

where the constant C" = C" (N, |ajj|c;o,i(n)) > 0. 

Now, let us consider the term f^a 2 \D k u\ 2 tp 2 that appears in the third and last terms 
in the right hand side of the inequality (12), and let us estimate the term J^ \b k \ 2 \D k u\ 2 (p 2 
included in it. 

Since \b\ G L^ (CI) and ip has compact support in Cl, it follows from a result of Brezis and 
Kato [2], p. 139, Lemma 2.1, that for every 5 > 0, 

/ \b k \ 2 \cpD k u\ 2 < 5 [ \V(pD k u)\ 2 + C 5 f \^D k u\ 2 , 
Jn Jn Jn 



where the constant C$ = C$ ( N, \b k \ L N r Q \ J > 0. (In |6fc| L iv ,q\, the word "loc" refers to a 
subset of Cl containing the support of <p in Cl.) Thus, 



N 



f \b k \ 2 \ipD k u\ 2 <S [ V |Aj«| V + 5 f \V<p\ 2 \ D k u\ 2 + C 5 I \D k u\ 2 <p 2 . 
Jn Jn . ._, Jn Jn 

Finally, collecting all the above estimates (and similar ones), where 5 > is chosen 
sufficiently small, and using the inequality (12), we have that the inequality (10) follows. 
The proof is complete. 

Proof. (Proposition 1) For a.e. point xq £ S, let us set 

LU (R) := [ |V«| 2 , 

Jb r 
where Br = {x £ Cl : \x — xq\ < R}. We will show that for every k £ N, 

wo(.R) = 0(R k ) as R -> 0; (13) 

which implies that |Vu| vanishes of infinite order at xq. 

Since S is a set of positive (Lebesgue) measure, it is known that a.e. point xo £ S is a 
cluster point in measure (also referred to as a point of density of S); that is, 

lim A (5 n B R ) /\{B r ) = 1, and henceforth, lim A ([Cl \ S] n Br) /\{B r ) = 0, 

R — >0 R — »0 
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where as above Br = {x £ S7 : \x — xq\ < R}, and X(Br) denotes the (Lebesgue) measure 
of Br. Note that the latter is equivalent to saying that for every 77 > there exists Rq = 
Roiv) > such that 

A ([n \ S] n B R ) < T}\(B R ) for all R < R . (14) 

Without loss of generality, we may asssume that Rq < 1. Using Holder's inequality, the 
inequality (14), and the Sobolev Imbedding Theorem, we deduce that 

MR) < c'( v x(BRn[n\s})f N \Vu\ 2 L2 , {BRnms]) 



< CW /N R 2 lj2\^\h { B R) + J BR E\D ljU A (15) 



for all R < Ro, since |Vu| = on S. (The constant C" > is also independent of R.) 

Moreover, by (local) L 2 -estimates for elliptic operators; i.e. Lemma 4 where (p is picked 
as a cut-off function; that is (p £ C^(B2r), (p = 1 in Br and | V</?| < 2/R, we have 



r N ( 1 

JB R - j=1 \n 



N 

\h(B 2R) ), (16) 



where C = C(iV, // x , laylc ' 1 ^^ )> \^\l n (b r )) > is a constant independent of R, as R — ► 0. 
Using the estimate (16) with V G L£° (fi), and the fact that, by Lemma 2, 

u 2 <^f \Vu\\ 

B 2R •« Jfi 4 fl 

for some constant C" > independent of i?, as R — ► 0, we deduce from the inequality (15) 
that M R ) < -^ir? 2/Af ^o(4i?) for all R such that 4i? < R ; that is, 



w 



(i?/4) < K ir j 2/N MR) for an # < Ro, (17) 



where K\ > is a constant independent of R, as i? — > 0. 

Note that the inequality (17) implies that cjo satisfies the assumptions of Lemma 8.23 in 
[6], where r G (0, 1/4] is any number, 7 = K~ir] 2 ' N and <r = 0. Therefore, ujq{tR) < ^ojo(R) 
for all R<R . 

Now, we shall use the inequality (17) to prove the assertion (13). To do so, let k £ N be 
given, and let us pick r\ > sufficiently small such that (1/4) < Kit] 2 ' < 1. (Note that, in 
this way, Ro depends on A;.) Since r < 1/4, it follows that, for any (3 G (0, 1), 

T (i-/3)- 1 fe < (i/^U-/?)- 1 * < (i/ 4 ) fe < Kl r, 2 l N = 7, 

which immediately implies that 

fc<(l- / 9)(log7/logr). 
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Therefore, the conclusion of the (short) proof of Lemma 8.23 in [6] (see e.g. [6], p. 202), which 
uses the de Giorgi-Nash-Moser type iteration procedure, yields 

1 / R \ ( 1_ ^)( 1o st/ 1o s t ) 1 / R \ k 



MR) < -MRo) hr ^ -Uo(Ro) -5- for all R < Ro. 

7 \ R oJ 7 \R(s 

Thus, the assertion (13) follows. Finally, the inequality 

n 2 < & f | Vn |2 



Br R2 JB 2R 

and the assertion (13) imply that for every k £ N, k > 3, 

I u 2 = 0{R k ~ 2 ) as R ->■ 0; 

JB R 

which shows that u also vanishes of infinite order at xq. The proof is complete. 

Remark 3 It is easy to see that all the above results hold true if the potential V G L£°,(S7) 
with V positive; that is, V{x) > e a.e. in £1, for some real number e > 0. □ 
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COMPOSITION OPERATORS FROM THE HARDY 

SPACE TO ZYGMUND-TYPE SPACES ON THE UPPER 

HALF-PLANE AND THE UNIT DISC 

STEVO STEVIC 



Abstract. The paper characterizes the boundedness of the composition oper- 
ator C v f(z) = f(ip(z)) from the Hardy space H P (X), p > 0, where X is the up- 
per half-plane 11+ = {z G C : Imz > 0} or the unit diskB ={zeC: \z\ < 1} 
in the complex plane C, to Zygmund-type spaces, where <p is an analytic self- 
map of X. 



1. Introduction 

Let LT+ be the upper half-plane, that is, the set {z e C : Imz > 0}, D the open 
unit disc in C, dm(z) the normalized Lebesgue area measure on D, i.e. m(O) = 1, 
and H(X) the space of all analytic functions on X which may be 11+ or D. 

The Hardy space H P (H + ), p > 0, consists of all / <E H(H + ) such that 



H/llffpfru) = SU P / \f( x + iy)\ P dx < oo. 

With this norm H P (H + ) is a Banach space when p > 1, while for p E (0, 1) it 
is a Frcchet space with the translation invariant metric d(f,g) = \\f — g\\ p HP , n y 
f,geHP(Il + ). 

The Hardy space H P (B), p > 0, consists of all / E H(D) such that 

\\f\\ P H* m = sup / |/(re w )|*- < oo. 

^ ' 0<r<lJo ^TT 

Some information on Hardy's spaces can be found in [4] and [5]. 

Let fi(z) be a positive continuous function on X (weight) and n € No be fixed. 
The n-th weighted-type space on X, denoted by WjP (X) consists of all / € H(X) 
such that 

b W (n) (x)(f) : = su PV-(z)\f (n) (z)\ <°o. 

fv„ (A) zeX 

For n = the space is called the weighted-type space and denoted by H™(X), 
for n — 1 it is called the Bloch-type space and denoted by B„(X), and for n = 2 it 
is called the Zygmund-type space and denoted by Z /1 (X). 

For the special case when X = n+, /j,(z) = Im z and n = is obtained the growth 
space *4oo(n+) = Aoo, for n — 1 the Bloch space ^oo(n+) = B^, and for n = 2 the 
Zygmund space Z(H + ) = Z, which was introduced in [28]. For Bloch-type spaces 
on the unit disk, polydisk or the unit ball, see, e.g., [2, 12, 22, 27, 31, 35, 37] and 
the references therein. 
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bz^x) ■= sup (j,{z)\f"{z)\ 

zGX 



is a seminorm on the Zygmund-type space Z^X) or a norm on Z^(X)/Vi, where 
Pi is the set of all linear polynomials. A natural norm on the Zygmund-type space 
can be introduced as follows 

ll/lk(x) = |/(o)| + |/'(o)| + 6^ w (/), 

where a G X. With this norm the Zygmund-type space becomes a Banach space. 

Note that for X = 11+ and /i(z) = y is obtained the space Z(H + ) on which the 
following norm can be introduced 

||/IU(n+) := |/(»)l + 1/(01 + sup Imz\f"(z)\. 

zen + 

For X = D and /j,(z) = 1 — \z\ 2 is obtained the classical Zygmund space on the 
unit disk, on which a norm is introduced as follows 



l/IU(D) := l/(0)| + |/'(0)| + sup(l - |z| 2 )|/"(z)|. 



,yi - p' 2 ' 

z£B 

For some information on the Zygmund space on the unit disk and some operators 
on it, see, for example, [1], [7], [10], [11], [14]. For the Zygmund space on the unit 
ball and some operators on it, see, e.g., [15], [16], [30], [37] and [38]. 

The following results, regarding the cases n = 0, 1, 2 were proved in [20] and [28]. 

Theorem A. Assume p > 1 and tp is a nonconstant holomorphic self-map o/II+. 
Then the following statements true hold. 

(a) The operator C v : H p (Tl + ) — ► Aoo(^-+) is bounded if and only if 

Imz 

sup r < oo. 

zen + (Im<^(^))p 

(b) The operator C v : H P (H + ) — ► yB 00 (n + ) is bounded if and only if 

sup Imz — r < oo. 

zen + (lmip(z)) p 

(c) The operator C v : H P (T1 + ) — ► Z(H + ) is bounded if and only if 

W{z)\ 2 . T W'{z)\ 
sup Imz r < oo and sup Imz r < oo. 

zen + (Im(^(z)) p zen + (Im<p(z)) » 

A natural problem is to extend Theorem A for the case p € (0,1) and with a 
general weight fi, as well as to obtain the corresponding results in the setting of 
the unit disc. Here we give some answers to these questions by characterizing the 
boundedness of the operator C v : H P (X) — > Z(X), where p > and X = 11+ or 
X = D. Let X and Y be topological vector spaces whose topologies are given by 
translation-invariant metrics dx and dy, respectively, and T : X —> Y be a linear 
operator. It is said that T is metrically bounded if there is a K > such that 
d Y (Tf,0) < Kdx{f,0) for all / <G X. When X and Y are Banach spaces, the 
metrically boundedness coincides with the usual definition of bounded operators 
between Banach spaces. If we say that an operator is bounded it means that it is 
metrically bounded. 
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Somewhat older results on composition and weighted composition operators can 
be found, e.g., in [3], while some recent results can be found, e.g., in [1, 2, 6, 8, 
9, 13, 14, 17, 18, 19, 20, 21, 23, 24, 25, 26, 28, 29, 32, 33, 34, 36, 39] (see also the 
related references therein). 

Throughout this paper, constants are denoted by C, they are positive and may 
differ from one occurrence to the other. The notation a ■< b means that there is 
a positive constant C such that a < Cb. Moreover, if both a <b and b < a hold, 
then one says that a x b. 

2. Auxiliary results 

This section gives several auxiliary results which are used in the proofs of the 
main results of the paper. 

Lemma 1. Assume that p > 0, n G No and w G II + . Then the function 

Jw,n( z ) ~ _ | 2 ■ (*■) 

(Z — w) p 

belongs to H P (H + ). Moreover sup men ||/uj,n||.ffp < ir 1 ' p . 
Proof. Let z = x + iy and w = u + iv. Then, we have 



\fw,n\\ P HP = sup / \fw.n(x + iy)\ p dx 
y>0J-oc 

= (Imu;) np+1 sup ' 



y>oJ-oo \z - w\ np \z - w\ 2 

r°° dr 

< v np+l sup / m — 

y>o7-oo ((y + v) 2 ) 2 ((x - u) 2 + (y + v) 2 ) 

< v np+1 sup 7 1 ^— f 7 P^ -dx 

y>0 (V + «)" P+1 J-oo {x - u) 2 + (y + v) 2 
v np+l roo df 



where we have used the change of variables x — u + t{y + v). D 
Lemma 2. Assume that p > 0, n G No and w G D. Then the function 

yw,n\ z ) — _ , 2 J \ z l 

(1 — wz) P 
belongs to H P (D). Moreover sup^gp ||<7, Uj rc.||.Hp < oo. 

Proof. By [4, p. 65], we have 

_ f 2 * (i - | W | 2 )^ +i do (i-| W | 2 r+ i _^ 

WvAh,-™*^ |1 - wre"^ 2 ^ o<^i (1 - |H0 np+1 °' 

as claimed. D 



The following lemma is certainly folklore. We will present a proof here for the 
completeness and for the benefit of the reader. 
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Lemma 3. Assume that p > 0, n G No and w G II + . Then there is a positive 
constant C independent of f such that 



|/(">(*)| <c ll/l|gp f +) 



( 3 ) 
y p 

Proof. Let z = x + iy € C be fixed. By the subharmonicity of the function |/| p , 
p > 0, we have that 

I/Ml* 5 < A / |/MI P dmM 

^2/ Jd(z, V /2) 

< — * / / l/(C + «?)l p dC*7 

^y Jy/2 Jx-y/2 

* 4 ll/f -(n + )' < 4 > 

where D(z, y/2) = {z G C | |z - w\ < y/2}. 
From (4) it follows that 

C 
sup |/(u)| < - T T D \\f\\ H p{n + )- (5) 

|u-z|<i,/4 y 1/p 

On the other hand, by the Cauchy's inequality we have that 

|/(«) (z) |<£ sup |/(„)|, (6) 

V \u-z\<y/4 

for some C independent of /. From (5) and (6) inequality (3) follows. □ 

For the case of the unit disc, we have the following estimate (see, e.g., [5]). 

Lemma 4. Assume that p > 0, n G No and w G D. Then there is a positive 
constant C independent of f such that 

\fM(z)\<C ll/l|gP ( p \ . (7) 

3. Main results 
In this section we formulate and prove our main results. 

Theorem 1. Assume p > and ip is a nonconstant holomorphic self-map of D. 
Then C v : H p (fS>) — > Z M (D) is bounded if and only if 

sup PV ;|V ^ v n . < oo (8 

^e» (1- |^(2r)| 2 ) 2 +p 

and 

sup m ;|y v n . < oo. (9) 

*eD(l-|¥>(*)| 2 ) * 

Moreover, if the operator C' v : H P (J}) — » Z M (D)/Pi is bounded, then 

\\r\\ -sun MfMML 2 ,, 1in MgMMJ nm 

iiwiih*(d)-^ m (d)/p 1 -&up- — ..,. 2+ i + &u p- — , , ,,,,1+1 ■ ^ 10 ) 

zGB (1 - |¥?(z)| 2 ) p z£B (1 - |</?(z)| 2 ) + p 
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Proof. First assume that the operator C v : H P (D) — > Z M (D) is bounded. 
Using the test function f(z) ez£ _ff p (D) (note that ||z||ijP(B) = 1), we obtain 



sup n(z)\<p" (z)\ = \\C v (z)\\ Zli (p) < \\C v \\ H t.(p)_ Zli (p) < oo. 



(11) 



ztl 



By using the test function f(z) = z 2 E H P (D) (note that ||z 2 ||_hp(b) = 1), we get 
2supn(z)\ip(z)<p"(z) + {v'{z)) 2 \ = ||C V (« 2 )|U (d) < \\C v \\ H ,(p)^ 2 q>) < oo. (12) 



From (11), (12) and the fact that ||<£>||oo < 1, it follows that 



sup fj,(z)\ip' \z)\ 2 < -\\C v \\ HP( o)^z „(D) < oo. 

26D ^ 



(13) 



For io S D, set 



/»(«) 



(l-| w | 2 ) 2 +l 



(1- w)z) 2+ p 

By Lemma 2 (case n = 2) we know that f w <G i/ p (B) for every w £ D. Moreover, 
we have that 



SU P ||/tu||fl-p(D) < C- 

From (14) and since the operator C v : i/ p (D" 
u; € D, we obtain 



(14) 
Z M (D) is bounded, for every 



avv»(z)\%(<p(zM<{/(z)) 2 + fU<p(z))<f/'(z)\ = ||C„(/„,)lk(D) 

z6B 



< C||Cvll-H" p (D)^Z M (D)- (15) 



We also have that 

w(l-|w| 2 ) 2+ p 



fi(z) = C P ,i 



,.„__,, u; 2 (l-H 2 ) 2+ - 



and f w (z) = C Pt2 - 



(l-wz) 3+ p 

for some constants C Pi i and C p .2. 

Replacing (16) in (15) and taking w — f(z) we obtain 



(l-wz) 4+ p 



(16) 



H(z) 



(y>(z)) 2 ( V (z)) 2 v"(zMz) 



■(l-|^(z)P) 2 +? 
and consequently 

»(zW(z)\Mz)\ 



{l-W{z)\ 2 ) 1+ l 



Cp,i~ 



—j- < C||C^||_h-p(D)^Z m (D) + Cp; 






(1-|^(Z)P)^ P - -' --■ "" (1-|^(z)|2) 2 +p 

Hence if we show that (8) holds then from the last inequality we get 

1 sup M*)|y" (*)l ^„^ „ . ,^ „_ M*)I^WI 2 

2 |v>(z)|>l/2 (1- |</?(z 



(17) 



— - j-t < C\\C v \\ HP( p)^ z m +C p , 2 sup- .... 2 ,r (18) 

)| 2 ) i+ p zGB (1 - \tp(z)\ 2 ) + P 

From (11) we have that 

fi{zW{z)\ , /4 N i+| 



sup 



2^1+i - V3 



\ V (z)\<l/2 (l-|^(z)| 2 ) i+ P 

which along with (18) implies (9) 



sup n(z)\(p" (z)\ < C\\C v \\ HP (b)^z jo), (19) 

z£0 
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For a/el, set 



„,, = |8+ ?)(iH-|!£_( 2+ ?)(iH-Q£ 

PJ (l-wz) 2+ p V Pj (l-wz) 3+ p 



Then it is easy to see that 

g' w (w) = and g^(w) 



Cw 2 



{l-\w\ 2 ) 2+ p' 

and by Lemma 2 (cases n — 2 and n = 3) it is easy to see that 

s\x-p\\g w \\ H p < oo. 

From this, since C v : _ff p (D) — > Z M (D) is bounded and by taking w = ip(z), it 
follows that 

u(z)\tp'(z)\ 2 \<p(z)\ 2 < r\\r w (on\ 

<^— , ; ,,„, 2+ l S ll<^ V (.5™Jll2 M (D) < ^||^ V ||ifP(D)^^ M (D), (2Uj 

(l-\if(z)\ 2 ) + p 
and consequently 

4| ¥ ,( z )|>l/2 (1 - |^(z)| 2 )^ + P 

From (13) it follows that 

sup ; ^'r^lL - (l) 2+ " s wWMI 2 < c||c v ||^ (D) ^ (D) . (22) 

\<p(z)\<l/2 (1 - |^(z)| 2 ) p V5/ zen 

Inequalities (21) and (22) imply (8). 

Moreover, from (18), (19), (21) and (22) it follows that 

Mg)kW , Slin MgMMJ < rur n w 

su p- — i ; : m 2+ i + &u p- — | : ,, 9U+ i < c \\ c Ahp(b)^z^b)- (23) 
zen (1 - |y(z)| 2 ) + " zen (1 - |^(^)| 2 ) i+ p 

Now assume that conditions (8) and (9) hold. By Lemma 4, we have 

l|C v /lk( D ) = l(CV/)(0)| + \(C v f)'(0)\ +su PM (z)|(C v /)"(z)| 

= |/(<?(0))| + |/' (^(0))||^'(0)| +su PM (z)|/"(^(z))(^(z)) 2 + f'MzW(z)\ 



< C||/l|ffp(D) + C||/I|hp(d) I sup — 

\z£D (1 



KzW(z)\ 2 rt*W(z)\ 

r + sup r 

(l-\tp(z)\ 2 ) 2+ P zGD(l-|< / ,(z)|2) 1 +? 

From this and by conditions (8) and (9), it follows that the operator C v : 
H P (D) — ► Z M (D) is bounded. Moreover, if we consider the space i? M (0)/Pi, we 
have that 

VzeD (1 - |<p(z)| 2 ) + p zeo (1 - |^(z)| 2 ) + p J 
From (23) and (24), we obtain asymptotic relation (10). □ 

The following theorem can be proved similar to Theorem 1, and its proof is 
somewhat simpler, hence we omit it. 
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Theorem 2. Assume p > and p is a nonconstant holomorphic self-map of. 
Then the following statements true hold. 

(a) The operator C v : H p (fS>) — ► _ff°°(D) is bounded if and only if 

H(z) 



sup 



z6B (1 - \(f(z)\ 2 )p 



-j- < 00. 



(b) The operator C v : H p ( 



B„ 



is bounded if and only if 



sup 



KzW(z)\ 



z£B(l~\<p(z)\ 2 ) i+ P 



- < OO. 



The next result is an extension of Theorem 1 in [28] . It is proved similarly, and 
by using the test functions in Lemma 1. Hence, we also omit its proof. 

Theorem 3. Assume p > and ip is a nonconstant holomorphic self-map o/II + . 

Then the following statements true hold. 

(a) The operator C v : H P (T1 + ) — ► H°f(H + ) is bounded if and only if 

H(z) 



sup 



— < oo. 



zen + (lmip(z)) »> 

(b) The operator C v : H P (H + ) — ► B^(II+) is bounded if and only if 

»(zW(z)\ 



sup 



— < oo. 



zen+ (Im^(z)) 1+ p 
(cj T/ie operator C v : -ff p (LT + ) — ► Z M (II + ) is bounded if and only if 

KzW(z)\ 



sup i < oo anrf 

zen+ (Im^(z)) + p 



sup 



zen+ (Im(/3(z)) + p 



TT T<00. 
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ON CARLESON MEASURES AND F(p, q, s) SPACE ON 

THE UNIT BALL 



STEVO STEVIC 



Abstract. We characterize Carleson-type measures on the unit ball of C n in 
terms of a-Bloch and F(p, q, s) functions. 

1. Introduction 

Let z — {z\, . . . , z n ) and w = (wi, ■ . ■ , w n ) be points in the complex vector space 
C". By (z,lu) = X^fe=i z kWk we denote the complex inner product of z and w, and 
\z\ = yj{z,z). Let D denote the open unit disc in the complex plane C, B the open 
unit ball in C™, dV the normalized Lebesgue measure on B (i.e. V(M) = 1), da the 
normalized surface measure on the boundary <9B = S of B, and H(M) the class of 
all functions analytic on B. By 5i.j, i,j £ No we denote the function equal to one 
when i = j and zero if i =/= j. For a G B, let f a ( z ) be the biholomorphic involutivc 
automorphisms of B taking to a (see, e.g., [14]). 

For an / £ H(M), the radial derivative 3?/ of / is defined by 

3 = 1 3 

If f(z) — X)fe=o Pk(z) is the homogeneous polynomial expansion of function / then 
it is easy to see that 3?/(z) = J2kLo kP k (z) ([14]). 

Let a > 0. The a-Bloch space B a = B a (B) is the space of all / £ H(B) such 
that 

&«(/) =sup(l-|z| 2 n3£/(z)|< co. 

It is known that B a is a normed space under the norm ||/||ga = |/(0)| + b a (f). 
Let Bq = Bq(M) denote the subspace of B a consisting of those / £ B a for which 

ljm(l-M 2 nRf(z)| = 0. 

This space is called the little a-Bloch space. For a = 1 the cn-Bloch space and the 
little a-Bloch space become the Bloch space B and the little Bloch space Bo. Some 
information on Bloch-type spaces on the unit ball can be found, for example, in 
[4, 7, 8, 15, 21]. 

For p £ (0, oo), — n — l<q< co, s > 0, and /i a positive measure on B the space 
F(p, q, s, /i) = F(p, q, s, /x)(B) is defined as follows 

II/IIf( p q s») = l/(0)l P + ^p / W{z)\ p {l M 2 ) 9 (l - \Mz)\ 2 ) s d»(z) < co. 
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For dfx(z) = dV(z) we obtain the space F(p,q,s) (see e.g. [9, 22]). 
For any ( £ S and r > let 

Q r (C) = {zeB : |l-(z,C)|<r}, 

be the n-dimcnsional analogues of Carleson squares in D. 
In [20], among others, was proved the following result. 

Theorem A. Suppose n + a + 1 > and n is a positive Borel measure on B. Then 
the following conditions are equivalent. 

(a) There exists a constant C > such that 

MQr(O) < Cr n+1+a 

for all C € S and all r > 0. 

(b) For some s > there exists a constant C > swc/i £/ia£ 

/■ (1 " N2)S W <C 



y B |i-<«,«'>l n+1+a+ ' 

/or a// z e B. 

Based on Theorem A we introduce the following definition. 

Definition 1. Assume that /j, is a positive measure on B, and o £ (0,oo). We say 
that fi is a bounded a-Carleson measure if there exists a constant C > such that 

MQr(O) < Cra 

for all ( £ S and all r > 0. 

Here we characterize a-Carleson measures on the unit ball B in terms of a-Bloch 
and F(p,q,s) functions, extending some the one-dimensional results in [13]. 

In this paper, constants are denoted by C, they are positive and may differ from 
one occurrence to the other. The notation a < b means that there is a positive 
constant C such that a < Cb. If both a < b and b < a hold, then one says that 
a x b. 



2. Auxiliary results 

In order to prove the main results of this paper, we need some auxiliary results 
which are incorporated in the lemmas which follow. First lemma is folklore. 

Lemma 1. Assume f £ H(M), a £ (0,oo) and m £ N, or a £ (l,oo) and m = 0. 
Then f £ B a if and only if 

S up|r"/(*)i(i-i*i 2 r +m_1 <oc. (i) 

Moreover, 

sup |R/(*)|(1 - \z\ 2 ) a x |/(0)| d m , + sup \n m f(z)\(l - \z\ 2 r +m ~\ (2) 

zSB zeB 
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Lemma 2. ([23]) Let p G (0,oo). If {rik)keN is an increasing sequence of positive 
integers satisfying n.fc+i/ n fc > A > 1 for all k G N, then there is a positive constant 
A depending only on p and A such that 




fe=l 



/ y Qfc6 




for any sequence of numbers (a^keN- 

Lemma 3. ([13]) Assume that (3 G (0,oo), A <G (l,oo) and e~ (i l x < r < 1. Then 
there is a positive constant C , depending only on A, (3 and r^, such that 

oo n 

J2\ kx ?r xk+1 > 



fe=l v ' 



for all ro < r < 1 . 



An analytic function on B with the homogeneous expansion /(z) = X^fe=i Pn k (z) 
is said to have Hadamard gaps if rik+i/rik > A > 1 for all k G N. The next result 
is a natural generalization of a one-dimensional result by Yamashita from [19] (see, 
e.g. [17]). For related results see also [2, 3, 10, 12, 16, 18, 19]). 

Theorem B. Assume that a > and f(z) — X^fc=i Pn k { z ) is on analytic function 
on B with Hadamard gaps. Then the following statements hold true 

(a) f G B a if and only if limsup^^ \\P nk \\oon 1 k r a < oo. 

(b) f G B% if and only if lim^^ ||P„J|oo"k _Q = 0. 

The following Ryll-Wojtaszczyk-type lemma was proved in [1, Theorem 4]. 

Lemma 4. There are t G (0, 1) and fco G N, depending only on n, and homogeneous 
polynomials (P^ k (z))keN, I G {1, . . . , fco}, such that 

max max I Ry (C) I < 1 and max mini Pi* (01 > r. (3) 

Assume that / G H(M). Let /f(w) = f((w), ( € S, where £ is fixed and w G D, 
be a slice function. By some calculation we see that 

/» = Cilf (O + • • • + (n§^(w() = -K/«). (4) 

Hence $t m f(w() = w{w{. . . {w{f' c {w))' . . .)')'■ 

On the other hand, if /(z) = X^fcli Pn k (z), we also have that 

oo 

#(«;) = 5> fc P nfc (C)u; n *- 1 , 

fe=i 

so that 

oo oo 

<(») = ^n fc P„ fc (C)^" fe = J> fc P„ fc «), 
fe=i fe=i 

and consequently 

oo 

W n f(w() = «,(«,(. . . M/cM)' • ■ •)')' = 5>5?P n >(C)«; n *. (5) 

fe=l 
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3. Main results 
In this section we prove the main results of this paper. 

Theorem 1. Assume that fi is a positive measure on B and p G (0, oo). If a £ 
(0, oo) and m G N or a G (1, oo) and to — 0, then 

**<*> < oo (6) 



(1-|z| 2 )«p 
if and only if 

f |5T7(z)P>(l - \z\ 2 )^ m -^d^z) < C\\f\\ p Ba , (7) 

for every f G B a (or every f G Bq ), where C is a positive constant independent of 
function f . 

Proof. Assume that (6) holds. Let 

I m = i \X m f(z)\ p (l - \z\ 2 ) p{m ' 1] d^z). 
From (2), we have that 

Ira < C\\f\\ P Ba [(1 - \z\ 2 )^ m -^-^ a+m -^d^Z) = C\\f\\l a f ' //,( :i 



(1-|z| 2 )«p ! 



that is, (7) holds. 

Now assume that (7) holds. Let z — r( = \z\(, £ G S, and 

„«(*) = f^-^P^) = f^-^V'P.jftC), (8) 

k=l k=\ 

for I = 1, . . . , fc , and to G N, where (p m ) m eN i s a positive sequence increasingly 
converging to one and (P 2 V (z))kem, I € {1, • • ■ , fco}: are from Lemma 4. Then by 
Theorem B (b) and (3), we have gm G Bq for each to G N and I G {1, . . . , fco}. 
On the other hand, by (5), we have that for each to G N and I G {1, . . . , fco} 

oo 

X m ggHr() = J2 2k{a - 1+m) P™ r2kp 2^0- 0) 

k=l 

Replacing the function / in (7) by the functions 

S^(z)=g^(e i0 z), f = 1 , . - . , fco , m € N, 0e[O,27r], (10) 

summing such obtained inequalities in Z from 1 to fco, then integrating it in from 
to 27r, noticing that M; 4 := sup 0e[o 2lr] meN Hfi^f ||b« < oo, for each I € {1, . . . , fc }, 
applying Fubini's theorem, Lemma 2 and Lemma 4, and an elementary inequality, 
for dfi p (z) = (1 - |z| 2 )P( m - 1 'd/i(z), we obtain 



STEVIC: ON CARLESON MEASURES 



317 



ON CARLESON MEASURES 



1=1 l=1 J*\Jo / 



1=1 

* E 

i=i 



2tt 



J2^- 1+ ^pt(\z\e i0 fP^(O 



k=i 



&o -, / oo 



d6 \dn p (z) 

p/2 



"-0 f / oo -. p/z 

> C Y, (^ 2Ha - 1+m) pt +1 \zf +1 \P$(0\ 2 ) <M*) 

,. , oo fc v p/2 

• /b ^ fc=i «=i > 

r / °° \ p/ 2 

> C (^ 2k{a - 1+m) pT\A 2 fc+1 maKmin|P«(C)| 2 ) **(*) 

> CrP /7f> 

h \ k=1 



2k(a-l+m) 2 k+1 \ \2 k+1 



P'm \Z\~ I d^ p (z). 



By Lemma 3, we have that for \z\ G [ro, 1) and for some ro G (0, 1) 

C 



E 22fe(a_1+ro vr>i 2 >^ 



*:=! 



From (11) and (12), we have that 



feo ,. 



(l-p^l^l 2 ) 2 ^-^™)' 



dfi(z) 



(11) 



(12) 



./B\S(0,ro)(l-/4M 2 ) aP ' 

from which along with Fatou's lemma condition (6) easily follows. □ 

Now we give a necessary condition for a Carlcson measure on the Bloch space. 
Theorem 2. Assume that 



\f{z)\^{z)<Ci\\f\\ B 



for every f G B 1 . Then 



In- 



1- z 



P/2 



d/i(z) < oo. 



(13) 



(14) 



>(0 



Proof. Let r, fco and (P,^ (z))fceN, 2 € {1, ... , fto}, be as in Lemma 4 and 

oo 

h l (z) = J2 P 2*W> ' = l»---.*0- 

n=0 

Replacing the functions hi t $(z) — hi(e z), 1 = 1,... ,ko, into (13), summing such 
obtained inequalities in Z from 1 to kg, then integrating it in 9 from to 27r, noticing 
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that Mi t 2 :— sup ee r 027r i ||/i;,e||e < oo, using Fubini's theorem Lemma 2 and Lemma 
4, as in the proof of Theorem 1 we get 



CY.K2 
1=1 



> 



1 = 1 

> Ct p 



E / / Ea^r^o 

j_l JB JO 7 n 

p/2 



k=0 



d8dfi(z) 



: Ct p 



Ei 

n=0 



H0,r ) 



dfi(z) 



In- 



p/2 



<fyiO), 



(15) 



since we have that 








* 1-1*1 = 


•^ n 

n=l 


00 2 fc -l , n 00 

= E E ^<E 

k=ll=2 k ~ 1 fc=l 






00 

X ^ cyh- 


00 

-1 V— ^ i9 /c + 1 


00 

y V"~^ 1 i9 fc+1 



zf 



< J2W = m+En 2 <cj:\z\ 2 , 

fe=l fc=0 fc=0 

for |z| > 1/2. From (15), inequality (14) easily follows. □ 

Remark 1. One-dimensional case of Theorem 2 was probably proved for the first 
time by Limperis in his thesis [11, Theorem 3.1 i)]. 

Remark 2. Regarding an inverse of Theorem 2, in [6] was proved that if p > 
and / <G B(D) then there is a constant depending only of p such that 



271 



\f(re ie )\ p d6<C\\f\\ p B ( In 



1 -r 



p/2 



(16) 



By using the functions f((w) = f(w(), w G D, ( G S, and Proposition 1.4.7 in [14], 
from (16) we get that there is a constant depending only of p such that 



l/(Ol p <MC) < C||/||£ In 



1 -r 



p/2 



(17) 



for every / G B(M). Inequality (17) seems folklore. It appears as Problem 3.19 in 
[21], but nor K. Zhu or the present author have the exact reference for inequality 
(17). From Theorem 2, inequality (17) and by using polar coordinates we immedi- 
ately obtain the following corollary, similar to the corresponding one-dimensional 
result (sec [11, p. 18]). Hence we omit the details. 

Corollary 1. Assume p > and n is a radially symmetric measure on B. Then 
condition (13) holds for every f G B(R), if and only if inequality (14) holds. 



Theorem 3. Assume that /1 is a positive measure on B and p,a G (0, 00) and 
m G N. Then the following conditions are equivalent 

(a) /1 is a bounded ap-C'arleson measure. 

(b) a^™" 1 ) : B a -* F(p,p(m - l),ap,fj.) is bounded. 

(c) 5ft( m_1 ) : Bq — ► F(p,p(m — 1), cup, fi) is bounded. 
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Proof, (a) =>■ (b) By applying Lemma 1, we have that 

r (l — \ z \ 2 \p { ~ m - 1 ) 



„ / (i-i«i 2 r p 



- c|l/ll w B ^#^ w - (18) 

From (18) and Theorem A, the boundedness of the operator !ft( m_1 ) : B a — > 
F(jp,p{m — 1), ap, /i) follows. 

^ => (CJ This implication is obvious. 

('cj =>■ foj By using the functions g^ 8 , defined in (10) which belong to Bq, similar 
to Theorem 1 is obtained 

li^Mw dM< - c % M >- meK (19) 

From (19), by the monotone convergence theorem and Theorem A, the implication 
follows, finishing the proof of the theorem. □ 

Added in proofs. After this paper was accepted for publication E. Doubtsov 
informed me that some related results can be found in his preprint [5]. Among 
others he also obtained Theorem 2 and Corollary 1, but his motivation stemmed 
from a paper from 2008 which had rediscovered Limpcris' results. I would also like 
to express my thanks to him for clarifying me a detail in Lemma 4. 
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Abstract 

In this paper we find a method of solving a singular integro-differential equation of the type 

^+a(t)Hy = f(t) (1) 

in the space of semi-almost periodic distributions where a(t) and f(t) are almost periodic func- 
tions on the real line composed of trigonometric polynomials with finitely many terms and the 
operator H the operator of Hilbert transform. Solution to (1) when a(t), /(£) are any a.p. 
function remains an open problem. 

AMS Subject Classification [2000]: Primary: 47G30, 26A30; Secondary: 46F12 

Keywords: Almost periodic functions and distributions, Hilbert transform of almost periodic functions 
and distributions, singular integral equations 

Definitions and Preliminaries 

The space of almost periodic functions and distributions. Let L be the space of functions 
consisting of trigonometric polynomials of the type ^ fc Ake lXkt consisting of finitely many terms, 
Afc's are all real numbers. Let M be the set of all continuous functions defined on M which are the 
uniform limit of a sequence of trigonometric polynomials then the space of functions L U M is the 
space of almost periodic functions where an almost periodic function on the real line is defined as 
follows: We say that a continuous function / defined on 1R is an almost periodic function if, for an 
e > 0, there exists a positive real number £ = 1(e) such that in every interval of length £ there exists 
at least one r > for which 

|/(t + T )-/(t)|<eV te (-oc,oc). 

It was proved by H. Bohr that the space L U M, which is also denoted by B, is the space of almost 
periodic functions and any almost periodic function defined on 1R is an element of L U M. So an 
almost periodic function defined on ]R is either a trigonometric polynomial with finitely many terms 
in it or a uniformly continuous function on the whole real line as a uniform limit of trigonometric 
polynomials on the whole real line. Further details about a.p. functions can be looked into [1]. 
The linear space (system) L is metrized as follows: If: 



/(*) = X> r e iA -*, g(t) = £> 



e iUst 
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we define the scalar product of trigonometric polynomials / and g by 

1 ' T 



(f,g) = lim = / f(t)g(t)dt 






lit It, _J /jj 

lim VVA r S s — / 
T^ooZ^Z^ r S 2TJ, 

m n 

5] E 5(A r /i 8 )^ r B s (2) 



r— 1 s — 1 



= Ei^i 2 ( 3 ) 

r=l 

The norm defined by (3) is actually a norm as can be easily shown. Let B 2 be a space obtained by 
completing the space L by the norm defined by (3). Then the space B 2 is not a separable space and 
the space B 2 contains the space B. Let /(£) and g(t) be two a.p. functions belonging to the span of 
e \ m t% I _ yx, can now be easily shown that if a.p. 

J ro=l 



f(t) = 5> m e A ™'\ g(t) = J2 b n 



e Xmti 



m— 1 



then /(£) = <?(£) if and only if a m = 6 m V m = 1, 2, 3, 

It is this property that we will make use of in solving the system (1). It is a very difficult problem 
to solve the system 

^+a(t)Hy = f(t) 

in its most general form stated when a(t) and f(t) are any almost periodic functions. The case when 
a(i) and f(i) are constant functions has been discussed in [4]. We will therefore consider the cases 
when a(t) and f(i) are non-constant a.p. functions. We will take some special cases of a(t) and f(i) 
and generate the solutions which may give some clue to solving the general case. 

We define, as in [4] , the space B^l as the space of infinitely differcntiable almost periodic functions 
defined on the real line in the sense of H. Bohr. An element <p(t) of B^l has the form 



m= E 



e iA„t 



such that Yl^=-oo a n^n 1S absolutely convergent for each k = 0,1,2,.... Therefore, (j)^(t) = 
S^L-oo a n{i^n) k e lXnt and the series representing (f)^(t) is not only an a.p. function but is also 
absolutely and uniformly convergent on 1R. It is for this reason that the space consisting of functions 
like (j)( k '(t) is denoted by B^S, the lower suffix ap represents almost periodic and the upper suffix ac 
stands for absolutely convergent. 

Let us now denote the space B^L by $ and let $fc stand for the space of almost periodic functions 
obtained by differentiating k times each element of $. Thus $o will stand for the space $ or B^i. 
Now one can observe that $ = $o 3 $i D $2 ^ • • ■ ■ 

The space $ is equipped with the topology generated by the sequence of scminorms {7/t}^ , 
where 

lk {4>) = J lim ±-(P) f N \^(t)\ 2 dt. (see [7], p. 8) 



N^oo2N j_ N 
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A continuous linear functional over $ is called a semi-almost periodic distribution. A simple function 
defined on the real line is said to belong to the space $' if it can be identified as a continuous linear 
functional over the space $. It has been proved in [4] that the space of almost periodic distribution as 
defined by Laurent Schwartz in [6] is contained in the space $' of semi-almost periodic distributions. 
Each of the spaces 3>j is an incomplete inner product space with inner product defined by 

1 ' N 



(9, </>) = lim — / 6(t)<j>(t)dt V 0, e *<. 

JV^oo Zl\ J_ N 

Let us denote the completion of the space $i with respect to the norm ||0|| by $^ where 



It was shown in [4] that a continuous linear functional over the space <& is a finite linear combination 
of finite order generalised derivative (distributional derivatives) of elements of $07 $i> ®2 ■ ■ ■ ■ This 
means that if / G $' then 

m 

4 = 

i.e. 

{f^) = (Y J {-i) i gf ) A) V0g$. 

The Hilbert transform of a function / defined on 1R is defined by 



(Hf)( X ) = V) r P&-<* 



provided the integral exists. It is a well-known fact that if / € L' p (— oo,oo) p > 1, then (Hf)(x) 
exists a.e. and G L p {— oo,oo) and that ||i//|| p < c p ||/|| p , c p is a constant > 0, depending upon p 
and not upon /. It is proved in [7] that 

H 2 f=-f a.e. 

The Hilbert transform Hf of a generalized function / G (D^p)', p > 1 is defined by 

(Hf,<j>) = (f,-H<j>)V<j>€(D Lt> ). 

Here Hf is an element of {D^p)' . From this we get the inversion formula 

H 2 f = -f if fe(v Lb y 

and 

H 2 f = -f + c if/G$'. 

One can see that the Hilbert transform of a constant a.p. distribution is zero. 

Motivation for the Hilbert transform of a periodic function and distributions comes from a result 
in [9] and [4]. The differentiation of / G $' is defined in the usual way, i.e. (Df, <j>) = (/, —D<j)) V <j> G 
$. Another important result that we have is 

f t (Hf) = Hf'Vf£&. 
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We now proceed to solve the singular intro-diffcrential equation 

^+a(t)Hy = f(t) (4) 

in the space of semi-almost periodic distributions when a(t) and f(i) are a. p. functions. So far we 
have not been able to find the solution to the general case of (4) for any a. p. functions a(t) and 
f(t) and therefore it remains an open problem all by itself. It is also an open problem to describe a 
physical situation wherein this differential equation appears. When a(t) is a constant we solved such 
problems in [2] and [4] by differentiating both sides of the above equation with respect to t and then 
eliminating H from the new resulting singular integro-differential equation and the above singular 
integro-diffcrcntial equation. But in the situation when a{i) is not a constant by eliminating H we 
come across an identity such as = 0. So the method of eliminating H does not work in this case. 
We therefore take some special cases and solve them, thereby we generate a technique of solving the 
general case. 

We now present the solutions to some special cases of the integro-differential equation given by 
(4). We are taking a case when a(t) is a constant but f(t) is not. In this example we will recall 
some techniques used in [4]. 

Example 1: Solve: 

d ^+kHy = sin(Ai) (5) 

at 

where k is a constant; in the space of a.p. distributions. We first solve the associated homogeneous 
differential equation 



dy 
dt 



kHy = 0. (6) 



Operating both sides of (5) by H we get 



dt 

— (Hy) + k(—y + c) = 0, c is an arbitrary constant 
dt 

s(-Kf))-* +te -° 

fy 
dt 



'2„. _ ,2 



;dr + k v = kc - 



Therefore, using standard techniques of solving linear d.e. we get 

y = A cos kt + B sin kt + c (7) 

It is easily verified that (7) satisfies (6). 

It appears that we have three arbitrary constants; but we can reduce the solution to two arbitrary 
constants as the system (6) is a homogeneous one. If (7) is the solution to (6) then 

y = —[A cos kt + B sin kt] + 1 
O 

is also a solution. Thus the general solution to the associated homogeneous system (6) is 

y = a cos kt + b sin kt + 1 (8) 
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A h B 
a = — , b = — . 

c c 



We now proceed to find a particular solution to (5). The system (5) can be written in the form 

dy 



kHy 



p tiX p—tiX 



dt ' """ 2 

Therefore, we can guess a form of the p.s. as follows 



(9) 



y = a + ^2{a n e lXnt + b n c 



-inXt\ 



(10) 



£a„H) e ^ + £fe„H)(-l) 



Eliminating y from (9) and (10) we get, 

CO CO 

J2 a n in\e tXnt + J^ b n in\er iXnt + k 

n— 1 n— 1 

Equating the coefficients of the like powers of e xu and eT xtl we get 

1 



-inXt 



2i 



a\i ■ 1A — ka\i = 



2i 



kb\i — b\\ ■ iX = — 



1 

2~i 



1 



1 



0,1 = 



2(X-k)i 2 2(X-k) 

, 1 1 



2i 2 (k-X) 2(X-k)' 

It is assumed that X ^ k. For n > 1 we have 

a n inX — kia n = 

a n (nX — k) = 0, n = 2, 3, 4, . . . 

b n k = b n nX 

b n (nX-k)=0 n = 2,3,4,... 

Assuming that for no integer n > 2 we have nX = k then 

a n = 0, 6„ = V n > 1. 

Therefore, a particular solution of the system (9) is 



1 



y 



AXt 



1 



2(A-fc) 2(A-fc) 

Therefore, the general solution to (9) is 



e lAt + o, = o, 



A-fc 



• cos Xt. 



. cosXt 
y = a cos kt + sm fct — + oo + I 



A-fc 



or 



y = a cos kt + b sin fci 



sin At 
A-fc 



+ c, c = a + 1 
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a, b, c are all arbitrary constants and X =/= k. 

If for some n = n , nX — k = i.e. UqX — k = then a na and b na are arbitrary constants and 
a n , b n are all zero for n = 2, 3, 4, . . . , no — 1, no + 1, . . . then a particular solution is 

e zXnot 1 _ iAnot cos At sin(An t) cos At 

V " 2(A-fc)z^2z(A-A : ) e +a °~ A^I ~ A-fc + a °~A~fc' 

so the general solution to (9) is 

sin(Anot) cos(At) 

y = — ; ; h a cos kt + b sin kt + c 

X — k X — k 

where a, b, c are arbitrary constants. 

Lastly we consider the case X — k. In this case the differential equation (10) takes the form 

-j- + XHy = sin At. (11) 

The general solution to the associated homogeneous differential equation (11) is 

y = A cos(At) + B sin At + C 

where A, B, C are arbitrary constants. 

We now proceed to find a particular solution to the system (11). 
Let us take a particular solution to be of the form 

oo oo 

y = a a + J2 a n e lXnt + ^ b n e^ Xnt (12) 



71=1 



Eliminating y from (12) and (11) we get 



J2 a n iXne lXnt - J^ b n iXne- lXnt + A 



J2a n (-i)e iXnt + J2 b n(i, 



— iXnt 



p Xti p — Xti 

-\ti 



We arrive at a contradiction = \ by equating the coefficients of e xtl and e~ 
Therefore there does not exist a solution to (11) in the span of 1, e ±xtl , e ±xtl , e ±3Atl ; .... Assume 
that sin At belongs to the span of 1, e ±Ml '* 4 , e ±M2 ' 1 . . . and none of [Xi = A then a solution to (11) 
exists in the span of 1, e ±fll ' tl , e ±M2 '\ e ±M3 * 1 , . . . and this solution is given by 

oo 

j/ = ^cosAt + BsinAt + C*+ V Z^_ — e »nti [4, p. 207]. 

n~^oo Vn - A Sgn(^„) 

It is assumed that 

oo 

sin At = J2 a n e^ u 

n— — oo 

and none of fi n — X. We have to choose a basis so that none of \i n = A. 

Solutions to such S.I.D.E. generally have two arbitrary constants in the space of a. p. functions. 
But in the space of semi almost periodic distributions we have three arbitrary constants. This is 
because our inversion formula for Hilbert transform in this case is 

H 2 .f = -f + c. 
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So far our method has been very traditional and simple but the method of eliminating H does not 
work when a(t) in (9) is not a constant function. So we will make a slight deviation in our technique 
to solve (9) in this case. Our technique will be demonstrated by the following example. 

Example 2. Solve the following singular integro-differential equation in the space of semi- almost 
periodic distributions 



^ + e iXt Hy = e lXt , A > 0. (13) 



We first solve the associated homogeneous integro-differential equation 

e iXt Hy = 0. (14) 



d v , ,.\/, 



dt 
We propose the solution to this singular integro-differential equation to be of the form 



oo oo 

y = J2 ^e iXnt + J2 b n e- iXnt + a (15) 



n— 1 n—l 

ao: a n and b n are all constants to be determined. 
Eliminating y from (14) and (15) we get 

oo oo 

X] [a n \ne lXnt - a n e^ n+1 ^] + £ [ft^-***"- 1 * - b n \ne-* Xnt 

n—l n—1 

Now equating the coefficients of the like powers of e xt% we get 

ai =0, bi = 

a n+1 \(n + 1) - a n = 0, n = 1,2,3,... 

&«+i - &«An = 0, n= 1,2,3,... 



Combining these results we get 



o„ = 0, 6„ = V n = 1,2,3, 
a is an arbitrary constant. 



So the solution to (13) in the space of semi-almost periodic distribution is y = do- 

We now find a particular solution to (12). Let us take such a solution to be of the form 



^ 



y = a a + J2 a ne lXnt + £ b n e~ lXnt (16) 



n— 1 n—l 

ao, a, and bi are constants to be determined. Eliminating y from (12) and (14) we get 



J2i a n^ne iXnt - a n e lX{n+l »] +^ / [b n e~ iX< ' n - 1)t - b n Xne 

n—l n—l 

Coefficient of e- lXot : h = 

Coefficient of e lXlt : aiAl = —i so a\ = ^ 



— i\nt~\ ■ (At 
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Coefficient of e iA ( n+1 )* : n = 1, 2, 3... a„+iA(n + 1) - a„ = 0, n=l,2,3, 
Coefficient of e -^(")« : n = 1,2,3... b n+1 - b n \n = 0, n= 1,2,3,... 
Using these recurrence relations we get 

&i, &3, b n , . . . zero i.e. 6i = Vi = 1, 2, 3, . . . 
b 2 = 6iAl = 0, 6 3 = fo 2 A2 = M 2 2! = 
64 = 63A3 = 6iA 3 3! = and so on 
so 

& n = A"- 1 (n-l)!6i = 0, n = 2,3,4,... 

This relation is also true for n = 1. 



fln+i 



A(n + 1) 



01 



a 2 01 



so 



° 2 A2' ° 3 A3 A 2 3! A 3 3! 



n = 1,2,3,. 



A"n!' 



Therefore the solution to the system is 

00 



ao is an arbitrary constant. 



Example 3. Solve 



dii 

— — V sin XtHy = cos At 

at 



(17) 



in the space of semi-almost periodic distributions. We first solve the associated homogeneous differ- 
ential equation 

-¥- + sin XtHy = 0. 
at 



We can write this S.A.P.D.E. in the form 

dy e xtl - er xti 



d1 



21 



Hy = 0. 



(18) 



Take 



y = a + J2 a«e lAn * + ^K 



-iXnt 



(19) 



n=l 



Eliminating y from (18) and (19) we get 



J2 a n i\ne lXnt + J^ M~»* 



n)e- lXnt + 



2/ 



STa n (-i)e iXnt + J2b r 



ie 



-i\nt 



n=l 
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KJ<J KJ<J KJ<J 

J2 a n i\ne iXnt - £ ^ e iA <" +1 >« + £ ^(n-i)t 

n—1 n—1 n—1 



oo oo 



+ J2 M-*A")e- iA(n) * + ^ *rL e -iA(n-i)t _ \p 6rL c -iA(n+i)* = 

n—1 n—1 n—1 

Equating the coefficients of the like powers of e xtl we get 
Coefficient of e Ati0 : y + y=0 so 61 = -a x . 
Coefficient of e xt% : a\i\-\ =0 a 2 — —1a\\i. 

Coefficient of e~ A ": y - ib\\ = b 2 = 2ibiX = -2ioiA. 

Coefficient of e A ^: a„*An + ^1 _ ^1 = a „ +1 = „„_, _ 2iAnan . 

Coefficient of e~ XnU : —b n i\n + -^- ^-— = 6„+i = b n -\ + 2b„in\. 

a 3 = 01 - 2iA2a 2 = 01 - 2i\2(-2aiAi) == ai + [8A 2 i 2 ]ai = ai(l - 8A 2 ) = oi(l - 2 2 A 2 2!) 

63 = &! + 2fo 2 i2A = fo 1 -2(2iaiA)i2A = 6i +8A 2 = ai [-l + 2 2 2!A 2 ] 

64 = fo 2 + 2fo 3 i3A = 3i2A[-l + 2 2 2!A 2 ]ai-2aiA?; = ?;Aai[(-3! + A 2 2 3 3!)] - 2aiA 
a 4 = a 2 -2U3a 1 [-l + 2 2 A 2 2!] = - 2a x Ai - 2iA3oi[l + 2 2 A 2 2!], 

and so on. Therefore, the solution to the associated homogeneous S.I.D.E. (18) is 

y = o, + a x e xtl - 2 ai \ie 2Xti + oi(l - 2 2 A 2 2!)e 3Atl + oi[-2A - 2.3iA - 2 3 A 3 3H]e 4A " + • • • 

+ {- ai )e- xu - 2i ai \e' 2XU + oi(l - 2 2 2!A 2 )e- 3A " + oi[-2A - 2.3Az - 2 3 A 3 3H] e - 4A " + • • • 
= /(*) (say). 

We now proceed to find a particular solution to (17) of the form 

oo oo 

n—1 n—1 

Eliminating y from (20) and (17) we get 

oo 

Y,Ki\ne iXnt - %**(»+!)* + ^ e *A(n-i)t] 



71=1 



:x. 



.^[| e ^(«-^-6„ H An)e-^-^ r , 

n—1 n—1 



" e -*A(n+l) 



p \ti _j_ p — \ti 



So equating the coefficients of like powers of e we get 
Coefficient of e xtio : y + y = 

Coefficient of e xtt : a\i\ H = - a 2 = 1 — 2aiiA 



Coefficient of e 


-nXti 


n = 2, 


a 3 




b 3 
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Coefficient of e~ xti : -£-ih\=-, 6 2 = 1 + 2biXi = 1 - 2ai\i. 

Coefficient of e^: n>2 a n *An - ^ + ^ = 0, a n+1 = «„_>- 2a n iXn. 

-ib n nX ^ h -^— = 0, 6„ + i = 6 n _i + 2ib n n\ 

= <X\ — 2a 2 iA2 = ai — 4a 2 *A = ai — 4iA[l — 2aiiA] 

= 6i + 2i26 2 A = 6i +4i6 2 A = 6i +4iA(l - 2aiiA) and so on. 

Therefore a particular solution to (17) is 

y = o, + a ie xti + (1 - 2aiiA)e 2Atl + • • • + a ie - xu + (1 - 2a 1 U)e- 2Atl + • • • = g(t) 

Here ao and ai arc arbitrary constants. 

Therefore, the general solution to the system (18) is 

y = f(t) + g(t)- 

We can see that the solution to the system involves three arbitrary constants. 
Example 4: Solve the integro-differential equation 

^ + (e 2U + e 3U )Hy = e U + 2e 2U (21) 

in the space of semi-almost periodic distributions. 

We have discussed such problems in (5) when the coefficient of Hy in (21) has only one exponential 
term. We are discussing this problem with two exponential terms in the coefficient of Hy. A more 
general case of a(t) can be discussed similarly. Our space in this case is closed with respect to 
multiplication by c 2tl and e 3tt . The space has to be closed with respect to the operator H and the 
operator A of differentiation. The space spanned by 1, e tl , e 2tl e 3 *\ • • • will satisfy all our conditions. 
There are other spaces such as the space spanned by 1, e tl , e 2tl e 3tl , ■ ■ ■ , e~ tl , e~ 2tl e _3 *\ • • • which 
also satisfy these conditions. We will find out first solutions to (21) in the span of 1, e tl , e 2tl , 
In our definition of span we are also taking infinite linear combinations, i.e. our elements of the 
span are trigonometric polynomials with infinitely many terms which represent either a.b. functions, 
a.b. distributions or semi-almost periodic distributions. We first find solutions of the associated 
homogeneous integro-differential equation 

^ + (e 2U + e 3U )Hy = (22) 

at 

in the span of 1, e tl , e 2tl e 3tt , ■ ■ ■ . In the basis of the span, terms such as e~ tl , e~ 2tl e~ 3tl , ■ ■ ■ are not 
included so we take a solution of (21) of the form 

oo 

y = a + Y j a n e mt . (23) 
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So from (23) and (22) we get 

oo oo 

Y^ an ine mt + (e 2U + e 3U ) ^ a n (-i)e mt = 

2—1 n— 1 

OO OO CO 



n=l 



n=l 



n=\ 

DC 



^ n a„ e m * - ^ a„_ 2 e in * - ^ a„_ 3 e 4 



n=l 



n— 3 



la, e l " + 2a 2 e l2t + 3a 3 e 



n=4 



i3t . fflie i3t 



y^(a ra -3 + o«-2 - «a«) 



= 0. 



Equating coefficients of the like powers of e tl we get 
Coefficient of e t% : la\ =0 so a\ = 



Coefficient of . 



2a 2 =0 so a 2 = 



Coefficient of e : 3a3 — ai = so a 3 = 



Coefficient of . 



n > 4 a n _3 + a„_ 2 -na„=0 



0,4 



0„ 


-2 


+ 


a„ 


-3 






n 






«2 


+ 


Ol 


= 


n 



Thus a„ = V n = 1, 2, 3, 4 • • • . Therefore the only solution to (22) is y = do, &o is an arbitrary 
constant. Now we proceed to find a solution to (22). 

Taking the solution of the form 

00 

y = a + J2 a n t nti 

n=\ 

and substituting it in (22) we get 

00 
la, e u + 2a 2 e 2lt + (3a 3 - ai )e m + ^(a„_ 2 + a n _ 3 -na n )e mt = e u + 2e 2 *\ 

n=4 

So equating coefficients of the like powers of e tl we get 



a i 
a„ 

«4 

a 5 
a e 

a 7 



1, a 2 = 1, a 3 = - and 



, n>A 



d n -2 + 0>n-3 

n 

a 2 + ai _ 1 

4 ~ 2 

a 3 + a 2 _ 1 + I 4 _4_ 

5 ~ 5 ~ 3.5 ~ 15 

«4 + gg _ (3 + 2) _ A 

6 6 " 36 

cm + a$ o + T^ 23 



210' 



332 



PANDEY, SEIFEDDINE: SINGULAR INTEGRO-D.E. 



and so on. Thus our solution is 

Here ay is an arbitrary constant. 

The series solution we obtained is absolutely convergent. We have only one arbitrary constant. 
Normally in such problems we have two arbitrary constants. If we select the larger space of almost 
periodic functions or distributions we will get another arbitrary constant in our solutions. To do so 
we may find solution in the span of 

i ±ti ±2ti ±3ti ±iti 

and we will have to get our solution of the form 

oo oo 



However calculation in this case will be very complex. 
Now substituting for y in (22) we get 

oo oo 

E_ nti \ ^ „ l — nti , / Iti , „3ti\ 

na n e — y nb n e + (e + e ) 



Enti , 
-o„e + 



J2 b « 



n=l 



he u + 6 2 + b ie 2U + b 2 e u + J2l na n£ n 



« a^ n+ ^ u - a n e {n+ V H \ 



n=l 



b 3 + he~ U + 



Y, b n e-^-^ u + ^ b n e-^-^ u - ^ nb n e' nt 



Equating coefficients of like powers of e we get 



,n=4 n=4 

ti 



n=\ 



b n +2 + b n+3 - nb n = 0, 17, > 1 

na n - a n -2 - a n -z = 0, n > 4 

0«+3 = (^n-^n+2), TI>1 

0,1 + &i + 6 2 = 
&2 + 0.3 = 

2o 2 + oi = 



and so on. 



02 = ~(Ol+6l) 

03 = (fll+Ol) 

64 = lfoi — 63 = —ai 

65 = 26 2 — o 4 = — 2(ai+&i)+ai = 
be = 363 — 65 = ai + 26i + 3(ai + 6^ 
67 = 464 — 6g = — 4ai — 4ai — 56i = 

O-n-2 + a>n-3 



— 2b 1 — a\ = 
= 4ai + 56i 

— 8ai — 56i 

n > 4. 



(0,1 + 26i) 
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Also, 



h on 

a-2 = --z-, 3a 3 -ai=0, a 3 = — - 



0,4 



(1,2 + a\ — -2+0-1 1a\ — b\ 



4 4 



/2ai-36A , 

05 = I — V) — / a so on ' 

We now get three arbitrary constants 01, b\ and ao, in solution to the homogeneous part of S.I.D.E. 
equation, i.e. of (22). 

y = a + a 1 e H +a 2 e 2U + a 3 e 3U + --- + b 1 e- u + b 2 e- 2U + b 3 e- 3U 

y = a + a x e U - \e 2U + ^e 3U + ■■■ + bie~ u - (01 + Me" 2 " + (01 + 6i)e" 3 " + ■ ■ ■ 

Coefficients ao, a\ and 61 give three linearly independent solutions. Sometimes it happens that only 
one of the solutions obtained is convergent and the other is not. In this case the divergent series is 
either an asymptotic expansion of a solution or it is an almost periodic distribution or a semi-almost 
periodic distribution. 
Solve: 

d ^ + (e tl + ei l + eJ l )Hy = (24) 

at 

This S.I.D.E. can be written in the form 

< ^. + (e^ + eJ i + eJ' l )Hy = 0. (25) 

So the space in which we are looking for a solution has to be closed with respect to the following 
operations 

(i) The operator H 

(ii) The addition operation 
(iii) The operator -i of differentiation 
(iv) Multiplication by e«**. 

So we have a solution of the form 

00 

(26) 





oo 

y = a + y^q rl e 2 V L . 


ing (25) and (26) we get 




oo 

^ — T CL n Jlt nti 

> e e 

n—1 


oo 

/ 6ti 3ti Iti \ ^ — -V n 

— % 1 e « + e e + e e J \ a n e < 


oo 

V — "S (X n Tl nti 

n—1 


oo 

/ 6ti 3ti Iti \ ^ — -V nt 

— 1 e 6 + e 6 + e 6 1 > a„e 6 

n=l 
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OO GO 

Ena n n+i ^— v r 



(n+6)ti (n+3)ti (n + 2)ti 



= 



—r-e s - 2_^(a„_ 6 + a„_ 3 + a„_ 2 )e 6 



n=l n=7 

3ti 4£i 5ti Qti 4t± 5ti Gti 

— a,\e 6 — a 2 e 6 — a 3 e 6 — a 4 e 6 — a,\e 6 — a 2 e 6 — a 3 e 6 = 0. 



Equating the coefficients of the like powers of e = 6 we get 



ail 

~6~ 

a 4 4 

~6~ 

as 5 

6 

ag6 

6 



= 0, 



a 2 2 



= 0, 



a 3 3 



6 6 

= a 2 + a\ = so 04 = 

= a 2 + a 3 = so a 5 = 
= a 3 + a 4 = so a 6 = 
a n n 



= a\ so ai = a 2 = a 3 = 



a n-6 + a n-3 + a n-2 

6 



6 



n = 7,8,9, 10,... 



a 7 



( a n-2 + a n-3 + a n-6J 

(a 5 + 0,4+0!) =0 and so on. 



n 

6 

7 

V n = 1,2, 3, 



Thus we have y = do, where ao is an arbitrary constant. In fact this is the only solution in the space 
chosen. 



Solve: 



Take 



(Ml l t - ti ti s TT 3ti 4ti 1 ti 

— + e +p.t +e^)Hy = -e~ - 2e~ + -ee, 
ai \ 6 

00 
y = a + y^a„e 2 Tr. 

n=l 



as in the previous example. 

00 00 

Ena n ntt v~v \ a** 

-7-e e - 2_^(a«-6 + a n _ 3 + a„_ 2 )e s 



n=l n=7 

3ti Ati 5ti Gti 4ti 5ti 6ti 

—a\e 6 — a 2 e 6 — a 3 e 6 — a 4 e 6 — aie 6 — a 2 e 6 — a 3 e 6 = 



4ti 1 ti 

2e 6 + -e e 
6 



lai in 2a 2 2t» /3a 3 \ 3*1 /4a 4 

T^ + ^ 66 + (— - 1 ) 66 +(— - a i-« 2 )' 



/6a 6 \ m 

-^—-a 4 -a 3 jee 



OO 



6 + a„_3 + a„_ 2 )e e 



/5a 5 

(— -a 2 -a 3) e 

1 



3ti 

e e 



n=7 



2e 6 + -e« 
6 
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1 2fl2 n n 

ai = l, — — =0 so a-i = 

6 

3«3 -. 3a 3 

— ai = -1, -— = so o 3 = 

6 6 

4a 4 4a 4 6 

— a 2 - ai = -2, -— = -1 so s 4 = -- 

6 6 4 

5 ° 5 n n 

— a 2 - a 3 = 0, so a 5 = 

6 





( 


3a 6 
6 


— 04 — a 3 = 0, so as = a 4 = - 


6 




a 7 




6. , . 

1 — \fln-2 + On-3 + a n-6J 

n 

6 / x 3 
= y(a 5 +a 4 +ai) = -- 






0-8 




6, 6 / 6 \ 


= 


I so on... 










Therefore, 












y = 


a 


ti 6 iti 6 6ti 3 7ti 9 8ti 

+ le 6 e 6 e 6 e 6 e 6 

4 4 7 8 


4 



(27) 
Solution to the singular integro differential equation 

+ {ae xu + be" u )Hy = (28) 



d V , r.„\ti 



dt 
will be of the form 



y= E E a M e (TnA+n ' i) ". (29) 

q — — oo p— — oo 



terms the values of the coefficients a pg can be calculated. This solution can be used to solve 

d V , <„\u 



Eliminating y from (28) and (29) and equating the coefficients of the like powers of the exponential 

, can be calculated. This solution can be used to solve 

dt +(ae Xti + be^)Hy = f(t) (30) 

where f(t) is an a.p. function (with two exponential terms) for simplicity. 

For the sake of definiteness, let us take fit) = e ctt + e dt% where c, d are real numbers. We can 
find a particular solution to the system (30) by eliminating y from (29) and (30) and then equating 
the coefficients of the like powers of the exponential terms. 

Let this solution be 

v = g(t) 

and assume that the solution to the system (28) is 

y = h(t) 
then the general solution to the system (30) is 

y = f(t) + h(t). 
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This solution is in the space of semi-almost periodic space of distributions. The details of calculation 
is being left to the readers. 



Discussions 

Solutions that we obtain to the system (1) in the form of a trigonometric series do not always 
converge. In the case when it does not converge it may cither be an almost periodic distribution 
or a semi-almost periodic distribution. We have found solutions to the system (1) only in very 
special cases of coefficient a(t) and b(t). The general case needs special consideration and we will 
look into that eventually. Laurent Schwartz has proved in [6] that a distribution is an almost 
periodic distribution if and only if it can be expressed as the finite linear combination of the finite 
order distributional derivative of almost periodic functions. According to this theorem the series 



Eoo 
71=1 



-,2„nti 



though a divergent series is an a. p. distribution as it can be expressed in the form 






GO 1 

HA 

^ n 2 

,n— 1 



The series under the differentiation sign is an almost periodic function. The differentiation is being 
done in distributional sense. 
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Abstract 

Intraday Spot Foreign Exchange market is extremely volatile and can- 
not be explained by macro fundamentals. Models of market microstruc- 
ture have a better forecasting quality, while still cannot fully explain the 
exchange rates fluctuations, especially over short term and on high fre- 
quency data. In this paper, we construct a new model for explaining forex 
market movements on minute data. This model involves price data on two 
different time frames, one macro fundamental variable and accounts for 
volatility clustering through a GARCH approach. Alpha-stable distri- 
butions appropriately describe the behavior of residuals. The model is 
constructed in two variants - for market makers observing the orders flow 
and for traders who only have the information about the price. In both 
cases, the new model outperforms other previously studied models. 

Keywords: Foreign Exchange Market, Intraday Trading, Heavy Tails, 
Volatility Clustering, Market Microstructure 
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Introduction 

Foreign exchange market is different from other financial markets in many re- 
spects and specific models are developed to describes its behavior. By definition, 
there are no insiders or particularly informed traders on forex. The exchange 
rate movements are theoretically defined by a relative state of two countries' 
economies, but macro based model still largely fail to explain short term price 
movements on forex. Model of market microstructure generally do slightly bet- 
ter, while still have low forecasting quality on high frequency data. 

The present research develops a new hybrid model based on market mi- 
crostructure, but also involving a macro fundamental as an explanatory vari- 
able. The model uses price data on two different time frames to account for 
both recent changes and longer term trends. The model uses GARCH approach 
to mind volatility clustering, and alpha-stable distributions explain the heavy- 
tailed behavior of residuals. The model is constructed in two versions, one for 
market makers having information about the order flow, another is for traders 
only observing price movements. Both models outperform previously studied 
macro, micro and hybrid models. 

The remainder of the paper is organized as follows. The section 1 gives 
an overview of models for market microstructure. Section 2 describes previous 
attempts to construct a hybrid model. Section 3 presents and tests the new 
proposed model. Section 4 concludes. 

1 Models of the Spot Foreign Exchange Market 
Microstructure 

Micro-based models attempt to describe the behavior of the market, discover 
laws of its functioning, short-term reactions. As this analysis is based on early 
signs and leading indications, it is closer to technical analysis on one side and 
is more used for short term trades. It is for instance not uncommon to have 
a long term bullish trend on the market, confirmed by fundamental analysis of 
macroeconomic variables, while many investors and traders take advantage of 
short term downturns on the market, forecasted based on technical analysis and 
short term market movements. As a consequence, this type of analysis is the 
most used for intraday trading. 

1.1 Orders Flow Model 

Evans and Lyons [6] concentrate on the orders flow. They assume that it con- 
tains information on relevant fundamentals for two reasons: 

• Traders who aim making profit on the foreign exchange market initiate 
trades when they believe they have information they can take advantage 
of, and 
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• Market participants who cover their other activity through forex market 
operations, all together, represent the current state and direction of econ- 
omy. 

Note that it is crucial to take into account the signed orders flow, rather than 
unsigned. Imagine a trader approaching a market maker to sell 10 lots of EUR 
vs. USD. Another trader comes in the same time with a request to buy 20 lots 
of EUR vs. USD. The unsigned order flow merely indicates that the volume of 
transactions reached 30 lots. The signed order flow however, will be —10 + 20, 
which gives +10 as an outcome, and provides the valuable information to the 
market maker that the market expects a rise of the price. 

The relevant expectation (that of the market maker): 

DC 

St = (i - &) X>^r/t+i, a) 

where E™ is the expectation conditioned on market makers' information at 
the start of period t - this difference is crucial, as micro-based models attempt 
to explain the process of incorporation of available information into prices. In 
practice, the one estimates the model consisting in two independently estimated 
equations: 



As t+1 = b+ax^ + e t+1 (2) 



and 



Ast+i = b + J2 a i x fl S + e *+i, (3) 

where 

• Xf is aggregated order flow from six last periods of time, 

• £?/ is the order flow from segment j. 

The first equation estimates the forecasting power of the aggregated flow, 
then the second detects the input of each of the disaggregated flow individually. 

Evans and Lyons [6] compare the true, ex-ante forecasting performance of a 
micro-based model against both a standard macro model and a random walk. 
The forecasting is examines for a short term period, one day to one month. 
Over 3 years of testing, it is shown that the micro-based model consistently 
outperform both random walk and the macromodel. This does not imply that 
past macro analysis has overlooked key fundamentals: finding consistent with 
exchange rate being driven by standard fundamentals. 

An important reserve to be put on this models is whether the actual demand 
of the market is adequately reflected by the order flow. It is not uncommon to 
have a situation when there is an actual demand, but there is no transaction 
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generated due to eventual limits on credit lines, trading hours or technical lim- 
itations or issues. 

One should also analyze of any type of transactions are equally informative 
and important for the price formation. The aggregated order flow may come 
from many small traders each of which has its own source of information and 
beliefs about the market. This same net position can be generated by one 
transaction of an institutional client or a small bank - his source of information 
may be more reliable on one side, but if it is erroneous, it will generate a more 
important distortion on price than that serving retail clients. 

Also, an important question to ask, whenever market makers know the iden- 
tity of their clients, is whether orders flow generated by corporations, financial 
institutional and banks are more susceptible to influence the market makers 
perception of the market and thus the price formation. 

The last remark is related to the type of orders received by the market 
makers. There are two types of orders: market order with immediate execution 
and pending orders - revocable or irrevocable, with or without expiration date, 
with a prespecified non market price at which the order is placed if the market 
hits the target price before the order expired. While it is that the first type of 
orders should be taken into account, the answer is less obvious for the pending 
orders. Should they be taken into account at all? On one side they do reflect 
the traders' expectation regarding future prices and even provide more details 
in the form of a target price. On the other hand, especially if pending orders can 
be revoked without financial penalty, these belief's of traders are not backed by 
real money and may simply reflect an attempt of an arbitrage strategy trying to 
catch the price "just in case" . If the answer on the first question is still positive 
and pending orders should be taken into account, an important timing question 
arises - at which moment these positions have an actual influence on the market? 
Does it happen in the moment when the position is placed and the information 
about it is already available to the market maker? Or this order should rather 
be incorporated in the order flow in the moment of its activation when a trader 
commits real money into the operation? The answer on this second question 
has more influence if pending orders are allowed to stay active for longer time 
periods, eventually several days or even longer. 

1.2 Evidence of Orders Flow Model on the Modern For- 
eign Exchange Market 

To test the model described in the previous section, we take data from the 
foreign exchange market for the period from 1st March 2009 till 31st May 2009. 
The data reflects the volume of trades going through the dealing desk of a 
market maker. For each day of trades, there following data is analyzed: 

1. Total number of lots of each currency pair bought by traders through the 
company, 

2. Total number of lots of each currency pair sold by traders through the 
company, 
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3. Average price (quote) of the currency pair for each trading day, calculated 

Open+High+Low+Close 
as j . 

The analysis was done for seventy available currency pairs. The trades are 
taken from a sample with trading hours weekly from Sunday 23.00 till Friday 
23.00. For the daily data, Sunday evening data was merged with Monday data, 
this providing 25 hours of trading information for Mondays and 23 hours of 
trading for Fridays. 

Figure 1 shows the plots of daily exchange rate variations vs. scaled order 
flow of a market maker. 

Several currency pairs were omitted in the experiment due to lack of regular 
data. We assume that the current order flow t is already known to the market 
maker. We also suspect the volatility clustering, i.e. current change in price 
depends on previous changes in price. We thus estimate the improved model 4 
for the remaining currency pairs. 

6 6 

Ast+i = b + Y^ a i x f,t S + J2 c i As t-J + e *+i' ( 4 ) 

The estimation process was iterative, whenever a coefficient was not signi- 
ficative, the corresponding variable was eliminated. The R 2 for the estimated 
models are given in the table 1 for each currency pair. 

As can be observed, the orders flow model have decent explanatory power of 
price changes of actively traded currency pairs. It will be thus admitted as basic 
model for further exploration. Its step-by-step analysis is presented below. 

Comparison with random walk. We want to know if the suggested model 
is any better than a simple random walk. We estimate the equation 5. 

As t = a + e t , (5) 

where e t ~ iV(/i, cr). The results of this calculation are have shown R 2 at 
zero for all the currency pairs without exception. In other words, the suggested 
orders flow model outperforms the random walk approximation, in average by 
15.9% taking into account the currency pairs for which an appropriate orders 
flow model was found. 

In-sample and out-of-sample data. Orders flow model estimated for the 
period 1st March 2009 till 31st May 2009 is now applied to out of sample daily 
data from 1st June 2009 till 15th June 2009. R 2 for in-sample and out-of-sample 
data are compared in the table 2. 

As can be observed, for those cases where the model could explain the out- 
of-sample variations, the R 2 was well comparable for the in-sample data. 

High-frequency data. As our primary purpose is to build a model for 
intraday trading, higher frequency data is to be analyzed. The same procedure 
as described above, is now applied to hourly and minute-by-minute data over 
the same three month period of time. For the hourly data, last 6 periods are 
taken into account in the model. The number of past periods is increased to 30 
for the minutc-by-minute data. For each model, variables with non significant 
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Orders Flow 
Price Change 



Figure 1: Daily exchange rate variations vs. orders flow. 
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Table 1: R 2 of the Orders Flow model estimated on daily data. 



Currency 
pair 


R 2 , % 


Currency 
pair 


R 2 , % 


AUDCAD 


20.24 


EURZAR 


33.87 


AUDCHF 


45.55 


GBPAUD 


35.84 


AUDJPY 


25.69 


GBPCAD 


25.89 


AUDNZD 


35.84 


GBPCHF 


43.89 


AUDUSD 


24.69 


GBPJPY 


38.24 


CADCHF 


29.24 


GBPNZD 


36.63 


CADJPY 


34.64 


GBPUSD 


45.56 


CHFJPY 


25.15 


NOKJPY 


46.96 


CHFSGD 


43.62 


NZDCAD 


29.79 


EURAUD 


15.95 


NZDCHF 


37.22 


EURCAD 


19.66 


NZDJPY 


23.39 


EURCHF 


45.21 


NZDUSD 


28.63 


EURGBP 


35.31 


USDCAD 


31.23 


EURJPY 


29.22 


USDCHF 


32.95 


EURNZD 


25.44 


USDJPY 


29.48 


EURSGD 


36.88 


USDTRY 


40.17 


EURTRY 


27.48 


USDZAR 


64.26 


EURUSD 


43.53 
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Table 2: R 2 of the Orders Flow model for in-sample and out-of-sample data. 



Currency 
pair 


In-sample 


Out-of- 
sample 


Currency 
pair 


In-sample 


Out-of- 
sample 


AUDCAD 


20.24 


32.59 


EURZAR 


33.87 


12.13 


AUDCHF 


45.55 





GBPAUD 


35.84 





AUDJPY 


25.69 


14.60 


GBPCAD 


25.89 





AUDNZD 


35.84 





GBPCHF 


43.89 


34.64 


AUDUSD 


24.69 


4.66 


GBPJPY 


38.24 


41.32 


CADCHF 


29.24 





GBPNZD 


36.63 





CADJPY 


34.64 





GBPUSD 


45.56 


41.93 


CHFJPY 


25.15 





NOKJPY 


46.96 





CHFSGD 


43.62 





NZDCAD 


29.79 


3.21 


EURAUD 


15.95 


9.18 


NZDCHF 


37.22 


11.81 


EURCAD 


19.66 





NZDJPY 


23.39 





EURCHF 


45.21 





NZDUSD 


28.63 





EURGBP 


35.31 


44.60 


USDCAD 


31.23 





EURJPY 


29.22 


16.90 


USDCHF 


32.95 


39.28 


EURNZD 


25.44 


16.61 


USDJPY 


29.48 





EURSGD 


36.88 





USDTRY 


40.17 


2.40 


EURTRY 


27.48 





USDZAR 


64.26 





EURUSD 


43.53 


1.34 
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Table 3: 
data. 



R 2 of the Orders Flow model for daily, hourly and minute-by-minute 



Currency 
pair 


Daily 
data 


Hourly 
data 


Minute 
data 


Currency 
pair 


Daily 
data 


Hourly 
data 


Minute 
data 


AUDCAD 


20.24 


18.49 


10.41 


EURZAR 


33.87 


4.09 


- 


AUDCHF 


45.55 


21.91 


11.56 


GBPAUD 


35.84 


19.18 


15.37 


AUDJPY 


25.69 


20.79 


19.06 


GBPCAD 


25.89 


18.49 


14.60 


AUDNZD 


35.84 


18.27 


7.21 


GBPCHF 


43.89 


27.63 


16.84 


AUDUSD 


24.69 


20.83 


15.18 


GBPJPY 


38.24 


20.90 


22.35 


CADCHF 


29.24 


21.82 


9.82 


GBPNZD 


36.63 


22.33 


- 


CADJPY 


34.64 


22.34 


16.9 


GBPUSD 


45.56 


21.36 


19.31 


CHFJPY 


25.15 


22.71 


15.88 


NOKJPY 


46.96 


9.60 


- 


CHFSGD 


43.62 


19.89 


9.96 


NZDCAD 


29.79 


19.75 


6.16 


EURAUD 


15.95 


21.09 


15.07 


NZDCHF 


37.22 


22.08 


7.57 


EURCAD 


19.66 


19.94 


12.10 


NZDJPY 


23.39 


22.24 


14.57 


EURCHF 


45.21 


26.80 


8.71 


NZDUSD 


28.63 


22.46 


9.64 


EURGBP 


35.31 


24.80 


12.93 


USDCAD 


31.23 


22.77 


11.26 


EURJPY 


29.22 


22.49 


21.38 


USDCHF 


32.95 


43.59 


10.47 


EURNZD 


25.44 


22.54 


11.18 


USDJPY 


29.48 


22.44 


11.42 


EURSGD 


36.88 


4.98 


14.29 


USDTRY 


40.17 


19.76 


- 


EURTRY 


27.48 


24.27 


- 


USDZAR 


64.26 


4.22 


1.79 


EURUSD 


43.53 


15.24 


14.40 











coefficients are iteratively removed. The calculated R 2 are shown in the table 
3. 

The results obtained at this step are indeed interesting. As can be observed, 
the coefficient of determination steadily declines as the frequency of the data 
increases. 

Analyzing the residuals. For each equation, we now calculate the series 
of residuals and approximate the distribution of these series 

• first by normal distribution, 

• then by alpha-stable distribution. 

Several residual patterns and their estimated distributions are presented on 
the figures 2. 

To evaluate quantitatively, which distribution is more appropriate to describe 
the data, we will use the Integral of difference [12]. 



I 



\fx,e( X ) ~ fx,th(x)\dx, 



(6) 



where 
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eiirsbfl iho ratal) 
eurgbp (input) 
eurgbp (alpha) 




Figure 2: Empirical distribution functions (input) and their approximations 
with normal and alpha-stable distributions. 
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• fx,e is the empirical frequency, 

• fx,th is the estimated, theoretical, probability distribution function. 

This integral is always < I < 1 and can be interpreted as a part of the 
residuals' behavior, unexplained by the suggested distribution. In our particular 
case, we calculate 



\fx,e(x) ~ fx,normal(x)\dx (7) 



1 f°° 
la = g / \fx,e( x ) ~ fx,a-stable{x)\dx (8) 

The table 4 shows the values the integrals 7 and 8, for each currency pair, 
as well as the residuals distribution selected on the basis of this calculation. 

As can be observed, for all series with no exceptions, the a-stable distribu- 
tion described the behavior of residuals more appropriately than the respective 
normal distribution. 

Institutional vs. retail traders. To test whether institutional investors 
are better informed than individual traders, or, better to say, if their expecta- 
tions are taken into account more seriously by market makers, we re-estimate 
the model 2 separately for the following groups of traders: 

• Big traders: balance on the trading account exceeding 1 000 000 USD or 
equivalent in another currency, 

• Medium traders: trading balance between 200 000 and 999 999 USD or 
equivalent, 

• Retail traders: trading balance below 199 999 USD. 

The R 2 for each group of clients calculated on the minute data is presented 
in the table 5. 

Observing the results, we conclude that the predicting power of the order 
flow does not change depending on the financial size of traders generating the 
this order flow. 

Instant execution and pending orders. Finally, in all the previous 
analysis pending orders were not taken into account at all until they become an 
active order, e.g. until the trader commits real money into a position, following 
his estimations of the market evolution. However, pending orders themselves 
give additional information to the market makers about the price changes the 
trades expect. 

We re-estimate the model on the minute data and two variant of order flow 
calculation: 

• Initially used order flow of instant execution transactions, 

• Alternative order flow of both instant execution and pending orders trans- 
actions. 
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Table 4: Comparison of normal and a-stable residuals distribution estimation 
using the Integral of difference, for minute data. 



Currency 
pair 


Integral of difference 


Better res. 
distr. 


Normal 


a-stable 


AUDCAD 


0.0814 


0.0448 


a-stable 


AUDCHF 


0.0952 


0.0555 


a-stable 


AUDJPY 


0.1108 


0.0776 


a-stable 


AUDNZD 


0.0874 


0.0473 


a-stable 


AUDUSD 


0.1063 


0.0545 


a-stable 


CADCHF 


0.1193 


0.0519 


a-stable 


CADJPY 


0.1222 


0.0783 


a-stable 


CHFJPY 


0.1169 


0.0756 


a-stable 


CHFSGD 


0.1206 


0.0484 


a-stable 


EURAUD 


0.1033 


0.0413 


a-stable 


EURCAD 


0.1096 


0.0462 


a-stable 


EURCHF 


0.1947 


0.0468 


a-stable 


EURGBP 


0.1399 


0.0426 


a-stable 


EURJPY 


0.1304 


0.0855 


a-stable 


EURNZD 


0.1286 


0.0504 


a-stable 


EURSGD 


0.1075 


0.0472 


a-stable 


EURTRY 


- 


- 


- 


EURUSD 


0.1481 


0.0540 


a-stable 


EURZAR 


- 


- 


- 


GBPAUD 


0.0881 


0.0564 


a-stable 


GBPCAD 


0.0986 


0.0508 


a-stable 


GBPCHF 


0.1342 


0.0426 


a-stable 


GBPJPY 


0.1367 


0.0937 


a-stable 


GBPNZD 


- 


- 


- 


GBPUSD 


0.1483 


0.0626 


a-stable 


NOKJPY 


- 


- 


- 


NZDCAD 


0.1888 


0.0554 


a-stable 


NZDCHF 


0.1338 


0.0488 


a-stable 


NZDJPY 


0.1252 


0.0803 


a-stable 


NZDUSD 


0.1476 


0.0768 


a-stable 


USDCAD 


0.1904 


0.0857 


a-stable 


USDCHF 


0.1716 


0.0603 


a-stable 


USDJPY 


0.1665 


0.0740 


a-stable 


USDTRY 


- 


- 


- 


USDZAR 


0.4074 


0.2974 


a-stable 
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Table 5: R 2 (%) estimated for big, medium and retail clients, on the minute- 
by- minute data. "-" means transactions data is not available. 



Currency 
pair 


Big 


Medium 


Retail 


Currency 
pair 


Big 


Medium 


Retail 


AUDCAD 


10.35 


10.36 


10.42 


EURZAR 


- 


- 


- 


AUDCHF 


11.55 


11.55 


11.56 


GBPAUD 


15.39 


15.40 


15.38 


AUDJPY 


19.05 


19.03 


19.06 


GBPCAD 


14.53 


14.57 


14.60 


AUDNZD 


7.24 


7.19 


7.21 


GBPCHF 


16.79 


16.86 


16.83 


AUDUSD 


15.20 


15.20 


15.19 


GBPJPY 


22.35 


22.34 


22.36 


CADCHF 


9.83 


9.81 


9.82 


GBPNZD 


- 


- 


- 


CADJPY 


16.90 


16.90 


16.90 


GBPUSD 


19.27 


19.29 


19.31 


CHFJPY 


15.89 


15.89 


16.89 


NOKJPY 


- 


- 


- 


CHFSGD 


- 


9.93 


9.95 


NZDCAD 


6.10 


6.14 


6.16 


EURAUD 


- 


15.05 


15.09 


NZDCHF 


7.51 


- 


7.57 


EURCAD 


12.10 


12.07 


12.10 


NZDJPY 


14.56 


14.58 


14.57 


EURCHF 


8.72 


8.71 


8.69 


NZDUSD 


9.63 


9.71 


9.62 


EURGBP 


12.92 


12.90 


12.93 


USDCAD 


11.26 


11.29 


11.26 


EURJPY 


21.34 


21.34 


12.38 


USDCHF 


10.56 


10.45 


10.46 


EURNZD 


11.18 


11.17 


11.18 


USDJPY 


11.48 


11.43 


11.42 


EURSGD 


- 


- 


14.29 


USDTRY 


- 


- 


- 


EURTRY 


- 


- 


- 


USDZAR 


- 


1.81 


1.79 


EURUSD 


14.17 


15.09 


14.40 
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Using the alternative order flow, we assume that the market makers base 
their price estimation taking into account the pending orders. Thus the pend- 
ing orders are considered when they are placed and become known to the market 
maker, instead of the moment real money are committed into the trading oper- 
ation. 

The results of the estimation using the alternative order flow gave exactly 
the same coefficients and coefficients of determination as the initial model using 
the order flow for instant execution positions only. 

1.3 Other Models for Forex Market and Special Cases 

After having discussed both macro and micro approach to modeling the ex- 
change rates dynamics, it is important to note that these two model types are 
not incompatible. In is typically assumed for macro approach that all the rele- 
vant information is publicly known and is reflected in current market prices. If 
any of these assumptions is relaxed, the order flow does explain a part of the 
exchange rates variations. 

On the other hand, the micro approach does not claim the macro fundamen- 
tals do not define exchange rates. It rather says the order flow is more dynamic 
and forecasts those fluctuations better. The flow of orders merely reflects the 
belief of market participants materialized in form of their real money put into 
play. 

A core distinction between the two approaches is the role of trades in price 
determination. 

Fundamentals have little to no importance for intraday trading, and that the 
exchange rates are too much more volatile than any fundamental. As a remedy 
to that situation, a hybrid model, taking into account both short term and long 
term variations, was proposed by [8]. The model has the following form: 

SP t = f(i,m,z)+g(X,I,Z) + e t , (9) 

where 

• f{i, to, z) is the macro component of the model, 

• g(X, I, Z) is the micro component of the model, 

• i - nominal interest rates, 

• 777 - money supply, 

• z - other macro determinants, 

• X - order flow, 

• / - dealer's net positions, 

• Z - other micro determinants. 
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1.4 Portfolio Shifts Model 

Macro models are typically estimated on a monthly frequency data and have 
the form 

Apt = /(A*, Am, ...) + £*, (10) 

where 

• Apt is the change in the log nominal exchange rate of the month, 

• Ai is the change in domestic and foreign interest rates i, 

• Am is the change of money supply over the month, 

• St is the residual. 

In this model, there is no place for the order flow in determining the price, 
any of its effects would be absorbed by the residual £f 

Micro approach generally leads to the following form of the model 

Apt = g(Ax,AI,...) + v t , (11) 

where 

• Ap t is the rate change over two transactions, 

• Ax is the change in order flow, 

• AI change in the net dealer position, 

• v t is the residual. 

Lyons and Evans [5] propose a new model which combines both macro and 
micro approach: 

Apt = f(Ai,...)+g(Ax, ...) + %• (12) 

The main difficulty in using this model is that the macro part of it is usually 
estimated based on monthly data, while the micro-part is often determined on 
high-frequent values - daily, hourly or even tick-by-tick. A fair and meaningful 
trade-off can be using daily data for both macro and micro variables, getting 
more frequent data for the first and aggregating the latter. 

The two processes assumed in the portfolio shifts models are the following: 

• As a portfolio shift occurs, it is not publicly known. It is manifested 
in orders on the forex market, the initial volume of which goes through 
market makers and then are completed by inter-dealer operations. The 
market learns about the shift by observing these operations. 

• The shift is important enough to move the market price. 
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If the demand is perfectly elastic, then currencies are perfect substitutes 
and the Portfolio Shifts model approaches the Portfolio Balance model. But 
in the opposite case the portfolio shifts model is different. It has a constant 
asset supply and defines demand components - driven by public and non-public 
information. The later is reflected by portfolio shifts. 

Lyons and Evans [5] estimate the Portfolio Shifts model in the following 
form: 

AP t = r t + \Ax t , (13) 

or 

AP t = PiA{i t - t*) + foAx t + m (14) 

where 

• APt is the change of the price between periods t — 1 and t, 

• rt is the public information increment, 

• A is a positive constant, 

• Aif is the order flow, 

• i t is nominal dollar interest rate, 

• i* t is nominal non dollar interest rate, 

• /?i, /?2 are parameters, 

• r\t is the residual. 

Tests show that this model produces better than random-walk results for 
both in-sample and out-of-sample data, the forecasting being more precise over 
shorter period of time (39 days) rather than for a longer period of 89 days. 

1.5 Evidence of the Portfolio Shifts Model 

To test if the Portfolio Shifts Models is applicable to the Foreign Exchange, we 
estimate the following equation 

6 6 6 

As t+ i = b + ^ a J X! x f+lt + X! c j^ s t-j + dr t + e*+i, (15) 

Overnight LIBOR rates announced daily, taken from www.dowjonesclose.com/liborrates.html, 
state of 29th June 2009, are taken for the values of the public information r t . 
The iterative estimation was done in the same way as in the previous chapter. 
The table 6 allows for comparison of the R 2 between Orders Flow model and 
Portfolio Shifts model. 

It can be observed that the addition of the macro economic variable does 
consistently improve the quality of modeling. 
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Table 6: Orders Flow model and Portfolio Shifts model estimated on daily data 



Currency 
pair 


i? 2 Port- 
folio 
Shifts, % 


i? 2 Or- 
ders 
Flow, % 


Currency 
pair 


i? 2 Port- 
folio 
Shifts, % 


i? 2 Or- 
ders 

Flow, % 


AUDCAD 


22.23 


20.24 


EURZAR 


34.00 


33.87 


AUDCHF 


46.17 


45.55 


GBPAUD 


35.84 


35.84 


AUDJPY 


26.31 


25.69 


GBPCAD 


27.13 


25.89 


AUDNZD 


42.67 


35.84 


GBPCHF 


43.89 


43.89 


AUDUSD 


25.04 


24.69 


GBPJPY 


39.37 


38.24 


CADCHF 


29.25 


29.24 


GBPNZD 


39.51 


36.63 


CADJPY 


35.05 


34.64 


GBPUSD 


46.38 


45.56 


CHFJPY 


25.15 


25.15 


NOKJPY 


46.69 


46.96 


CHFSGD 


43.79 


43.62 


NZDCAD 


31.87 


29.79 


EURAUD 


16.07 


15.95 


NZDCHF 


49.10 


37.22 


EURCAD 


19.85 


19.66 


NZDJPY 


28.17 


23.39 


EURCHF 


49.55 


45.21 


NZDUSD 


31.58 


28.63 


EURGBP 


35.44 


35.31 


USDCAD 


31.44 


31.23 


EURJPY 


30.43 


29.22 


USDCHF 


33.04 


32.95 


EURNZD 


31.84 


25.44 


USDJPY 


29.73 


29.48 


EURSGD 


36.90 


36.88 


USDTRY 


42.71 


40.17 


EURTRY 


27.95 


27.48 


USDZAR 


75.08 


64.26 


EURUSD 


43.73 


43.53 
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1.6 Hybrid Models 

Any of the presented models are not necessarily and strictly used in the pre- 
sented form only. They can contribute to one another. For example, Medeiros 
[1] suggested a hybrid model by including to the basic Evans-Lyons model [5] 
additional variables representing a country-risk premium. Tests performed on 
the Brazilian foreign exchange market showed data, showed that the model had 
a good R 2 , which was further improved by a GARCH estimation. 

2 New Model for Forex Intraday Trading 

As a conclusion of the performed study, a new model is to be presented. It takes 
into account every test performed all over the study as a building block towards 
an improved model for high frequency foreign exchange modeling. 

2.1 Framework 

Below is the summary of main the findings made and a description of the frame- 
work for the new model. 

1. Market participants. While taking into account the activity of all mar- 
ket participants, the target "users" of the developed model are active 
traders aiming speculative profit on the foreign exchange market, as well 
as brokerage companies and market makers. 

2. Trading Mechanisms. It is assumed that no regulatory restrictions 
apply to trading. Transactions are done electronically by traders via bro- 
kerage companies and market makers. The electronic transmission of in- 
formation is assumed to be immediate. No additional delay is present in 
case of trading via an intermediary broker. 

3. Trade Instructions. Traders use immediate execution and pending or- 
ders on any available currency pair. Price for immediate execution has to 
be specified, i.e. there are no requests on "best possible" price. 

4. Market Efficiency. The market is not efficient in strong and semi-strong 
form. Interest rate parity does not hold at all times. Carry trades are not 
consistently profitable. Market showed to be efficient in a weak form on 
minute data. 

5. Liquidity. No major market crashes are happening. Major and small 
news announcements arc coming regularly. The market liquidity is high 
and does not change depending if regional equity trading sessions is being 
active or not. The market liquidity does not change around the news 
announcements . 

6. Volatility and Risk Premia. Volatility is appropriately measured by 
the Expected Tail Loss, as well as by the R-ratio. It changes over time. 
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Traders are risk averse. No evidence of hot potato trading was found. 
Volatility was found to be increased during the first and the last 30 minutes 
of either regional equity trading session. Foreign Exchange Market does 
not display fractal properties. Trading short term on higher frequency 
information is generally more risk than trading over long term. 

7. Trading Costs. Trading costs are not negligible and are supposed to be 
incorporated in the spread. No other fee are applied. 

8. Technical Analysis. As the market is shown to be efficient in a weak 
form, the technical analysis cannot provide consistently accurate predic- 
tion. 

9. Fundamental Analysis and Trading Psychology. Fundamental anal- 
ysis is susceptible to provide correct predictions. Certain industries are 
susceptible to move the currency exchange rates. Market prices arc influ- 
enced by human behavior, in particular the overreactions. 

10. Applicability of Equity Market Models to the Foreign Exchange 
Market. Equity models are generally not applicable to forex market as 
is, but can provide ideas and econometric tools. 

11. Macro Based Models. Models based on macro fundamentals alone fail 
to explain the forex intraday market movements. The simple intuition 
behind is that macro fundamentals do not generally change during the 
day, while prices are moving permanently. 

12. Models for Forex Market Microstructure. Models for market mi- 
crostructure, in particular the model of orders flow, most appropriately 
explain the market behavior, comparing to other studied models: 

• Introduction of previous values of price changes (adding an AR(n) 
part) improves the coefficient of determination. 

• Model is appropriate for the out-of-sample forecast. 

• Predicting power of the order flow does not change depending on the 
financial size of traders generating this order flow. 

• a-stablc distribution is appropriate to model the behavior of residu- 
als. 

• Ceteris paribus, the quality of the model decreases as the data fre- 
quency increases. 

• Addition of macro fundamentals to build a hybrid model improves 
the forecasting ability of a model. 
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2.2 New model 

Taking into account the considerations above, we start the construction of the 
new model based on the basic order flow model. In order to account for volatility 
clustering, i.e. when periods of high volatility are usually followed by other 
periods of high volatility, GARCH approach is to be used. 

Next, we have seen that the addition of a macro fundamental improves the 
quality of the model. We include the overnight interest rate, as it both reflects 
the a macro characteristic of the economy and a part of the trading costs. 

The data chosen for modeling should usually match the trading time horizon. 
However, as it was shown, the forecasting power of a model decreases as the 
data frequency increases. We thus decide to include a lower frequency data 
into equation. From the market standpoint, this decision is confirmed by the 
practice, when traders usually require that data on several time frames agree on 
the expected direction of the market, before they engage in a trading transaction. 

Technically, we observed that series showed heavy tails. To account for this 
data specification, we admit the residuals follow an a-stable distribution ([9], 
[10], [11]). 

Finally, for the best fit, instead of a simple linear regression, we a looking 
for a more complex relationship in a spline form ([?], [?]). 

k I m 

AP t+ i = a + ^2 a ^^ p t-j + E a ^^ P i-j + E a3 i n + a/ki + £t ' ( 16 ) 

j=0 .7=0 j=0 

and 







«? = 






<# 


where 












• AP t 


price 


change in 


the moment t, 







t-v 



(17) 



• AP/ price change in the moment t, on a lower frequency time frame, 

• r t order flow, 

• i interest rates, 

• on - parameters. 

The distribution of residuals, i.e. the unexplained part of the price changes, 
can be approximated by an a-stable distribution. Due to extremely high market 
liquidity, the model will also stay valid for news announcements periods. 

The purpose of the research is not only to develop a model, but also to make 
this model usable for everyday live trading. The order flow used in the model 
above is not known to most traders on the market such as speculators or hedged 
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in interest arbitrageurs. However the order flow is positively correlated with the 
market liquidity, which can on its turn be reflected by the number of price ticks 
arriving in each particular moment of time. The model suggested for this group 
of market participants is the following: 

k I m 

AP t+ i = a + Y^ a iJ Ap t-3 + Y <X2j& p t-j + Y a3 J Vt + aii + £ *' ( 18 ) 

3=0 3=0 3=0 

and 

o\ = p + J2 fhjei-j + E &j°t-j> ( 19 ) 

where v t is the number of price ticks in the period t 

2.3 Evidence of the New Model 

The new model is being estimated in three steps: 

1. Apply the Multivariate Adaptive Regression Splines (MARS) to the first 
equation of the model. 

2. Estimate the residuals using GARCH(p,q). 

3. Estimate the parameters of a-stablc distribution of residual errors using 
McCulloch or any other method. 

The "market makers' model" is estimated on the minute data over the last 
three months from 1st March 2009 till 31st May 2009. As a lower frequency time 
frame, hourly data is selected. To demonstrate that the model keeps the R 2 on 
the same level also for the out-of-sample data, tick-by-tick data between 1st 
and 15th of June 2009 is used. Same estimations are repeated for the "traders' 
model" with the same results in terms of quality of modeling. 

There are three very positive results out of testing this model: 

• The model for market makers having the private information about the 
order flow is as good as the model for traders observing the price volatility. 

• This model outperforms all the previously tested models on the minute 
data. 

• The out-of-sample performance of the model is as good as its in-sample 
pcrformace. 

One more observation about the model worth being mentioned here. As the 
equation was estimated, the MARS regression provides the analysis of impact 
of each independent variable on the dependent variable. Several typical charts 
describing this impact are presented on the figure 3. 
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Mo-plot 



1 Price , change,, 1. periods, ag 2 Price .change.. 2, periods, ag 3 Price, change,, 3, periods ,ag 




-0.00 5 0.00 5 0.015 



-0.005 0.005 0.015 



-0.005 0.005 0.015 



4 Price, change,, 4. periods, ag 5 Price .change.. 6, periods, ag 6 Price, change,, 16, periods .at 

_r 




~\ 1 1 r — r r 

-0.00 5 0.00 5 0.015 




~\ 1 — i r 1 r 

-0.005 0.005 0.015 




~\ 1 1 — r 1 r 

-0.005 0.005 0.015 



7 Price, change, high. .0. periods, s Price. change. high, ,1 .periods, 




-0.01 0.00 0.01 0.02 



-0.01 0.00 0.01 0.02 



Mo-plot 
1 Price . change.. 1. periods, ag 2 Price .change.. 2. periods. ag 3 Price. change.. 3. periods .ag 




t 1 r 

-0.010 -0.005 0.000 0.005 



t 1 r 

-0.010 -0.005 0.000 0.005 



i r 

-0.010 -0.005 0.000 0.005 



Figure 3: Influence of independent variables on the dependent variable in the 
new model for intraday trading. 



SERBINENKO, RACHEV: A NEW HYPRID MODEL... 



359 



Table 7: R 2 
out-of-samplc 



of the estimated new "market makers'" 
data, in %. 



models, in-sample and 



Currency 
pair 


R\ 

in-sample 


R 2 , out- 
of-samplc 


Currency 
pair 


R\ 

in-samplc 


R' 2 , out- 
of-samplc 


AUDCAD 


10.96 


13.04 


EURZAR 


- 


- 


AUDCHF 


13.48 


16.97 


GBPAUD 


15.37 


17.20 


AUDJPY 


20.08 


20.52 


GBPCAD 


13.98 


16.71 


AUDNZD 


7.59 


7.81 


GBPCHF 


18.64 


19.02 


AUDUSD 


16.53 


17.80 


GBPJPY 


23.35 


22.18 


CADCHF 


12.67 


15.67 


GBPNZD 


- 


- 


CADJPY 


18.28 


20.59 


GBPUSD 


21.17 


19.81 


CHFJPY 


17.29 


18.34 


NOKJPY 


- 


- 


CHFSGD 


9.48 


11.97 


NZDCAD 


18.18 


1.78 


EURAUD 


16.11 


16.04 


NZDCHF 


10.39 


8.69 


EURCAD 


14.20 


15.36 


NZDJPY 


15.58 


17.18 


EURCHF 


13.37 


15.56 


NZDUSD 


10.14 


11.98 


EURGBP 


14.83 


15.32 


USDCAD 


14.15 


18.81 


EURJPY 


22.48 


21.95 


USDCHF 


15.88 


22.19 


EURNZD 


12.10 


14.23 


USDJPY 


15.79 


8.66 


EURSGD 


13.70 


15.82 


USDTRY 


- 


- 


EURTRY 


- 


- 


USDZAR 


64.26 




EURUSD 


18.89 


23.70 









As can be observed, the previous changes in price have the influence on the 
current change in price most of time only in their second part. In other words, 
increases in previous changes in price have more impact on the present change 
in price, than the decreases of them. This relationship has not been explored in 
details so far, but it is definitely another interesting research topic. 



3 Concluding remarks 

Step-by-step exploring and testing different aspects of the spot foreign exchange 
market, this research proposed a new model describing exchange rates, intended 
for intraday trading. 

Two variants of this model were developed: one for market makers observing 
the order flow, one for traders who do not have this information. Both variants 
of the model have the same modeling quality, which is as good in-sample as 
out-of-sample. The R 2 of this model is higher than the R 2 of any other model 
tested here on the minute data. 

Finally, some open questions provide room and ideas for further researched. 
In particular, the predicting power of the model can be further improved. Also, 
the observed asymetric influence in positive and negative changes in previous 
observed price innovations is to be explored further. 
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FIXED POINT RESULTS FOR MAPPINGS SATISFYING A 

GENERAL CONTRACTIVE CONDITION OF OPERATOR TYPE 

IN DISLOCATED FUZZY QUASI-METRIC SPACES 

CIHANGIR ALACA 



Abstract. In this paper, we define the notion of dislocated fuzzy quasi-metric 
spaces with the help of Hitzler and Seda [18] in the sense of Kramosil and 
Michalck [19] and also George and Vecramani [14]. Further, we give some fixed 
point results for coincidcntally bi-commuting mappings satisfying a general 
contractive condition of operator type in dislocated fuzzy quasi-metric spaces. 



1. Introduction 

Zadeh's introduction [29] of the notion of fuzzy sets laid down the foundation 
of fuzzy mathematics. Many authors have introduced the fundamental concepts of 
fuzzy metric space and its fixed point theorems in different ways [1, 4, 10, 11, 12, 
14, 15, 16, 19, 21, 22, 25, 26]. Furthermore, many authors obtained different fixed 
point results for mappings satisfying a general contractive condition of operator 
type and integral type in metric spaces [2, 3, 5, 6, 8, 9, 23, 24, 28]. 

Recently, the following definition of dislocated metric space and it's fundamental 
properties was given by Hitzler and Seda [18]. 

Definition 1. Let X be a set and let g : X x X — > Rq be a function, called a 
distance function. Consider the following conditions: 

(D-i) For all x G X, g(x,x) — 0, (D-ii) For all x, y G X, if g(x,y) — 0, then 
x = y, (D-iii) For all x, y G X, g(x,y) — g(y,x), (D-iv) For all x, y, z G X, 
Q{x,y) < g(x,z) + g(z,y), (D-v)For all x, y, z G X, g(x,y) < ma,x{g(x, z), g(z,y)}. 
If g satisfies conditions (D-i) to (D-iv), then it is called a metric. If it satisfies 
conditions (D-i), (D-iii) and (D-iv), it is called a pseudo- metric. If it satisfies (D- 
ii), (D-iii) and (D-iv), we will call it a dislocated metric (or simply d-metric). If a 
(pseudo-, d-) metric satisfies the strong triangle inequality (D-iv'), then it is called 
a (pseudo-, d-) ultrametric. 

The study of partial metric spaces and generalized ultrametric spaces have appli- 
cations in theoretical computer science had beeen studied by Matthews [20] . Hitzler 
and Seda [18] introduced the concept of dislocated metric space as a generalization 
of metrics where self-distances need not be zero. They also proved a generalized 
version of Banach contraction mapping principle which was applied to obtain fixed 
point semantics for logic programs. Zeyada et al. [30] gave fixed point theorems for 
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a multivalued function in complete dislocated metric spaces and complete partial 
metric space. Later afterwards, George and Khan [13] introduced the concept of 
dislocated fuzzy metric space and studied the fuzzy topology associated with it. 

In the present paper, we define the notion of dislocated fuzzy quasi-metric spaces 
with the help of Hitzler and Seda [18] in the sense of Kramosil and Michalek [19] 
and also George and Veeramani [14]. Further, we give some fixed point results for 
coincidentally bi-commuting mappings satisfying a general contractive condition of 
operator type in dislocated fuzzy quasi-metric spaces. 

2. On dislocated fuzzy quasi-metric spaces 

Definition 2 ([27]). A binary operation * : [0, 1] x [0, 1] — > [0, 1] is continuous t- 
norm if([0, 1],*) is a topological monoid with unit 1 such that a-kb < c-kd whenever 
a < c and b < d, and a, b,C,d <E [0, 1]. 

Now, we define the notion of dislocated fuzzy quasi-metric spaces in the sense of 
Kramosil and Michalek [19]. 

Definition 3. A 3-tuple (X, M, *) is said to be a dislocated fuzzy quasi-metric 
spaces in the sense of Kramosil and Michalek (in shortly DxM-FqM-spaces) if X 
is an arbitrary set, -k is a continuous t-norm and M is a fuzzy set on X 2 x [0, oo) 
satisfying the following conditions: For all x, y, z G X and s, t G [0, oo), 

(D-FqM-1) M(x,y,0) = 0, 

(D-FqM-2) M(x, y, t) = M(y, x, t) = 1, then x = y, 

(D-FqM-3) M(x, y, t) * M(y, z, s) < M(x, z, t + s), 

(D-FqM-4) M(x,y, .) : [0,oo) -*■ [0, 1] is left continuous, 

(D-FqM-5) lim M(x, y, t) = 1. 

t — >oo 

Remark 1. If we add the condition M(x,y,t) — M(y,x,t) to Definition 3, then 
we obtain the definition of DuM-FM-spaces given by George and Khan [13]. 

Now, we define the notion of dislocated fuzzy quasi-metric spaces in the sense of 
George and Veeramani [14]. 

Definition 4. A 3-tuple (X, M, *) is said to be a D-FqM-spaces in the sense of 
George and Veeramani (in shortly Day-FqM-spaces) if X is an arbitrary set, -k is 
a continuous t-norm and M is a fuzzy set in X 2 x (0, oo) satisfying the following 
conditions: For all x, y, z £ X and S, t € (0, oo), 

(D-FqM-1) M(x,y,t) > 0, 

(D-FqM-2) M(x, y, t) = M(y, x, t) = 1, then x = y, 

(D-FqM-3) M(x, y, t) * M(y, z, s) < M(x, z, t + s), 

(D-FqM-4) M(x, y, .) : (0, oo) -> (0, 1] is continuous. 

Remark 2. Given a D-FqM-space {X, M, •) we define the open ball Bm{x, r, t), for 
x e X, < r < 1, and t> 0, as the set B M (x,r,t) ={|/el: M(x,y,t) > 1 - r}. 
Obviously, x <E Bm(x, r, t). For each x € X , < r\ < r 2 < 1 and < t\ < ti < 1, 
we have BM(x,ri,ti) C Bm(x, ^,£2)- Consequently, we may define a topology tm 
on X as 

tm = {^4 C X : for each x G A there are r € (0, 1), t > 0, with Bm(x, r, t) C A} . 

Moreover, for each x € X the collection of open balls {Bm{x, — , — ) : n = 2, 3, ..} , is 
a local base at x with respect to Tm ■ The topology tm is called the topology generated 
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by D-FqM-space (X, M, *). It is clear that each open ball BM(x,r,t) is an open set 
for the topology tm- 

Remark 3. // (M,-k) is D GV -FqM on X, then (M -1 ,*) is also a D GV -FqM on 
X, where M^ 1 is the fuzzy set X 2 x (0,oo) defined by M~ 1 (x,y,t) = M(y,x,t). 
Moreover, if we denote by M$ the fuzzy set in X 2 x (0, oo) given by M$(x,y,t) — 
min {M(x,y,t), M^ 1 (x,y, t)} , then (M$,*) is a Day-FqM on X. We can give 
similar this case for Dk m -FqM-spaces. 

Example 1. Let (X,d) be a dislocated (quasi- )metric space, let* be any continuous 
t-norm and let M& be the function defined on X 2 x (0,oo) by M^ — t— 4 — y Then 
(A, M^,*) is a DQy-FqM-space called standard D(jy-FqM and (M^,*) is the D- 
FqM induced by d. Furthermore, it is easy to check that (M^) -1 = M d ~i and 
(Md)$ — M^s, and the topology tj, generates by d, coincides with the topology Tu d 
generated by the induced Day-FqM (M, *). 

As in Grabiec [15], the following definition can be given. 

Definition 5. Let (A, M, *) be a DxM-FqM-space. A sequence {x n } in X is 
said to be (i) a bi-convergent to a point x G X (denoted by lim x n — x) if 

n — >oo 

lim M$(x n , x, t) — 1, for allt > 0, (ii) a bi-Cauchy sequence if lim M$(x n + P , x n , t) 

1, for all t > 0, p > 0, (Hi) a bi-complete D^M-FoM-space in which every bi- 
Cauchy sequence converges to a point in it. 

As in George and Veeramani [14], the following definition can be given. 

Definition 6. (i) A sequence {x n } in a DQy-FqM-space (A, M, *) bi-converges to 
x E X iff, for any e G (0, 1), t > 0, there exists uq G N such that M$(x n ,x,t) > 
1 — e for all n > uq. (ii) A sequence {x n } in a Dcy-FaM-space (X,M,-k) is a 
bi-Cauchy sequence iff for each s G (0,1), t > there exists no G N such that 
M$(x n ,x m ,t) > 1 — e for all n,m > n . (Hi) A DQy-FqM-space (A, M, *) in 
which every bi-Cauchy sequence in X is called bi-complete Dqv -FqM-space. 

Definition 7. Let (A, M, *) be a D-FqM-space, f and g be self maps of X. f and 
g are said to be bi-commute at x G A , iff M$(fgx,gfx,t) — 1 for all t G [0, oo). If 
f and g bi-commute at all x G A , then we say that f and g are bi- commuting on 
X. 

Definition 8. Mappings f and g are said to be coincidentally bi-commuting iff they 
bi-commute at all the coincidence points of f and g. 

Remark 4. There exists mappings f and g which bi-commutes at some coincidence 
points but do not bi-commute at all coincidence points of f and g. 

3. Fixed point results for dislocated fuzzy quasi-metric spaces 

Now in this section, we prove a fuzzy version of Banach contraction mapping 
principle for coincidentally bi-commuting mappings satisfying a general contractive 
condition of operator type in dislocated fuzzy quasi-metric spaces. 

Similar results for the following concept of O (if ; .) and its similar examples was 
given by Altun and Turkoglu [7]. 

Let $([0, oo)) be class of all function ip : [0, oo) — ► [0, oo] and let S be class of all 
operators 

O(«;.):*([0,oo))-*([0,oo)), <p - O (<p ; .) 
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satisfying the following conditions: 

(i) O (p ; t) > for t > and O {<p; 0) = 0, 
(ii) 0(p ;t) <0(p ;s) fort < s, 

(iii) lim O (ip; t n ) = ( ip ; lim i„ ) , 

(iv) O {ip ; max{£, s}) — maxjO (<p ;t) ,0 (ip ; s)} for some ip e $([0, 1)). 

Example 2. 7/ ip : [0, oo) — > [0, oo] is a Lebesque integrable mapping which is finite 
integral on each compact subset o/[0, oo), non-negative and such that for each t > 0, 
/ p(s)ds > 0, then the operator defined by 

O (ip ;t) — / ip(s)ds 
Jo 

satisfies the conditions (i)-(iv). 

Example 3. If ip : [0, oo) — ► [0, oo) non- decreasing, continuous function such that 
ip(0) = and ip(t) > for t > 0, then the operator defined by 

( V ,;t) = -^W 

V ^ l + ¥»(t) 
satisfies the conditions (i)-(iv). 

Example 4. //</?: [0, oo) — ► [0, oo) non- decreasing, continuous function such that 
<p(0) = and ip(t) > for t > 0, then the operator defined by 

satisfies the conditions (i)-(iv). 

Theorem 1. Let (X, M*,-k) be a D-FqM-space and let f , g : X — > X be mappings 
that satisfy the following conditions: 

(4.1) f(X) c g(X), 

(4.2) one of f(X) or g(X) is bi-complete, 
(4.3) 

O (up ; 1 - Mt(fx,fy,t)) <aO(<p;l- Mi(gx,gy,t)) 
where O (•; .) G S. Then / and g have a coincidence point. Further if / and g 
bi-commute at some coincidence point, then / and g have a unique common fixed 
point. 

Proof. Let xq G X. Since f(X) C y(X), choose Xi € X such that y\ = fxo = gx\. 
By induction we can form the sequence {y n } such that y n +i = fx n = gx n +i, n = 0, 
1, 2,... and yo — gxQ. For < a < 1 and t G [0, oo) we have 

0(ip;l-Mt(y u y 2 ,t)) - O (<p ; 1 - M*(fx , fx u *)) 

< aO(<^ ;1 -M^^cffcCi.t)) 

- O(^;l-Mt(y ,2/i,*)) 
and 

O^l-Mtfcfe.ife.t)) - O^jl-M^M./xa,*)) 

< aO(v»;l-M*(ga:i,5a:2,t)) 
= 0( V ;1-M*( yi ,y 2 ,t)). 
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Thus we have 

O(<p;l-Mt(y 2 ,y 3 ,t))<a 2 O(<p;l-Mt(y , yi ,t)). 
Proceeding this way and from (4.3), we have 

(4.4) 0(<p;l- M *(»„, Vn+1 ,t)) <a n O(<p;l- MHy , Vl ,t)) . 
Taking the limit of (4.4), as n — > oo, gives 

lim O (<p ;1 - Mi(y n ,y n+1 ,t)) =0, 

n — »oo 

which, from (i), implies that 

lim (l-M*(i, n ,y n+ i,t)) =0. 

n — >oo 

That is, we have lim M*(y n ,y n+ i,t) — 1. Now we show that {y n } is a bi-Cauchy 

n — >oo 

sequence. Suppose that it is not. Then there exists an e > and subsequences 
{m(v)} and {n(v)} such that m(v) < n(v) < m(v + 1) with 

(4.5) 1- M t (y m{v) ,y n{v) ,t 1 +t 2 )>s, I - M t {y m(v) ,y n(v) _ 1 ,t 1 +t 2 ) < e 
Since lim M*(y n ,y n+1 ,t) = 1, we have 

n — >oo 

\im M t (y n{v) ^ 1 ,y n(v) ,t) = lim M t {y m(v) _ 1 ,y m{v) ,t) = 1. 

1) — >oo i? — »oo 

Using (D-FqM-3), we have 
Mi {y m (v)-i,y n (v)-i,ti +t 2 ) > M t (y m{v) ^ ll y m{v) ,t 1 ) -k M x {y m{v) ,y n{v) _ 1 ,t 2 ) 

> M x (y m{v) _ 1 ,y m{v) ,t 1 )kl-e 
or 1 — M*(y m / V \_ 1 ,y n f v \_i,ti + t 2 ) < e as v — > oo. Therefore, from (4.3), we get 

aO((p ;1 -M } (fcw-i,)/„(„)-i,<i + ^)) 
> 0(<£ ;1 -M^j/^,,), {/„(„),*! +i 2 )) 

which implies aO (ip ; e) > O (if ; e) as v — > oo a contradiction, since < a < 1 and 
e > 0. Therefore, {y„} is a bi-Cauchy sequence in X. From (4.2), since g(X) is 
bi-complete. Then there exists u G <?(^Q such that lim fx n — lim gx n +i — u = 

n — >oo n — >oo 

lim y n +i- Since u € g{X) therefore, there exists a point pel such that gp = u. 

n— >oo 

Now we show that fp — gp — u. If possible /p 7^ gp, by inequality (4.3), we have 
O [if ; 1 - Mi(fp,gp,t)) =aO(<p;l- M*(fp, fx n ,t)) 

for each s,y £ X, < a < 1. Letting n — ► 00, we have 

O [ip ; 1 - M*(/ P) gp, t)) = OU-I- lim M*(fp, fx n , t)) 

< aO[(p;l— lim M*(gp, gx n ,i) ) 
— aO[(p;l— lim M*(u, gx n ,t) ) 
Proceeding this way from (4.1) and (4.3), we have 

(4.6) O (if ;1 - Mi(fp,gp,t)) < a n O U;l- lim M*(u,gx n ,tj) 
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Taking the limit of (4.6), asm oo, gives 

]im 0(<p; I -Mt(fp,gp,t))=0, 

n— »oo 

which, from (i), implies that 

lim (1-Mi(fp,gp,t))=0. 

n — *oo 

That is, we have lim M$(fp,gp,t) = 1. Therefore from (D-FqM-2), we have fp = 

n — >oo 

gp i.e. / and g bi-commute at some coincidence point say z, i.e. M*(fgz, gfz, t) = 1 
Vi > =4> fgz = 0/2 by (D-FqM-2). Let fz = gz = k. Then we get 

0(¥>;l-Mt(/fc,M)) < 0(<p;l-M*(fk,fz,t)) 

< 0(<p;l- M*(gk,gz,t)) =0(<p;l- M*(gfz,fz,t)) 
= 0(<p;l- M* (fgz, fz, tj) < aO (<p ; 1 - M* (<?fc, <?z, *)) 

< a n O(<yP ;1-M*(#fc,^,i)). 
Then we get 

(4.7) O (<p ; 1 - M* (/fc, fc, t)) < a™0 (p ; 1 - M* fofc, ff «, t)) . 

Taking the limit of (4.7), as n — > oo, gives 

lim O (ip ; 1 - M* (/fc, fc, £)) = 0, 

n — *oo 

which, from (i), implies that 

lim (1-M* (/£,&,*)) =0. 

n — >oo 

That is, we have lim M$(fk, k,t) — 1. Therefore from (D-FqM-2), we have //c = fc. 

n — >oo 

Similarly we can show that gk = k. That is k is a common fixed point of / and g. 
A similarly proof follows if f(X) is bi-complcte. 

Uniqueness: Suppose w is another common fixed point of / and g. Then we 
have 

0(<p;l-M*(k,w,t)) = 0(<p;l-M*(fk,fw,tj) 

< aO(tp ;1-M t (gk,gw,t)) 

< aO(<p ;1-M t (k,w,t)) 

= aO(ip;l-Mi(fk,fw,t)) 

< a 2 0{ V] l-M\gk,g Wl t)) 
= a 2 0(ip ;1-M t (k,w,t)) 

< a n O(ip;l~M t (k 1 w,t)). 
Then we get 

(4.8) 0(ip ;1-M i (k,w,t)) < a n O (if ; 1 - M t (k, w,t)) . 
Taking the limit of (4.8), asm oo, gives 

lira O (ip ;1-Mi(fc,w,i)) =0, 
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which, from (i), implies that 

lim (1 -M t (k,w,t)) =0. 

n — >oo 

That is, we have lim M*(k,w,t) = 1. Therefore from (D-FqM-2), we have k — w. 

n — >oo 

Hence the common fixed point is unique. □ 

In Theorem 1, if we take g — Ix, the identity mapping on X, then we have the 
following. 

Theorem 2. Let (X, M*,*) be a D-FqM-space and let f : X — > X be mappings 
that satisfy the following conditions: 

(i) f{X) is bi-complete, 
(ii) For each x, y € X, < a < 1, t S [0, oo) 

O (<p ; 1 - M\fx, fy,tj) <aO{ip;l- M*(x,y,t)) 

where O (•; .) G S. Then / has a unique fixed point. 

Remark 5. It is clear that Theorem 1 is a generalization of Theorem 3.1 in [13]. 

Remark 6. We can have new result, if we combine Theorem 1 and some examples 
for O (/;.)• 

Remark 7. If we combine Example 2 and Theorem 1, then we obtain a new gen- 
eralized fuzzy version of Banach contraction mapping principle satisfying a general 
contractive condition of operator type or integral type in D-FqM-spaces. 

Conclusion. The notion of dislocated metric is useful in the context of electronic 
engineering (see [17]). In this work we prove a common fixed point for coinciden- 
tally bi-commuting mappings satisfying a general contractive condition of operator 
type in D-FqM-spaces. A few applications of dislocated metrics and in particular 
of the generalized Banach conraction mapping principle, are known in Theoretical 
Computer Science, it is at this stage unclear, with investigating whether or not 
other applications can be found and where else in Fuzzy Mathematics these spaces 
appear. The scientists who went to study in this area can investigate the results of 
the fixed point theory for another types of contraction mappings. 

Acknowledgement. The author would like to thank Prof. M. S. Khan who 
informed the author about his study [13]. 
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Abstract 

In the present paper we define a new operator, by means of convolution product between Ruscheweyh 
operator and the multiplier transformation I (m, A, /). For functions / belonging to the class A we define the 
differential operator IR%, : A -f A, IR™J (z) := (I (m, A, I) * R m ) f (2) where A n = {/ G H(U) : f(z) = 
z + a n+1 z n+1 + . . . , z G U} is the class of normalized analytic functions with A\ — A. We study certain 
differential subordinations regarding the operator IR™ 1 . 

Keywords: differential subordination, convex function, best dominant, differential operator, convolution prod- 
uct. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane, U = {z £ C : \z\ < 1} and H(U) the space of holomorphic 
functions in U. 
Let 



OC 



A(p,n) = {feH(U):f(z) = zP+ £ a,z\ z&U}, 

j=p+n 

with A (1, n) = A n and A (1, 1) = A x = A, where p, n £ N. 

Denote by 

f zf"(z) 

K=\f£A: Re -^Y + 1 > 0, z £ U 

the class of normalized convex functions in U. 

If / and g are analytic functions in U , we say that / is subordinate to g, written / -< g, if there is a function 
w analytic in U, with w(0) = 0, |w(z)| < 1, for all z € U such that f(z) = g(w(z)) for all z £ U. If g is 
univalent, then / -< g if and only if /(0) = g(0) and /(?/) C g(U). 

Let ^ : C 3 x [7 — ► C and h an univalent function in U. If p is analytic in U and satisfies the (second-order) 
differential subordination 

ip(p(z),zp'(z),z 2 p"(z);z)~<h(z), for z £ U, (1) 

then p is called a solution of the differential subordination. The univalent function q is called a dominant of the 
solutions of the differential subordination, or more simply a dominant, if p -< q for all p satisfying (1). 

A dominant q that satisfies q -< q for all dominants q of (1) is said to be the best dominant of (1). The best 
dominant is unique up to a rotation of U. 
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Definition 1 [4] For f G A(p, n), p 7 n G N, to G NU {0}, A, I > 0, the operator I p (to, A, Z) f(z) is defined by the 
following infinite series 



t< www pm v^ ^ + A(j-l) + / y 

j=p+n \ p-r l / 



a,jZ J . 



j=p+r, 

Remark 1 It follows from the above definition that 

I p (0,X,l)f(z) = f(z), 
(p + I) I p (to + 1, A, f(z) = [p(l -X) + l] I p (to, A, f(z) + Xz (I p (to, A, /(*))' , for z G U. 
Remark 2 If p = 1, n = 1, we have A(l, 1) = A\ = A, 7i (to, A, Z) /(z) = 7 (to, A, Z) and 

(Z + 1) I (to + 1, A, Z) /(z) = [I + 1 - A] I (m, A, Z) /(z) + Xz (I (to, A, Z) /(z))' , /or z G Z7. 
Remark 3 If f e A, f(z) = z + £~ 2 a j Z j , then I (to, A, Z) / (z) = z + £~ 2 ( 1+A( , 3 + V )+ ' ) m a i^, V * € Z7. 

Remark 4 for Z = 0, A > 7 i/ie operator D™ = -f (to, A, 0) was introduced and studied by Al-Oboudi , which 
reduced to the Salagean differential operator S m = I (to, 1, 0) for A = 1. 

Definition 2 (Ruscheweyh [6]) For f G A, m G N the operator R m is defined by R m : A —* A, 

R°f{z) = f(z) 

i?V(z) = zf'(z) 

(to + 1) R m+1 f (z) = z{R m f(z))'+mR m f(z), for z £ U. 
Remark 5 If f € A, f(z) =z + £)~ 2 W , then R m f (z) = z + £°1 2 C^ ri _ x a i z i , for zeU. 
Lemma 3 (Miller and Mocanu [5]) Let g be a convex function in U and let 

h(z) = g(z) + nazg'(z), for z G U, 

where a > and n is a positive integer. 

If 

p(z) = g(0) + Pn z n + Pn+1 z n+1 + ..., for zeU 

is holomorphic in U and 

p(z) + azp'(z) -< Zi(z), for z G U 

then 

p(z) ■< g(z) 

and this result is sharp. 

2 Main Results 

Definition 4 Let to, A, Z G N. Denote by IR™i the operator given by the Hadamard product (the convolution 
product) of the operator I (to, A, Z) and the Ruscheweyh operator R m , IR™i ■ A — ► A, 

IR% l f(z) = (I(m,X,l)*R m )f(z). 

Remark 6 // / G A, f(z) = z + E°L 2 «M then «*&/(*) = * + E°l 2 ( ^fc^ ^+j-i ^ / or 

z G 17. 
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Remark 7 For I = 0, X > 0, we obtain the Hadamard product DR 1 ^ [2] of the generalized Sdldgean operator 
D^ and Ruscheweyh operator R n . 

For I = and A = 1, we obtain the Hadamard product SR n [1] of the Sdldgean operator S n and Ruscheweyh 
operator R n . 

Theorem 5 Let g be a convex function such that g (0) — 1 and let h be the function h (z) = g (z) + zg' (z), for 
z 6 [/. Ifm,X,l€N,f€A and the differential subordination 

\ {^iR-rf (z) - ^irtj <*)) + A(W A( 1 / + ' 1 ( ; +1) (m/ tz))' + 

1 m ~ 1 2 \ 2(/ + l)(m-l)-2Am [* IB?J(t)-t 

^I+T-X) WTY) J fi dt^h(z), for zeU (2) 

holds, then 

(iRZfiz))' <g{z), for zeU 

and this result is sharp. 

Proof. With notation p (z) = (lR%,f (z)Y = 1 + Ej°l 2 ( 1+A g_~ 1)+ ' ) " C^+^Ja^z^ 1 and p (0) = 1, we 
obtain for f(z) = z + Y^jLz a o z ^ > 

P (z) + zp> (z) = 1 + Ef =2 ( 1+ % 1)+l ) m CZ+i-iJal*- 1 + E°°=2 ( 1+ Ti 1)+ ' ) m C ^-i3 ^ V a^ - " 1 = 

i + E7= 2 ( 1+A fc 1)+, )"'^ +J --iJ 2 °^"" 1 = 

lL , V°° / l+A(j-l)+; \ m+1 r m+l m+l ,2 y j V-oo / l+A(j-l)+i \ " ^m A(m-1)-(J + 1) . 2 .j 

Z l z + L,=2^ J+l ^ U m+J A a j* Z^j=2 ^ ( + 1 J U m+j-l A(J+1) -/"j* 

Y-oo f l + \(j-l)+l \ m nm m-2 „2„7 V^oo ^ l+AQ-^+i ^^m 1 2(J + l)(m-l)-2Am 2 y jA _ 

Aj=2 I J+l J Vj-1 A a Z <^j=2\ l+l I U m+j-lj-l A(7 + l) a j Z J — 



j=2 ^ J+l J ^m+j-1 A "J* ^3=2 \ l+l J ^m+j-lj-1 A(J 

1 m+1 f „ I V^oo / l+AQ-l)+j \ m+1 ^mll J.i| m-2 f„ , y^oo ( 1+A(j-1)+J \ m r<m O-j 

z A \ Z ^ l^ 3 =2 { l+l J ^m+ 3 a j Z I A \ Z """ Z^j=2 ^ ( + 1 J U m+ r l a j Z 

(i - =*! - ^) + (i + Er= 2 (^^t^)" 1 c^.j-1^- 1 ) A ' 



A(J+1) 

A(m-1)-(J+1) y^oo / l+A(j-l)+i \ m rm 1 2(ltl)(m-l)-2Am 2,j-l _ 

A(J + 1) 2jj=2 ^ J+l ) ^m+j-lj-1 A(J+1) "i^ ~~ 

I (-Jl Jij-+V (,) - ^IRU (z)) + A(m I ( 1 , ) +" 1 ( ) ' +1) (^j/ (*))' + 

AJ-Am+2A-2J-2 2(J+l)(m-l)-2Am y^oo / 1+A(j-1)+J \ " p m 1 „2 y j-l _ 

A(J+1) A(J+1) 2-^3=2 \ l+l ) ^m+j-lj-l u j z 

i (mji/ij-+v (.) - ^/^/ («)) + A(m r ( 1 ,+~ 1 ( ) ' +1) (^j/ (*)) ' + (i - ttt - 1) - 

2(J+l)(m-l)-2Am f z { R™if(t)-t ,, 
A(J+1) JO t 2 flE - 

We have p (2) + zp' (2) < h(z) = g (z) + zg' (z), for z £ U. By using Lemma 3 we obtain p (2) -< 3 (z), for 



z £ U, i.e. f IR™if (z)\ < g (z), for z € £/" and this result is sharp. ■ 

Corollary 6 ([2]) Let g be a convex function such that g (0) = 1 anrf Zet ft. &e ifte function h(z) — g (z) + zg' (z), 
for z G U. If X > 0, n G N, / G A and the differential subordination 

!l±l D R n x +1 f (z) n{l Xz X) DRlf (z) - (n - 1 + 1) {DRlf (z))' <h(z), for z G U (3) 

holds, then 

(DR n J(z))' -<g(z), for zeU 

and this result is sharp. 
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Corollary 7 ([1]) Let g be a convex function such that g (0) = 1 and let h be the function h(z) — g (z) + zg' (z), 
for z £ U. If n £ N. / £ A and the differential subordination 

l -SR n + 1 f{z) + ^—z(SR n f(z))"<h(z), for zeU (4) 

z n + l 

holds, then 

(SR n f{z))' <g(z), for zeU 

and this result is sharp. 

Theorem 8 Let g be a convex function, g (0) = 1 and let h be the function h(z) = g (z) + zg' (z). for z £ U . 
If m, A, I € N, / € A and verifies the differential subordination 

(lRT,if(z))' <h(z), for zeU, (5) 

then 

/i?^/(z) 

' < 9 ( z ) , f or z € U 

and this result is sharp. 

Proof. For f e A, f(z) = z + £~ 2 aj z* we have IR^f (z) = z + £°1 2 ( 1+A( / + ~ 1)+ ' ) " C% +j _ ia *z*, for 

zeU. 



Consider p(z) = ^^ = ^'^^7^ ^+^ = 1 + £°° =2 ( 1+ 7 + ~i ) O^i-i^" 1 - 

We have p (z) + zj/ (z) = (lR n x l J (zj) , for z £ U. 

Then ( 77?™;/ (z) ) -< /i (z), for z <G C/ becomes p (z) + zj/ (z) -< h (z) = g (z) + z</ (z), for z <G U . By using 

Lemma 3 we obtain p(z) -< g (z), for z <G U , i.e. — — < g (z), for z £ [/. ■ 

Corollary 9 (/5/j £e£ g be a convex function, g (0) = 1 and fei ft. oe £/ie function h (z) = 5 (z) + z</ (z), for 
z £ £/. 7/n £ N, / £ A and verifies the differential subordination 

{DRlf(z))' <h{z), for zeU, (6) 

iften 

DRlf(z) . , , 

AJ v ; -< 5 (z) , /or z e L/ 

z 

and fais result is sharp. 



Corollary 10 ([!]) Let g be a convex function, g (0) = 1 and fei h be the function h(z) = g (z) + zg' (z), for 
z £ U . If n € N, / € A and verifies the differential subordination 

(SR n f(z))' <h(z), for zeU, (7) 

then 

SR n f{z) 

^- <g{z), for zeU 

and this result is sharp. 

Theorem 11 Let g be a convex function such that g (0) = 1 and let h be the function h (z) = g (z) + zg' (z). 
for z £ U . If m, A, I £ N, / £ A and verifies the differential subordination 

fziR^f( z y ' 



\ iKif(z) 

then 



<h{z), for zeU, (8) 



and this result is sharp. 



■< g{z), for z eu 
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Proof. For / e A, f(z) = z + £~ 2 a^ we have IR^f (z) = z + £~ 2 ( 1+A ^ 1)+ ' ) ? " CZ+^ajz*, for 

zeU. 

Consider „ (z) - f *# 1/W - !±£°U^fe^T^gMf: - j±E^^fe^T^gMf^ 

We have »' f^ - (fg*f>I _ (*) . ("*"./(*))' 
we nave p (z) - /K ™ /(z) P \ z ) iR^f(z) ■ 

m , , . . . . f zIR^f 1 f(z) 

Then p(z)+zp'(z)=^ Jfl g/V 

Relation (8) becomes p (z) + zp' (z) < h(z) = g (z) + zg' (z), for z € U and by using Lemma 3 we obtain 

IR m+1 f(z) 

p{z) <g (z), for 2 € U, i.e. I r^j {z) < 9 (z), for z G U. ■ 

Corollary 12 (/,2/j Let g be a convex function such that g (0) = 1 and let h be the function h(z) = g (z)+zg' (z), 
for z £ U. IfnEN.fEA and verifies the differential subordination 

zDRl+ l f{z)\ ^ h{z) ^ f ^ z( _^ (g) 



DRlf(z) 

then 

and this result is sharp. 

Corollary 13 ((If) Let g be a convex function such that g (0) = 1 and let h be the function h(z) — g (z)+zg / (z). 
for zeU.IfneN,feA and verifies the differential subordination 

'zSR n+1 f(z)\' 



then 



SR n f(z) 

SR n+1 f(z) 
SR n f(z) 



~< h (z) , for zeU, (10) 

<9{z), for zeU 



and this result is sharp. 
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Abstract 

For functions belonging to the class S m (S,a) , S G [0,1), a > and m 6 N, of normalized analytic 
functions in the open unit disc U, which are investigated in this paper, the author derives several interesting 
differential subordination results. These subordinations are established by means of a special case of the 
multiplier transformations I p (to, A, I) f(z) namely 

Ip(m,X,l)f(z):=z p + £ 



j=p+n \ P ~r t 

where p,n G N, m e NU {0}, A, I > and / e A(p, n), 

oo 

A(p,n) = {feH(U):f(z) = z>+ £ a,z\ zeU}. 

A number of interesting consequences of some of these subordination results are discussed. Relevant 
connections of some of the new results obtained in this paper with those in earlier works are also provided. 

Keywords: differential subordination, convex function, best dominant, differential operator. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane, U = {z <G C : \z\ < 1} and Ti.(U) the space of holomorphic 
functions in U. 
Let 

OO 

A{p,n) = {feH{U): f(z) = Z P+ £ a ]Z \ zeU}, 

j=p+n 

with A (1, n) = A n , A (1, l)= Ai= A and 

H[a, n] = {/ e H(U) : f(z) = a + a n z n + a n+1 z n+1 + ..., zeU}, 



where p, n € N, a G 
Denote by 



K=ljeA: Re ^-^ + 1 > 0, z e u\ 



the class of normalized convex functions in U . 

If / and g are analytic functions in U, we say that / is subordinate to g, written / -< g, if there is a function 
w analytic in U, with w(0) = 0, \w(z)\ < 1, for all Z G U such that f(z) = g(w(zj) for all z <G U. If g is 
univalent, then / -< g if and only if /(0) = g(0) and f(U) C g(U). 
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Let ip : C 3 x U — ► C and h an univalent function in U. If p is analytic in U and satisfies the (second-order) 
differential subordination 

ip(p(z),zp'(z) 1 z 2 p"(z);z) -< h(z), for z € U, (I) 

then p is called a solution of the differential subordination. The univalent function q is called a dominant of the 
solutions of the differential subordination, or more simply a dominant, if p -< q for all p satisfying (I). 

A dominant q that satisfies q -< q for all dominants q of (1) is said to be the best dominant of (I). The best 
dominant is unique up to a rotation of U. 

Definition 1.1. [4] For f £ A(p, n), p, n € N, m £ NU {0}, A, I > 0, i/ie operator I p (to, A, Z) /(z) is defined by 
the following infinite series 



r, a n j-/ N o ^ AP + A(i- 1)+A' 

I p (m, A, /(«):=«"+ E ^-y^ 

j=p+n \ V "T ' / 



J^ 



a,-z 



Remark 1.2. It follows from the above definition that 

l p (0,\,l)f(z) = f(z), 
(p + I) I p (m + I, A, /(z) = [p(l - A) + 1} I p (m, A, I) f(z) + Xz (I p (m, A, /) /(z))' , 
for z £ [/. 
Remark 1.3. I/p = 1, n = 1, we /ia/ye A(l , 1) = Ai = A, I\ (to, A, 1) f(z) =- 1 (to, A, I) and 
{l + l)I(m+ 1, A, 1) f(z) = [I + 1 - A] I (to, A, J) /(z) + Az (I (m, A, Z) /(z))' , 
/or z £ U. 
Remark 1.4. If f £ A, f(z) = z + E^2 a j 2;: '; ^ en 

I(TO,A,0/(z) = ^+E 2 ( 1 + A j J + ' 1 1) + ' ) T "a J ^, 

for z £ U. 

Remark 1.5. For I = 0, A > 0, the operator D™ = I (m, A, 0) was introduced and studied by Al-Oboudi , which 
reduced to the Saldgean differential operator S m = I (m, I, 0) for A = 1. 

Lemma 1.6. (Hallenbeck and Ruscheweyh [5, Th. 3.1.6, p. 71]) Let h be a convex function with h(0) = a, and 
let 7 G C* be a complex number with Re 7 > 0. If p £ H[a,n] and 

p{z) H — zp'(z) -< h(z), for z £ U, 

7 

then 

p{z) -< g{z) -< h(z), for z £ U, 

where 

g(z) = -^-r- f h(t)F i/n - 1 dt 1 for z £ U. 

Lemma 1.7. (Miller and Mocanu [6]) Let g be a convex function in U and let 

h(z) = g{z) + nazg'(z), for z £ U, 

where a > and n is a positive integer. 

If 

p{z) = g(0) +p n z n +p n+1 z n+1 + . . . , for zeU 

is holomorphic in U and 

p(z) + azp'(z) -< h{z), for z £ [/, 

then 

p(z) -< g(z) 

and this result is sharp. 
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2 Main results 

Definition 2.1. Let 6 € [0, 1), a > and m £ N. A function f £ A is said to be in the class S m (6, a) if it 
satisfies the inequality 

Re (J (m, A, /(*))' > 6, for z € U. (2) 

Theorem 2.2. The set S m (6, a) is convex. 
Proof. Let the functions 

oo 

fj (z) = z + J2 a jkZ J , for k = 1, 2, z E U, 

.7=2 

be in the class S m (6, a). It is sufficient to show that the function 

h{z) = Vifi(z)+il 2 f 2 {z) 

is in the class S m (<5, a) , with •q 1 and r] 2 nonnegative such that n 1 + r] 2 = 1. 
Since 

oo 

h (z) = z + J2 (Vidji + r l2 a ii) z 3 1 f° r z e u, 
i=2 



then 



I(m,\,l)h(z) = z+ J2 [ j-p-; ] (^Oji +rj 2 aj2)z J , for zeU. (3) 



■l + X(j-l) + l 

0=2 \ 

Differentiating (3) we obtain 

(I (m, A, ft (*))' = 1 + E f / + i J ("i^ 1 + V2a j 2)j^- 1 , for z g [/. 



J'=2 

Hence 






Re(I(m,\,l)h(z))' = 1 + ReUiE^ ^y^ J ^~ x \ (4) 

Taking into account that /i , /2 g >S TO (<S, a) we deduce 

Re U fc g 3 ( 1 + X( l J + 1 1) — Y a ^ kZJ ) >^(S-l), forfe=l,2. (5) 

Using (5) we get from (4) 

Re(I(m > X,l)h(z)) , >l + ri 1 (6-i) + ri 2 (S-l), for « g U, 

that is 

Re (/ (m, A, O/i («))'>*. iorzeU, 
which is equivalent that S m (6, a) is convex. ■ 

Theorem 2.3. Let g be a convex function in U and let 

h(z) = g (z) H -zg' (z) , where z g U,c> 0. (6) 

If f £ S m (6, a) and F (z) = 7 C (/) (z), w/iere 

F (z) = J c (/) (z) = °4^ f t c f (t) dt, for z g [/, (7) 

z Jo 
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then 

(I(m,X,l)f(z))'-<h(z), for zeU, (8) 

implies 

(I(m,X,l)F(z))'-<g(z), for zeU 

and this result is sharp. 

Proof. We deduce from (7) 

z c+1 F (z) = (c + 2) / t c f (t) dt. (9) 

Jo 

Differentiating (9), with respect to z, we obtain 

(c+l)F(z) + zF'(z) = (c + 2)f(z) (fO) 

and 

(c + l)I(m,X,l)F(z) + z(I(m,X,l)F(z))' = (c + 2)7 (m, A, /)/(«), for zeU. (ff) 

Differentiating (11) we have 

(I(m,XJ)F(z))' + -^—z(I(m,X,l)F(z))" = (I(m,XJ)f(z))', for z € U. (12) 

c + 2 

Using (12), the differential subordination (8) becomes 

(7 (m, A, I) F (z))' + -^z (7 (m, A, J) F (z))" -< p (z) + -Lw (z) . (13) 

c + 2 c + 2 

If we denote 

p(z) = (I(m,X,l)F(z))', (14) 

thenpG H[l,l]. 

Replacing (14) in (13) we obtain 

p (z) H — zp' (z) -< g (z) H —zg' (z) , for z £ [7. 

c+ 2 c + 2 

Using Lemma 1.7 we have 

p(z) -<g(z), 

that is 

(7 (m, A, I) F (z))' -< g (z) , fat 261/ 

and g is the best dominant. ■ 
Example 2.4. If f e S x (l, ±) t/ien 

/'(z) + z/"(zH-!-^, 
3(l-z) 

7'(z) + z7"(z)^, 
1 — z 



w/iere F (z) = 4, f^ t/ (t) dt. 
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Theorem 2.5. Let 

AW = I±<2|_i>£, („, 

with 6 £ [0, 1) and c > 0. 

If a > 0, m £ N and I c is given by (7) then 

I c [S m (S,a)]cS m (S*,a), (16) 

where 

6* =26-1 + (c + 2) (2 -26) (3(c) (17) 

and 

1 t x+l 



P( x) = J Q —dt. (18) 

Proof. If we consider the function h given in (15) then h is convex and using the same steps as in the proof of 
Theorem 2.3 we get from the hypothesis of Theorem 2.5 that 

p(z) + -^—^ Z P'( Z ) ~<h(z), 

where p (z) is defined in (14). 

Using Lemma 1.6 we deduce that 

p(z) ■< g{z) ■< h(z), 

that is 

(I(m,X,l)F(z)Y^g(z)^h(z), 



where 



z c + / 1 + t 

2 ,- 1+ (^2)(2-^) r-r»_ 

z c+2 Jo t + l 

Since g is convex and g (U) is symmetric with respect to the real axis, we deduce 

Re(I(m,X,l)F(z))' > min Re 5 (z) = Reg (1) = 6* = (19) 

|z|=l 



26 - 1 + (c + 2) (2 - 26) [3 (c) . 



where /3 is given in (18). 

From (19) we deduce inclusion (16). 



Theorem 2.6. Let g be a convex function, g(0) = 1 and let h be the function 

h(z) ■=■ g(z) + zg'(z), for z £ U. 
If a > 0, m £ N, / £ A and verifies the differential subordination 

(Hrn,X,l)f(z)Y -<h(z), for z £ U, (20) 

then 



I(m,X,l)f(z) 

< g(z), lor z £ U 



and this result is sharp. 
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Proof. Consider 

I(m,X,l)f(z) z + ^=2{ ITT^J a 3 z > 

p(z) = = ^ '- 

z z 

= 1 + piz + p 2 z 2 + ..., for z <G U. 

We deduce that p e H[l, 1]. 
Let 

I (m,X,l) f(z) = zp(z), for z <G U. 

Differentiating we obtain 

(I(m,X,l)f(z))' =p(z) + zp'(z), for zEU. 

Then (20) becomes 

p{z) + zp (z) -< h(z) = g{z) + zg (z), for z £ U. 

By using Lemma 1.7, we have 

p(z) -< g(z), for z E U, 

i.e. 

I(m,X,l) f(z) , . , J . T 

v ' v ; -< 5(2;), for z G 17. 

■ 

Theorem 2.7. Let /i 5e an holomorphic function which verifies the inequality 
Re ( 1 + T^f) > -\,forze U andh(0) = 1. 

7/ a > 0, to £ N, /£ A an<i verifies the differential subordination 

(I(m,X,l)f(z))' -<h(z), for z e U, (21) 

I(m,X,l)f(z) 

< q{z), for z e U, 

where 

1 f z 
q(z) = - h{t)dt. 

z Jo 
The function q is convex and it is the best dominant. 

Proof. Let 

I (TO, A, f(z) _ Z + Ej=2 { l+l ) a 3 Z ° 

P{Z) z z 

DO 



l + X(j-l) + l \ m ._ x ^ •_ 1 



where z £ (7, p 6 H[l, 1]. 
Differentiating, we obtain 

{I(m,X,l)f(z))' =p(z) + zp'(z), for z€(J 

and (21) becomes 

p(z) + zp (z) -< h(z), for 2 £ U. 
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Using Lemma 1.6, we have 

1 f z 
p(z) ~< q(z) = - h(t)dt, for z € U, 
z Jo 



i.e. 



I(m,X,l)f(z) 



1 f z 
~< q(z) = - h(t)dt, for z g U 

z Jo 
and q is the best dominant. ■ 

Theorem 2.8. Let g be a convex function such that g (0) = 1 and let h be the function h(z) = g (z) + zg' (z), 
for z £ U . 

If a > 0, m € N, / € A and the differential subordination 

*J(m + l,A,J)/(*)Y /or zef/ 



I (m, A, 0/(*) 

holds, then 



I(m,X,l)f(z) 

and this result is sharp. 

Proof. Consider 



-< g(z) , for z € U 



. v-oo (l + \(j-l)+l\ m+1 j 

I (m + 1, A, I) f(z) _ z + Ej=2 ( ITT^J «^ J 

p(z) 



I(m,X,l)f(z) 



+ ZJLi(^ }±i ) a jZ * 



We have p' (z) = ^Sj/gf "*(*)■ ^W(f and we obtain 

Relation (22) becomes 

p(z) + zp'(z) -< h(z) = g(z) + zg'(z), for z £ U. 

By using Lemma 1.7, we have 

p(z) -< 5(2;), for z &U, 

— — ' ' < g(z), for zeU. 

I{m,X,l)f{z) 

m 

Theorem 2.9. Let g be a convex function such that g(0) — 1 and let h be the function 

h(z) = g{z) + zg'(z), for z £ U. 
If a > 0, m <G N, / £ A and the differential subordination 

l + 1 I(m + l,X,l)f(z)+ (2-^J: )l(m,X,l)f(z) -<h(z), for z e U (23) 



A v ' '" " ' V A 

holds, then 

[I(m,X,l)f(z)]'^g(z), for z e U. 

This result is sharp. 
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Proof. Let 



p(z) = (I(m,\,l)f(z))' (24) 



, ! . j-j~ - ,piz+p 2 z 

We deduce that p e H[l, 1]. 

We obtain p (z) + z • p' (z) = J (m, A, I) f (z) + z (I (to, A, /) / (z))' = 
I (to, A, / (z) + ('+ 1 ) J ( m + 1 >V)/(z)-q+i-A)/(m,A,0/(.z) = 

^i/(m + l,A,0/W + (2-^)/(m,A,0/W 

Using the notation in (24), the differential subordination becomes 

p(z) + zp'(z) ~< h(z) = g(z) + zg'(z). 

By using Lemma 1.7, we have 

p(z) < g(z), for z € U, 

i.e. 

(I(m,X,l)f(z))' ^g(z), tor zeU 

and this result is sharp. ■ 

Example 2.10. If n = 1, a = 1, f <G A, we deduce that 

/'(z) + 3z/"(z) + z 2 f"(z) ~< g(z) + zg'(z), 

which yields that 

f'(z) + zf"(z)-<g(z), for zeU. 

Theorem 2.11. Let 

1 + z 
a convex function in U, < [3 < 1. 

If a > 0, to £ N, / £ A and verifies the differential subordination 

1 J (m + 1, A, Z) / (z) + f 2 - l -±±) I (to, A, / (z) -< /i(z), /or z € [7, (25) 



A v ' "" w V A 

then 

[I(m,X,l)f(z)}'^q(z), for zeU, 

where q is given by 

q(z) = 2/3 - 1 + 2(1 - /3) ln( - 1 + Z \ for z e U. 

z 

The function q is convex and it is the best dominant. 

Proof. Following the same steps as in the proof of Theorem 2.9 and considering p(z) = (I (to, A, I) f (z)) , the 
differential subordination (25) becomes 

r ■, U ■, i.< s 1 + (2/3-1)2! , 

p(z) + zp(z) ~< h(z) = ^— > for z e u - 

By using Lemma 1.6 for 7 = 1 and n — 1, we have p(z) -< q(z), i.e., 

1 ri+w-Dt 



(I (m, A, I) /(«))' ■< q(z) = - f\(t)dt=- [ Z ^ 

z Jo z Jo i 



+ t 



- [ Z (2(3-1+ 2{ \ P- } dt = 2/3 - 1 + 2(1 - /3)- ln(z + 1), 
zj V 1 + t / z 



for z £ U. 
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Theorem 2.12. Let h be an holomorphic function which verifies the inequality 



Re 



I zh"(z) 
i+ h'(z) 



> -\, for z eU and h (0) = 1. 



// a > ; to £ N, f £ A and satisfies the differential subordination 

l -±±I (to + 1, A, J) / (z) + ^2 - *±±) I (to, A, / (z) -< h(z), for z £ U, (26) 

then 

[J (m, A, /(*)]' -<q(z), for z e U, 

where q is given by 

1 f z 
q(z) = - / h(t)dt. 

z Jo 

The function q is convex and it is the best dominant. 

Proof. Using the properties of operator / (to, A, I) and considering p (z) = (I (to, A, I) f (z)) , we obtain 

p(z) + zp'(z) = l -^-I (m + 1, A, I) / (z) + ( 2 - ^tl j j ( m , A, / («) , for z e U. 

Then (26) becomes 

p(z) + zp'(z) -< h(z), for z £ U. 

Since p G W[l, 1], using Lemma 1.6, we deduce 

p(z) -< q(z), for z € U, 

where 

1 r 
q(z) = - h(t)dt, for 2; £ U, 

z Jo 
i.e. 

(/ (to, A, /) /(z))' -4 q(z) = - [ h(t)dt, for z £ U, 

Z Jo 
and q is the best dominant. ■ 
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Abstract 

The aim of this note is that by using the so-called max-product method, 
to associate to the Cardaliaguet-Euvrard linear operator, a nonlinear neu- 
ral network operator for which a Jackson-type approximation order is 
obtained. In some classes of functions, the order of approximation is es- 
sentially better than the order of approximation of the linear operator. 
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Keywords: neural networks, nonlinear Cardaliaguet-Euvrard operator, de- 
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1 Introduction 

Based on the Open Problem 5.5.4, pp. 324-326 in Gal [7], in a scries of re- 
cent papers submitted for publication we have introduced and studied the so- 
called max-product operators attached to the Bernstein polynomials and to 
other linear Bernstein-type operators, like those of Favard-Szasz-Mirakjan op- 
erators (truncated and nontruncated case), Baskakov operators (truncated and 
nontruncated case), Meyer-Konig and Zeller operators and Bleimann-Butzer- 
Hahn operators. 

This idea applied, for example, to the linear Bernstein operators B n (f)(x) = 
J2 , k=oPnA x )f( k / n )' where p nyk {x) = H)x k (l - x) n ~ k , works as follows. Writ- 
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ing in the equivalent form B n (f)(x) = fc ^°i'"'' c A-. and then replacing 
the sum operator S by the maximum operator \J , one obtains the nonlinear 
Bernstein operator of max-product kind 

n 
\J Pn,k{x)f (±) 

Bi M \f)(x) = ^ , 



V Pn,k( X ) 

k=0 



where the notation \J k=f) p n ,k(x) means max{p n ^{x); k € {0, ...,n}} and simi- 
larly for the numerator. 

For this max-product operator nice approximation and shape preserving 
properties were found in e.g. Bede, Coroianu & Gal [5]. 

For example, it is proved that for some classes of functions (like those of 
concave functions), the order of approximation given by the max-product Bern- 
stein operators, are essentially better than the approximation order of their 
linear counterparts. 

The aim of the present paper is to use the same idea to the neural networks 
of Cardaliaguct-Euvrard-type introduced and studied in e.g. Cardaliaguet & 
Euvrard [6], Anastassiou [l]-[3], Zhang, Cao, & Xu [8] (see also the references 
cited there) . We will obtain that in the class of Lipschitz functions with posi- 
tive values, the new obtained nonlinear neural network operator has essentially 
better approximation property than its linear counterpart. 

Thus, by following Cardaliaguet & Euvrard [6], for b : R — » R + a cen- 
tered bell-shaped function (that is, nondecrcasing on (— oo,0], nonincrcasing 
on [0, +oo) ), with compact support [—T,T], T > (that is b(x) > for all 
x <G (—T,T)) and therefore such that / = J_ T b(x)dx > 0, the Cardaliaguct- 
Euvrard neural network is defined by 

k = -n 2 V V 

where 0<a<l,n€N and / : M. —>■ M. is continuous and bounded or uniformly 
continuous on M. 

Denoting by CB(U.) the space of all real- valued continuous and bounded 
functions on R and CB + (R) = {/ : R -► [0,oo);/ e CB(R)}, applying the 
max-product method as in the above case of Bernstein polynomials, the corre- 
sponding max-product Cardaliaguet-Euvrard network operator will be formally 
given by 

V 6 [n 1 - (*-*)]/(*) 

Ck M a Hf)(x) = k -^~ 2 ,x € R, / e CB + (R). 

6 [ni-° (*-£)] 



V 



k— — n 2 
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Remark. For any i£l, denoting Jr.n(x) = {teZ; — n 2 < k < n 2 ,™ 1 a (x — 
k/n) G (—T,T)}, then we can write as a well defined operator 

V ^ Q (*-£)]/(!) 

C^ a \f){x) = keJTAx) , x g R, n > max{T+|.x|,T- 1 /«} ; 

V H^-^^-n)] 
fee./r n(aO 

(1) 

where Jt.u(x) ^ 0, for all x G R and n > max{T + \x\,T 1 / a }. Indeed, we have 



V * 

k£J T ,n(x) 



> 0, for all x G R and n > max{T + |x|,T~ 1/a }, 



because by e.g. Anastassiou [1], relationships (2)-(4), pp. 238-239, if n > T+\x\ 
then — n 2 < nx — Tn a < nx + Tn a < n 2 , while n x ~ a \x — k/n\ < T is equivalent 
to nx — Tn a < k < nx + Tn a . This implies that if (nx + Tn a ) — (nx — Tn a ) — 
2Tn a > 2 and n > T+ \x\, then J T ^ n (x) ^ 0, which proves our assertion. 

The plan of the paper goes as follows : in Section 2 we present some aux- 
iliary results, in Section 3 we obtain the main approximation result, while in 
Section 4 we compare the approximation result in Section 3 with that for the 
corresponding linear neural Cardaliaguct-Euvrard network operator. 

2 Auxiliary Results 

Remark. From the consideration in the last Remark of Section 1, it is clear that 
C ( n M J(f)(x) is a well-defined function for all x G R and n > max{T+ \x\, 7 1 - 1 /"} 
and it is continuous on R if b is continuous on R. 

In addition, Cn,a (eo)(x) = 1, where eo(x) = 1, for all x G R and n > 
maxjT+I^T- 1 /"}. 

In what follows we will see that for / G CB + (R), the Cn, a operator fulfils 
similar properties with those of the B n '(f) operator in Bede & Gal [4]. 

Lemma 2.1. Let b(x) be a centered bell-shaped function, continuous and 
with compact support [—T,T], T>0, 0<a<l and Cn.J be defined as in 
Section 1. 

(i) If \f(x)\ < c for all x G M then \C^\f)(x)\ < c, for all x G R and 

n > {T + |a;|,T _1 ' a } and Cn,a (f)(x) is continuous at any point x g R, for all 
n>max{T+ ^T- 1 ^}; 

(H) Iff,9 e CB + (R) satisfy f(x) < g(x) for all x G R, then C { n M a > \f)(x) < 
Ci M a(g)(x) for allxeR and n > max{T + \x\, T" 1 /"} ; 

(in) ci M a \f + g)(x) < C ( n M a \f)(x) + ci M J(g)(x) for all f,g g CB + (R), 
i£l andn>max{T+ \x\,T- l / a } ; 

(iv) For all f,g€ CB + (R), xeR and n > max{T + \x\, T" 1 /"}, we have 

\C { n M a Hf)(x) - Ci M J(g)(x)\ < Ci M J(\f - g\)(x); 
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(v) Cum is positive homogenous, that is Cn,a (A/)(x) = XC n , a (f)(x) for 
all A > 0, x S R, n > max{T+ \x\,T- l / a } and f E CB + (R). 

Proof, (i) Immediate by the formula of definition for Cn, a in (1). 

(ii) Let f,g E CB + (R) be with / < g and fix x € R, n > max{T + 
|x|, T -1 '"}. Since Jt.u{x) is independent of / and g, by (1) we immediately get 
the conclusion. 

(iii) By (1) and by the sublinearity of V, it is immediate. 

(iv) Let f,g E CB + (R). We have f = f-g + g<\f-g\+g, which by 
(i) - (Hi) successively implies C$x(f){x) < C^(\f - g\)(x) + C; l M a ) (g)(x), 
that is C$$(f)(x) - d M a \g)(x) < Ci M c}{\f - g\)(x), for all xelandn> 
maxjT+lx^T- 1 /"}. 

Writing now g = g — / + / < \f — g\ + f and applying the above reasonings, 
it follows Cn,a (g)(x) — Cn,a (f)(x) < Cn, a (|/ — 9\){x), which combined with 
the above inequality gives \C^f a ?(/)(«) - ci A i'(g)(x)\ < Ck%'(\f - g\)(x), for 
all x E R and n > max{T + \x\,T- l / a }. 

(v) By (1) it is immediate. □ 

Remark. By (1) it is easy to see that instead of (ii), Cn,a satisfies the 
stronger condition 

CnAf V 9){X) = C„, a (/)(») V C„, a (flf)(aO, 

for all f,g E CB + {R),x E R,n> max{T + \x\, T" 1 /"}. 

Corollary 2.2. For all f E CB + (R), < a < 1, b(x) as in the statement 
of Lemma 2.1, x ER and n > max{T + |x|,T _1 ' a }, we have 



\f(x)-Ci M a \f)(x)\< 



]cM($ x )(x) + l 



wi(/;<J)r, 



where S > 0, <5> x (u) = \x — u\ for all x, u E R, and c<ji(/;<5)k = max{|/(x) — 
f(y)\ ]X ,yeR,\x-y\<S}. 

Proof. Indeed, denoting eo (x) = 1, from the identity valid for all x E R and 
n>max{T + ^T- 1 ^}, 

by Lemma 2.1 it easily follows 

I/O*) -c$? (/)(*)!< 

|C^(/W)W - C^(/H)WI + l/(*)l • |C$?(eo)(aO - 1| < 

Cd/(«) - /WDW + l/^l ' l^(eo)(x) - 1|. 
Now, since for all u,ieRwc have 

"1 



!/(«)- /(s)|<«i(/;|«-x|) R < 



Ju-d + l 
o 



wi(/;5) n 
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replacing above and taking into account that Cn,a (&o) = 1, we immediately 
obtain the estimate in the statement. □ 

Remark. Therefore, to get an approximation property for Cn, a , it is 
enough to obtain a good estimate for 



E n>a (x) = CM(* 3! )(x) 



V fee y T , n (*)&K- a (z-t)]l*-^l 



for all x G R and n > max{T + |x|, T" 1 /"}. 



3 Approximation Results 

In this section we obtain an approximation result for the operator Cn,a (/)• For 
this purpose, first of all we need to calculate the denominators of Cn, a (f)(x) 
and of E n>a (x), that is we will exactly calculate the expression 



V > 

keJ T , n (x) 



n x - a | x- 



= V * 

k — — n 2 



n x - a | x- 



k 



In this sense, we present the following. 

Lemma 3.1. Let b(x) be a centered bell-shaped function, continuous and 
with compact support [-T, T], T > and < a < 1. 

Then for any j G Z with —n 2 < j < n 2 , all x G [j /n, (j + l)/n] and 
n > max{T+ |a;|,T -1 ' a }, we have 



max < b 



n 

V * 


'- 1 '" (-",)' 


— 


k——n 2 




n l - a (x- ] -\ 


,b 


n x - a (x 


3 + 1 \\ 


V nj_ 




\ 


n J 



>0. 



Proof. Let j G Z with — n 2 < j < n 2 , x G [j/n,(j + l)/n] and n > 
max{T+ \x\,T- l / a }. We can write 



n 

V > 


n 1 -" 


(-*)] 


= 






fc= — n 2 


V '"/ J 






n 1 '" (a: 


nj 


n 2 

■ V & 

fe=j+l 


n 1 - 


(- 


■")1 

n J 



V ft 

/c— — n 2 

We observe that for k G {—n 2 , ..., j} we have n l ~ a (x—k/n) > n x ~ a (x— j/n) > 
and since 6 is nonincrcasing on [0, +oo), it easily follows that 



V * 



fc=— n 



n 1 "" | x- 



= b 



n^ix- 3 - 



ANASTASSIOU et al: APPROXIMATION BY NEURAL NETWORK OPERATORS 



401 



Similarly, observing that for k G {j + 1, ...,n } we have n [x — k/n) < 
n l ~ a (x — (j + l)/n) < 0, since b(x) is nondecreasing on (— oo, 0], it easily follows 
that 



V o 

k=j+l 



.7 + 1 



It remains to prove that for x G [j /n, (j + 1)/Vi] and n > max{T + \x\, T 1 ' a } 
we have j,j + 1 G Jt,u(x). Indeed, since x G [j/n, (j + l)/n] is equivalent to 



j < nx < j + 1 , we evidently get j < nx + Tn a < n , for all n > T - 



and 



j + 1 < nx+l < nx + Tn a < n 2 , for all n > max{T+ \x\, T -1 /"}. Also, because 
-n 2 <nx- Tn a <j + l- Tn a <j<j + l, for all n > max{T + |a;|, T" 1 /"}, 
we get that j, j + 1 G Jt.u(x) for all n > max{T+ Irr^T -1 /"}, which proves the 
lemma. □ 

Remark. The formula in the statement of Lcma 3.1 is valid for all x G 
[— n, +n] only Indeed, since in Lemma 3.1 we suppose that n > \x\ + T, it 
follows that we cannot have the complementary possibilities for x, x G (n, +oo) 
or x G (— oo, — n), because in both cases this would imply the contradiction 
\x\ >n> \x\ + T. 

Theorem 3.2. Let b(x) be a centered bell-shaped function, continuous and 
with compact support [—T,T], T > and < a < 1. In addition, suppose that 
the following requirements are fulfilled: 

(i) There exist < m\ < Mi < oo such that mi(T — x) < b(x) < 
MxiT-x) for all xG [0,T]; 

(ii) There exist < m2 < M2 < 00 such that m,2(x + T) < b(x) < 
M 2 (x + T) for all x G [-T, 0]. 

Then for all f G CB + (R), x G M. and for all n G N satisfying n > max{T + 
|x| , (2/T) 1 ' Q }, we have the estimate 



where 



\f(x)~Ci M J(f)(x)\<cu; 1 (f;n^ 
TM 2 TM X 



Proof. Let x G M. and let j e Z with — n 2 < j < n 2 — 1 such that 



x G [j/n, (j + l)/n]. Also, let fc^ G Jr,n{ x ) be such that 



V 6 

fceJ T ,„(a;) 

It follows that 



k, 



\x--\ = b 
n 



k-x 



K'x 



X^n,a.\X) 



6 [ n l- Q( ,_^)]| x _^| 



V fceJT .. W 6 h 1 "" (* " I)] 
Tacking into account Lemma 3.1 we immediately obtain 

'frfn 1 -"^- *f)] |x- ^f| b[n 1 - a (x- 



^n^ay^) 



0] 



6[ni-(x-i)] 



6 [ n i- (a . _ i±l)] 
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for all n > max{T +\x\ 1 T- 1 / a }. 

In order to prove the estimate in the theorem we distinguish the following 
two cases: 1) k x > j and 2) k x < j. 

Case 1) Taking into account condition (ii), since k x G Jt,u{x) and j + 1 G 
Jt,u{x), by x — k x /n < and x — (j + l)/n < 0, we immediately get 

"' qW - 6 [ni- (x - i±i)] " m 2 ' T + ni-«(x-^) 

< M 2 [T + n 1 -* (a- £)](£-&) 



W2 T+n 1 -"^) 

M 2 n a [T + n 1 - a (or-^)]( 






777-2 Tn a — 1 

Since [r + n-«(,-^)](^-,) = ^-«(^- a; - 5 ^) 2 + ^<^, 
it easily follows that 

_ , ^ M 2 T 2 ^"- 1 M 2 T 2 n Q a _! 

-En a(x) < • — = • — ■ H . 

' V ; ~ 4m 2 Tn« - 1 4m 2 Tn a - 1 

Supposing, in addition, that n > (2/T) 1 /" (where clearly (2/T) 1 /" > T" 1 /"), 
it follows that 



ifi+ i/T ,j<ifi+^ 



Tn Q - 1 T\ n«-l/ry-TV 2/T-l/TJ T" 

which implies 

£», a W<^-n a_1 . 
2to 2 

for all n > max{T + \x\ , (2/T) 1 /"}. 

Case 2) Taking into account condition (i), since k x G Jt,ti{x) and j G 
Jt,u{x), by x — fc x /n > and x — j /n > 0, we immediately get 

E (x)< H^-"(x-^)](x-^) <Ml [T - ni-° (x - $)]{x - $) 
nM ' ~ b [n l - a (x - i)] " mi T-n 1 -«(a;-i) 

< M 1 [T-n^(x-^)](x-^) 

~ TO! T_ n l-«(I) 

toi Tn" — 1 



Since [T-n^(x-f)}{x-^) = -n^(x-^-^)+^<^ 
reasoning exactly as in the Case 1), we obtain 

E nta (x)<^-n a -\ 
2mi 
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h{—T) = lim jt^j: Again, it is easy to prove that there exist < m^ < M^ < 



for all n > max{T + \x\ , (2/T) 1 /"}. 

Now, applying Corollary 2.2 for S = max{^p- • n 1 ^ , '^£ L • n 1- "} and from 
the property u>i(f, A<5)r < (A+ l)u>\(f, <J)r, we obtain the desired conclusion. □ 

Corollary 3.3. Let b{x) be a centered bell- shaped function, continuous and 
with compact support \—T,T], T > and < a < 1. If < lim J^- < oo 

xfT x 

and < lim ^r^. < oo i/ien for all f G CB + (R), x E M. and for all all n G N 

satisfying n > max{T + \x\ ,(2/T) 1 ' a } there exists c G R + independent of n 
and f such that 

\f(x)-CM(f)(x)\<cu> 1 (f;n a - 1 ) R . 

Proof. Let us consider the function g : [0,T] — > M, 5(2;) = 7^^ if x G 
[0,T) and g(T) = lim j^-. From our assumptions we get that g is continuous 

and strictly positive. By the Weierstrass' theorem it follows that g attains its 
minimum and maximum. Hence there exist < rri\ < Mi < 00 such that mi < 
g(x) < Mi for all x G [0, T]. It follows that mi(T - x) < b(x) < Mi(T - x) for 
all x G [0, T). Since b(T) = we easily get that mi(T - x) < 6(x) < M X (T - .t) 
/or a// 16 [0,T]. 

Now, let us consider the function h : [-T, 0], h(x) — jq^ if x G {—T, 0] and 

^ — T 

00 such that m 2 (> + T) < b(x) < M 2 {x + T) for all x G [-T, 0]. 

From the above considerations, applying Theorem 3.2 we easily obtain the 
desired conclusion. □ 

In what follows, we will give some examples of bell-shaped functions for 
which we can apply Theorem 3.2. 

Example 1. Let us consider b : M. — > [0,oo), b(x) = 1 + x if x G [—1,0], 
b(x) = 1 — x if x G [0,1], b(x) = elsewhere. Using the same notations as 
in Theorem 3.2 we have T = 1 and mi = Mi = 7712 = -M2 = 1. By Theorem 
3.2, it follows that for all / G CB + (R), x G E and for all n G N satisfying 
n > max{T+ \x\ , (2/T) 1 / }, we have the estimate 

\f(x)-Ci M a \f)(x)\<3u;i(f;n a -%. 

Example 2. Let us consider 6 : K — ► [0, 00), 6(x) = 1 — x 2 if x G [— 1, 1], 
b(x) = elsewhere. We have T = 1, mi = m2 = 1, Mi = M2 = 2. By Theorem 
3.2, it follows that for all / G CB + (R), x G K and for all n G N satisfying 
n > max{T+ |x| , (2/T) 1 / Q }, we have the estimate 

\f(x)-Ci M J(f)(x)\<^i(f;n a -%. 

Example 3. Let us consider : M. — > [0,oo), 6(x) = cosx if x G [— 7r/2, 7r/2], 
6(x) = elsewhere. Since for i G [0,7r/2] we have 2t/iT < sini < t it follows 
that (2/tt)(tt/2 — x) < sin(-7r/2 — x) = cosx < ir/2 — x for all x G [0,7r/2] and 
(2/7r)(7r/2 + x) < sin(7r/2 + x) =cosx < 7r/2 + x for all x G [-7r/2, 0]. From the 
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above inequalities it follows that T — tt/2, m\ = mi = 2/ir and Mi = M^ = 1. 
Applying Theorem 3.2, we obtain 

\m-C^(f)(x)\<7u; 1 (f ] n a - 1 ) R . 

Remark. In what follows we will prove that in general, if the bell-shaped 
function b satisfies the hypothesis of Theorem 3.2, then the order of approxi- 
mation of the expression E n ^ a (x) in Theorem 3.2. cannot be improved. Firstly, 
let us notice that from the conclusion of Theorem 3.2 it suffices to prove that 
we cannot improve the order of approximation of the expression E na (x) for the 
case when b(x) = T + x if x e [-T, 0], b(x) = T - x if x € [0,T], b(x) = else- 
where. Without any loss of generality we may assume that T — 1. For n € N, 
n > (2/T) 1 / 01 , take x n = l/2n. It is easy to check that for all n > 2, we have 
n > max{T+ |a;„| , (2/T) 1 /"}. Since x n e (0,l/n),by Lemma 3.1, it follows 

k=n 2 

that V b [n 1 -" (x n - £)] = max {b^^Xn), b [n 1 "" (x„ - ±)] } . Through 

k— — n 2 

simple calculus we get 



V * 

k — — 7i 2 

This, immediately implies 



1- 




( 


fc\l 


11 




•En 


n J 



2n a - 1 
2n a 



^n^a. \%n ) 



V b[n^{x n - k -)]\x n - k -\ 

k — — 7i 2 



(2n a - l)/2n Q 
From the above equality it follows that for all k € Z, — n 2 < k < n 2 , we have 

b[n^(x n -^]\x n - k -\ 



-L- J n,ot\'En) — 



(2n a - l)/2n a 



(2) 



Let us take k n — [ 6 + ] — 1. It is easy to check that — n 2 < k n < n 2 . Also, for 
n sufficiently large we have x n < k n /n. Then, 



n 1 a | .!■,. 



k n 

n 



n , 1-a I 1 k n \ k n 1 _ f k n \ I 

1 + n x n ) = -n -— : 

L V2n n 7 n n ; V n 2n 271 1 -" 



1 — a / 2k n I 



1 



2n 2n x 

Since 
2k n - 1 1 

2n 271!-" 

_2([^±3]-l)-l 



1 

4 n l-a ' 



2n 



2T1 1 



1 > 2(^-2)-! 



4n x 



2/7 



2n x 



3n J 
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it follows that for n > 6 1 /" we have 2k ^ 1 — 2n i-<» ^ 0. Therefore, for n > 6 1 / c 
we have 

1 _ a f2k n -l 1 V , 1 

— n ' 



2n 2n 1 - a 7 4n 1 ~ a 

,i-«/2([^]-l)-l 1 \ 2 1 



\ 2n 2n 1 - a I in 1 -* 

>- n ^( 2 -^- 1 - -J_V + ^_ = A. w c 
I 2n 2n 1 - a J in 1 - 01 36 

Taking into account relation (2) and the above inequality, we get 



*- J n,<x\%n) — 



b [n 1 - (*„ - £)] K - £| _ -n 1 - (^ - ^ + ^ 



(2n Q - l)/2n a (2n Q - l)/2n a 



> 36 ' U _ ^" a a-1 

~ (2n Q - l)/2n a 18(2n Q - 1) 
Since lim 18( -| t " _ 1 n = ^ , it follows that for n sufficiently large we get 

which implies the desired conclusion. 

4 Conclusion 

The linear Cardaliaguet-Euvrard operators C n>a {f){x) were introduced in Carda- 
liaguct & Euvrard [6], were it is proved the convergence on compacta to the ap- 
proximated function. The results were of qualitative type. The first quantitative 
type estimates in the approximation by C„ iQ ,(/)(x) was obtained in Anastassiou 
[l]-[3] and then improved in Zhang, Cao, & Xu [8], where at the page 1164 the 
following type of quantitative estimate is obtained : 

|a, Q (/)(*)-/(z)|<^ + C> 1 (/;n«- 1 ) R , 

for all n > max{T + |x|,T _1 / Q }, where C\,Ci > are constants independent 
on n but depending on b and /. 

If we suppose now that / is a Lipschitz function on K, that is there exists 
L > such that \f(x) — f(y)\ < L\x—y\, for all x, y € K, from the above estimate 
we get the following order of approximation by the linear Cardaliaguet-Euvrard 
operator : 

|C»,a(/)(aO - f(x)\ = O (JA +0 (Jz^j , for all n > max{T+ |*|, T' 1 ^}. 
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On the other hand, for / <G CB+(M) a Lipschitz function, in the case of 
max-product Cardaliaguet-Euvrard operator, by Theorem 3.2 we get the order 
of approximation 



\Ci M J(f)(x)-f(x)\ = 



1 



for all n > max{T + |ar|, (2/T) 1/a }. 



It is clear that for ^ < a < 1, we get the same order of approximation O \ n i- a ) 
for both operators C n , «(/)(#) and Cn,a (f)(x), while for < a < ^, the approx- 
imation order obtained by the max-product operator C n ,a . (/)(x) is essentially 
better than that obtained by the linear operator C n . Q (/)(x). 

This shows the advantage we can have by using the max-product Cardaliaguet- 
Euvrard operator introduced by this paper. 
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Abstract. In this study, the joint distributions of order statistics arising from innid random vectors are 
expressed. Then, some theorems connecting distributions of order statistics of innid random vectors to that of 
order statistics of iid random vectors are given. 
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1. Introduction 

Arnold et al.[l] considered several identities and recurrence relations in terms of 
distribution function(J/) of single and several order statistics of independent and identically 
distributed (iid) random variables. 

Balakrishnan[2] considered recent developments on order statistics arising from 
independent and not necessarily identically distributed(/nm'<i) random variables based 
primarily on the theory of permanents. 

Balasubramanian and Beg[3] defined linear identities for distribution functions of order 
statistics from an iid sample. 

Balasubramanian et aL[4] established identities satisfied by distributions of order 
statistics from non-independent no n- identical variables through operator methods based on 
difference and differential operators. 

Bapat and Beg[5] expressed the joint df of order statistics of innid random variables in 
terms of the df of the random variables using permanents. 

Beg[6] obtained several recurrence relations and identities for product moments of order 
statistics of innid random variables using permanents. 

Cao and West[7] obtained recurrence relationships among the distribution functions of 
order statistics arising from innid random variables. 
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Childs and Balakrishnan[8] obtained, using multinomial arguments, the probability 
density function(/?<i/) of X x (1 <r<n+l) if another independent random variable with df 
F i mdpdf f. (i=l,2,...,n) is added to the originals variables X l ,X 2 ,...,X n . 

Corley[9] defined a multivariate generahzation of classical order statistics for random 
samples from a continuous multivariate distribution. 

David[10] considered the fundamental distribution theory of order statistics. 

Gan and Bain[ll] obtained the joint probability function(/?/) of any k order statistics and 
also conditional distributions of discrete order statistics from a general discrete parent by "tie- 
runs". 

Goldie and Maller[12] derived expressions for generalized joint densities of order 
statistics of innid random variables in terms of Radon-Nikodym derivatives with respect to 
product measures based on df. 

Guilbaud[13] expressed probability of the functions of innid random vectors as a linear 
combination of probabilities of the functions of iid random vectors and thus also for order 
statistics of random variables. 

Khatri[14] examined the/?/ and df of a single order statistics, the joint/?/ and df of any 
two order statistics and joint df of any three order statistics of iid random variables from a 
discrete parent. 

Reiss[15] considered the joint pdf marginal pdf and df of any k order statistics of iid 
random variables under a continuous df and discontinuous df. He also considered pdf of 
bivariate order statistics by marginal ordering of bivariate iid random vectors with a 
continuous df by means of multinomial probabilities of appropriate "cell frequency vectors", 
defining multivariate order statistics by marginal ordering of iid random vectors with a 
continuous df. 

Vaughan and Venables[16] denoted the joint pdf and marginal/?^ of order statistics of 
innid random variables by means ofpermanents. 

From now on, the subscripts and superscripts are defined in the first place in which they 
are used and these definitions will be valid unless they are redefined. 

If aj,a 2 ,... are defined as column vectors, then the matrix obtained by taking m x copies 

a,, m 2 copies a 2 ,... can be denoted as 
K a 2 ...] 
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and perA denotes the permanent of a square matrix A, which is defined as similar to 
determinants except that all terms in the expansion have a positive sign. 

Consider x= (x (1) ,x (2) ,...,x (fe) )and y = (y (1) ,y (2) ,..., y (h) ) , then it can be written as x<y if 
x ™ < y ™ (v=l, 2, ..., b) and x + y = (x (1) + y (1 \x (2) + y (2) ,...,x (h) +y (h) ) . 

Let g. = (^ (1) ,^ (2) ,...,^ (6) ) (i=l, 2, ..., n) be innid continuous random vectors which 
components of ^ are independent. The expression 

X%=Z r:n (tf\&\...,^) (1.1) 

is stated as the rth order statistic of the vth components of £ , £ 2 , . . ., E, n . 
From (1.1), the ordered values of the vth components ofcfj ,£ 2 , ..., E, n are expressed as 

X£<X%<...<X%. (1.2) 

From (1.2), we can write 

X rji =(XZX%,..,X%)(l<r<n). 

Also, x w = (x^,x^,...,x^), x^eR (w=l, 2, ...,d;d=l, 2, ...,«). 

Let F. and /. be df and pdf of £ (v) , respectively. Moreover, X^' s ,X^' S ,...,X^' S are 
order statistics of iid random variables with df F s and pdf f s , respectively, defined by 

(1.3) 



F s = 


i 


ies 


and 






r = 


1 





(1.4) 

Here, s is a non-empty subset of the integers {1, 2,..., n\ with n s >1 elements. A[s/.) is the 

matrix obtained from A by taking rows whose indices are in s. 

In this study, the df and pdf ofX r . n ,X r . n ,...,X r . n (l<r l <r 2 <...<r d <n) will be given. 

Let X™ =(X™,X™,...,X™) and x (y) =(x ( l v) ,x ( 2 v) ,...,x ( d v) ) . For notational convenience we 

n,...fn 3 ,m 2 n,...pi 3 ,m 2 n,...f 3 -l,r 2 -l n n n m 3 m 2 

write II , I , I and I instead of £(-l)~5L£ , I ... I I , 

m d ,...tn 2 ,ni\ t d ,...t 2 A t d ,...t 2 ,h K=l "• n s =K m d =r d m 2 =r 2 m i =r i 

n m 3 m 2 n r 3 -l r 2 -l 

I ... I I and I-"H i 11 the expressions below, respectively. 



j-mj , 2 =m 2 /,=mi (< j=J rf ; 2 =; 2ll =,, 
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2. Theorems for distribution function 

In this section, the theorems related to df of X r . n ,X r . n ,...,X r . n are given. The theorems 

connect the df of order statistics of innid random vectors to that of order statistics of iid 
random vectors using (1.3). 



Theorem 2.1. 

F ri , M: „(x 1 ,x 2 ,..., x ,)=}|{ £ c £ (-if II 



b n,...m i ,m 2 n,...m i ,m 2 V( m , ) d f m —m ^ 

r . *-< _. •«— ^ - . — • ' " i r " l w+ l " l w 



v=l m rf ,...jM 2 ,m, f rf ,...f 2 ,f! 



JX-mJIpe/fFO^) F(^)... F(x^) ][s/.)}, Xl <x 2 <...<x d , (2.1) 



n s =n-t d +m d m 2 -t l +m 1 mj-m^+f, n-m d _i-t d +t d _i 

,(v)\ 17 /',,(") \ c ( ,,( v ') w ; 



rf+i 



where Fix^) = (F 1 (x ( ; ) ),F 2 (x ( : ) ),...,F n (x ( ; ) ))' is column vector, C^flK-^)!] 4 , m =0, 



m d+1 = n and t Q =m l . 



Proof. It can be written 

^^...^("i'^-^,)-^ <x„X r .„ <x 2 ,..,X v <x,}. 

(2.2) can be expressed as 

iV iM: „(x p x 2 ,...,x,) = />{X (1) <x (1 \X (2) <x (2 \...,X w <x w } 

= Y[P{X (> <x (v> } 



(2.2) 



"11 l 1" S ! ' A r 2 :« SX 2 »"• ,A rrf . n SX d j 

fr «,...(w 3 ,m 2 

= 1] I Q^rA, (2.3) 

v=l m d ,...fn2' m i 

where A= [F(*f v) ) F(x 2 v) ) - F(x 1 (v) ) ... 1 - ¥{x d v) )] is matrix, 
¥{x ( ; ) )-¥{x i :\) = {F l (x i : ) )-F l {x i :\),F 2 (x^ 



» 



F. (Xq V; ) = and F. (x^ ) = 1 . Using properties of permanent, we can write 



(v) 



»> 



/?erA =j per[F(x; i '0 F(x 2 v 0-F(X) F(x^)-F(x^)...F(xyO-F(x^) 1-F(xy ; )] 



m 2 -m. 



lll)-llh 



m d -m d _\ 



_ X -1 (_]\ n - m d->d 



t,,=0 



n-m r , 



"*3 ""2 

X^ (_]\ m 3- m 2-<2 



r m 3 -m 2 >^'> 



\ l d J 



t,=o 



\ l 2 J 



I (-D' 

'i=0 



1 m 2 —m^ 



\ l i J 
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.per[F(4 v) ) F(4>) ... 1 F(x^)] 



n—m d m^ —m 2 m 2 —m 



= 1-1 Z<-« - n 



n - m i-'Z t wd(m...,,-m, ^ 



t, =0 u =0 ;, =0 



w+\ w 



\ l w J 



£ t d lpeAF(xl v) ) F(4 V) ) ... F(jtf>)] [s/.) 



m 2 -t 1 m i -m 2 -l 1 +t\ n - m d~ , d+'d-l 



_n_ _mj_ m2_ ~Y_,(m wil -t w ) d ( m _ m ^ 



= z-zz(-d- n 



r d =m d ? 2 =m 2 r^m. 



V w w Jn s =n+m d -t d 



IX~ m ^ ! 



» 



(v)> 



.pertFC^) F(x^)... F(*™) ][s/.) , (2.4) 



mj-^+m, m 3 -m 1 -r 2 +f 1 n-m d _\-t d +t d _^ 



where 1 = (1,1,...,!)'. 

Using (2.4) in (2.3), (2.1) is obtained. 

Theorem 2.2. 



..in^,m 2 



m d ,...fn 2 ,m 1 



d+l m w 

w=2 t=m u ,_. 






[F' s (x:;0] ( - m »-'[F' s (x^)] m »- f }, (2.5) 



where F v (x^ ) 1 ) = l. 



Proof. From (2.3), we can write 



^ M: „( Xl , x 2 ,..., x j = fizzes-* < *i cv) >*2'^ 4 y) ,-,^< *r i 



(2.6) 



(2.6) is expressed as 

fc n,. ..jw 3 ,ffi2 J+l 

F ri , r2 ,...^(x 1 ,x 2 ,...,x d ) =n(ZZ Z «!cn^ s (^ ) )-^ s (^ 1 )r" m - 1 } 

v=l m d ,...pt 2 ,m x w=\ 



n,...|w 3 ,m2 



rf+1 



=r[{ZZ Z ^cif'^^rn^^Vf'^r'-'i (2.7) 



1=1 



m,,...nu ,m. 



iv -2 



where F' s «0 = 0. 



Using binomial expansion in (2.7), (2.5) is obtained. 
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Theorem 2.3. 



^ :n w=Z 



,I(-ir 



1 n — rn^ 



^ m!(« — m)\f 

=YLn tew 



\^t m j n=n _ t+m 



X (t-m)lper[F(x)][ S /.) 



m=r \'"' / t=m 



^n — m^ 



yt-m j 



s / ,.\in-t+m 



[F s (x)] 



(2.8) 



Proof. In (2.1) and (2.5), if b = l, J =1, (2.8) is obtained. 



Theorem 2.4. 



1 ^ 



^ 



R - (=0 V ^ )n=n-t n-t 



=IXfl-I(-ir 



/=() 



'V 



vO 



[F'wrj. 



(2.9) 



Proof. In (2.8), if r = 1 , (2.9) is obtained. 



Theorem 2.5. 

1 



F m (x) = — per[F(x)] 

n\ n 



(2.10) 



Proof. In (2.8), if r = n , (2. 10) is obtained. 



3. Theorems for probability density function 



In this section, the theorems related to pdf of X r . n ,X r . n ,...,X r . n are given. The theorems 

connect the pdf of order statistics of innid random vectors to that of order statistics of iid 
random vectors using (1.3) and (1.4). 



Theorem 3.1. 



b n,...r 3 -l,r 2 -l -fl'+yV.^i-Q d f 

f ri ^. M (^ 2 ,...,K d )=Yi{D x (-D - ' n 



t —r 

v=l t d ,...t 2 ,t, w=\ V w w J 



r w+l r w I 



Y,(t d -r d )\peAV{4 } ) F^) ... F(x d v) ) f (x[ v) ) f(x^) ...f(x d v) )] [*/.)}, (3.1) 

r 2 +ii-2^, rj-^-l-^+fj n-^^-^+f^^ 1 1 1 



n=n+r.,—t 
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d+\ 



where f (*£>) = (/ 1 (x^),/ 2 (x^ ) ),...,/„(^ ) ))', D = [J^ -r w _ : -1)!TV =0, r rf+1 =n+l, 



vi- -1 



and t =r l -\. 



Proof. Consider the event 

{ X l< X ,- 1 : n ^ X l+ 5x p X 2< X , 2 :„^ X 2+ 5X 2>-> X rf < X rrf :„ ^ X d + 5x </ } • 

It can be written 

^( x i <X, : „ <x 1 +5x 1 ,x 2 <X ri . n <x 2 +5x 2 ,...,x d <X r ^ <x rf +5x d } 

= F{x (1) <X (1) <x (1) +6x (1) ,x (2) <X (2) <x (2) +6x (2) ,...,x (b) <X (b) <x™ +5x (b) } 

= fjP{x (v) <X (v) <x (v) +8x (v) } 

= flP{4' ) < X S <x? +Sx?\x? <X™ <xf +dxt\...,xf <X^ n <xf +Sxf} , 



(3.2) 



where 5x w = (Sx^ ,Sx^ ,...,Sx^) and 6x iv) =(Sxl v) ,Sx ( 2 v \...,Sx ( J ) ). 

b d 



Dividing (3.2) by TTTT^*^ an d then letting 8x^ , Sx ( 2 v) ,..., Sx^ tend to zero, we obtain 

v=l w=\ 

b 

/ w ,, <3 ,( x p x 2 x d) = Yl D P etB ' ( 3 - 3 ) 



where B=[F(x 1 (v) ) f(x 1 (, ' ) ) F(x ( 2 v) ) - F(je[ v) ) f(x< v) ) ... f(x< v) ) 1-F(x< v) )] is matrix. 



-i i 



Using properties of permanent, we can write 

perB = per[F(xl v) ) f(x 1 (v) ) F(4 v) )-F(^ (v) ) f(x< v) )...f(x^ v) ) 1-F(x< v) )] 



i-i i 



'n — r. ^ 



',,=0 



_ X~7_i , )"-'i-'<i d 'V' (_n'3-'2- 1 -' 



r,-r,-l 



V "d J 



;,=0 



r 3 -r 2 -l v '- ri - 1 



2 (-l)^-^- 1 -' 1 



v l 2 y 



(,=0 



v ? i y 



per[F(jtH f«0 F(xr ; )-F(x| v '0 f(xj")...f(^) l-F(x^)] 



r,-2-f, 1 



r,-r, -!-»,+», 



1 n - r d-'d+'d- 



n-r d r 3 -r 2 -l r 2 -r t -l n +l_r.-c(-V< , d f 

( rf =0 (2=° 'l=° 



H'=l 



r w+l ^w t 



V "w J 



. Y,t d l per[F(4 V) ) F(x^) ... F(x< v) ) f(x{ v) ) f(x ( 2 v) )...f(x ( d v) )][s/.) 



r 2- 2 ~h h- T l- x -h+h n- rj -t d +t d _ x 
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n ry-l r 2 - 



- d+ Y( r , ) d f 

=z...zz<-i) * n 



'd= r d h=hh=h 



r w+l r w *■ 



s 



t — r 



(t d -r d )\pet[F(xn F(xr)- W) f (*D f(xT0...f(*r )][*/•)• (3.4) 

_, '2+)- 1 -2-i 1 r 3 -r,-l-r 2 +r 1 n-r^-tj+t^ 1 1 1 



Using (3.4) in (3.3), (3.1) is obtained. 



Theorem 3.2. 

/ r „ r2 ,...,:, I (x 1 ,x 2 ,...,x rf ) = n { ^^„!Z)[F' 5 (x 1 (v) )r- 1 



rf+1 r w -\ f 

TllH)" 4 

w=2 (=?•„_! 



r w r w -\ A 



V ? r w-l ,' 



[^ s (4 V -i)]^ M [^ s (4 v) )] f "^fl/ S ^ v) )} • (3-5) 



Proof. (3.2) can be expressed as 

flXI>{*r <x^<^ + K\4 ) <K-n s **? +K\-,4 ) <*Sn **? + 5 ^}- (3.6) 

v=l 

b d 

Dividing (3.6) by TTFT^l,' and then letting Sx^ v) ^Sx^ ',...,Sx d v) tend to zero, we obtain 



d+\ 



fr l ,r 2 ,.,AV2^d)=Yl{lL^ 



d+\ 



nEE^^^n^^v^^^ 



\\—2 



Using binomial expansion in (3.7), (3.5) is obtained. 



(3.7) 



Theorem 3.3. 



frM) 



1 



1 n — r^ 



(r-l)!(n-r)!f 



\I ' Jn s =n+r-t 



£(-!)""' . S (^"OIp^FW f(x)][5/.) 



n+r-l-t 1 



^ 



=E2> iw 



\ Y Jt=r 



U-r^ 



K t-r , 



[F s {x)T +r - x -'f s {x). 



(3.8) 



Proof. In (3.1) and (3.5), if b = l, d =1 , (3.8) is obtained. 
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Theorem 3.4. 

1 



f n -\^ 



(n-l)lt 



f,n(x) = — -^rX { - ir ' 1 S (t-l)\pei\F(x) f(x)][s/.) 



yt l j„ =n+ i_ t 



n-t 1 



=ZZ»Z(-ir 



t=\ 



K t-\j 



[F'wr/'w. 



(3.9) 



Proof. In (3.8), if r = 1, (3.9) is obtained. 



Theorem 3.5. 

f, n (x) =— i —per[¥(x) f(x)] 
(n-1)! n -\ i 



= YLn[F s {x)r l f s {x) 



(3.10) 



Proof. In (3.8), if r = n, (3.10) is obtained. 



Theorem 3.6. 

1 p, , /n-2^ 



per[F(^) F(x 2 ) f(^) f(x 2 )] 

«-i-r r-i i i 



^S^-dEc-d"" 1 "' 



v f-l, 



[F'Cx,)]- 1 -'^'^)]'- 1 /'^)/'^) , *, <* 2 



(3.11) 



Proof. In (3. 1) and (3.5), if £> = 1 , d = 2 and r, = 1 , r 2 = n , (3. 1 1) is obtained. 



Theorem 3.7. 



1 



/ 1 , 2 ,...^(x 1 ,x 2 ,...,x k ) = ]~[{— -^r£(-V"~' 



r=l 



(n-k)\t 



r n-k^ 

yt-k j 



J>-*)! 



n=n—t+k 



. P er[F(4>) f(*< v >) f(^ v) )...f(^ v) )][j/.)} 

«-; 1 1 1 



'n-i^ 



i'=i 



'(*-*)!£ 



=nSXr^Z(- 1 )""' , u wwrYin.*!?)}. 0.12) 



v f k j 



vv=l 



Proof. In (3.1) and (3.5), if d = k and r v =1, r 2 =2,..., r k =k , (3.12) is obtained. 
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A new result on absolute summability factors 
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Abstract 

In the present paper, a known result of Mazhar [5] on | N,p n \ k summability has been 
generalized for | N,p n ,9 n \k summability factors. Some new results have also been obtained. 

1 Introduction 

Let Xi«n be a given infinite series with partial sums (s n ). Let (p n ) be a sequence of 
positive numbers such that 

n 

P n = ^2pv^oo as n^oo, (P_j = p-i = 0,i > 1). (f) 

v=0 
The sequence-to-sequence transformation 

f n 
v n = ~b-^2pvS v (2) 

^ n v=0 

defines the sequence (cr n ) of the (N,p n ) mean of the sequence (s n ), generated by the 
sequence of coefficients (p n ) .The series J2 a n is said to be summable | N,p n \ k ,k > 1, if 
(see [1]) 

oo 

Y J { P n/Pn) k - 1 \^n-l\ k <O0, (3) 

n=l 

where 

n 

Acr n _i = --js~b — Yl p v-i a v, n > 1. (4) 

-* n-'n-l u=1 
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In the special case p n = 1 for all values of n, | N,p n \ k summability is the same as | C, 1 \ k 
(see [4]) summability. Let (6 n ) be any sequence of positive constants. The series J2 a n is 
said to be summable | N,p n ,6 n \k, k > 1, if (see [6]) 



oc 



]T dt 1 I A^i |*< oo. (5) 

n=l 

If we take 9 n = — -, then | N,p n ,9 n \k summability reduces to | N,p n |^ summability. 
Also, if we take 6 n = n and p n = 1 for all values of n, then we get | C, 1 \k summabil- 
ity. Furthermore , if we take 9 n = n, then | N,p n ,6 n \^ summability reduces to | R,p n \k 
(see [2]) summability. 

2. Known result. Mazhar [5] has proved the following theorem . 
Theorem A. If 



Pn I „ \ \k 
n=l 

and 



£ TT I *« A « l*< oo. ( 6 ) 

n=l ^ n 



oc 



^2 I s n || AA„ |< CX), (7) 

n=l 

then the series ^ °nA n is summable | N,p n |^, fe > 1. 

3. Main result. The aim of this paper is to generalize Theorem A for | N,p n ,6 n \k 

summability. Now we shall prove the following theorem. 

' 9nPn " 



Theorem. Let ( -jr^ ) be a non-increasing sequence. If the conditions of Theorem A are 
satisfied with the condition (6) replaced by: 

°o / \ k 

E^Mf) l*«A n | fe <oo, (8) 

then the series J2 a n^n is summable | N,p n ,O n \k,k > 1. If we take 9 n = -^ , then we get 
Theorem A. In this case condition (8) reduces to condition (6) and the condition ( j ^ Sl J 
which is a non-increasing sequence is automatically satisfied. 

4. Proof of the Theorem. Let (T n ) be the sequence of (N,p n ) mean of the series 
J2 a n^n- Then, by definition, we have 

1 n v 

Tn = ~p~ E P v E ar ^ r - ( 9 ) 

^ n v=0 r=l 
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Then , using Abel's transformation, we get 

n— 1 n— 1 

rp _ rp _ _ Pn \r~^ \ i £* n V^ p A X J- P n \ 

J-n J-n—1 — +> ^ / Pv^v^v "T ~ ~ / Ji;St)iiA B T" ^ppS n A n 

■Ln-t^n—1 v= i "n*n—\ v= -\ *n 

= r„ ; i + T„ i2 + T n>3 , say. 
To prove the theorem, by Minkowski's inequality, it is sufficient to show that 

oo 

Y J Q k n X \Tn,r\ k <™, for T = 1,2,3. (10) 

ra=l 

Firstly , by using Holder's inequality, we have that 

m+1 m+1 n— 1 

E/jfc-1 i T ife _ V^ /ifc-1 I P" V„ „ i ifc 

n=2 n=2 ^n^n-1 v=1 

m+l /n \ k 1 n_1 

< ze 1 ! ^e^km* 

n=2 Vjrn/ ^"-i u=l 

fc-1 



1 ^ 

rrLft 



/ W /, X* -1 m+1 T) 



= o(i)Y,Pv\s v \ v \ k (°f^) E PP 

v=l V v J n=v+l r n r n-l 

m //i x fc-1 i 

= o(i)E^I^| fc (^) 1- 

= O(l)^^" 1 ^ I S „A„ | fe = O(l) as m^oo, 
in view of (8). Also , we get that 

m+l m+l n—1 

E^'l^i* = E ^ _1 1 ttt^ E ^ AA * i fc 

n=2 n=2 ^n^n-l „ =1 

m+l /„ \fc 1 n_1 ( 1 "- 1 

< E^Mf ) ^E^l^ll^lx ^E^l^ll^ 

n=2 V-fn/ tn-i v=l [ r "-l„=l 

m /0 T) \ k ~ 1 m+1 n 

= 0(1)E^I^I|AA,|(^) E 



?j=i 



"" ' ra=j>+l P nPn-l 



m ,n x fc-1 

0(1)EI^I|AA„|(^ 
0(l)(^) fe_1 El^HAA„ 

^ l ' v=l 
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in 



0(1) V^ | s?) || AAt, |= 0(1) as m — > oo, 



u=i 

in view of (7). Finally, we have that 

^^- 1 |^n, 3 | fc = E^T 1 ^ | S „A„| fe =0(l) as m^oc, 

n=l n=l V ^ n/ 

in view of (8). Therefore we get that 

m 

^ fl^ 1 | T„, r | fc = 0(1) as m^oo, for r = 1,2,3. 

n=l 

This completes the proof of the Theorem. If we take p n = 1 for all values of n and 6 n = n, 
then we get a result for | C, 1 |& summability factors. Also, if we take p n = 1 for all values 
of n, then we have a new result for | C, 1, 9 n \j~ summability factors. Furthermore , if we 
take 6 n = n, then we have another new result for | R,p n \k summability factors. 
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STATISTICAL CONVERGENCE OF DOUBLE SEQUENCES IN 
TOPOLOGICAL GROUPS 

H. gAKALLI AND E. SAVAS, 

Abstract. The idea of statistical convergence of double sequences was first 
introduced by Mursaleen and Edeley [12]) while the idea of statistical conver- 
gence of single sequences was first studied by Fast [7] and the rapid develop- 
ments were started after the papers of Salat [14] and Fridy [8]. Nowadays it has 
become one of the most active area of research in the field of summability. In 
this paper, we give an extension of statistical convergence of double sequences 
to topological groups and give theorems in this general setting. 



1. Introduction 

Looking through historically to statistical convergence of single sequences, we 
recall that the concept of statistical convergence of sequences was first introduced 
by Fast [7] as an extension of the usual concept of sequential limits and also in- 
dependently by Buck [1]. Schoenberg [15] gave some basic properties of statistical 
convergence and also studied the concept as a summability method. Over the years 
statistical convergence has been examined in trigonometric series in [16], studied by 
J.Connor [3], J.S.Connor [4], Salat [14], and Fridy [8]. Most of the existing works 
on statistical convergence have been restricted to real or complex sequences except 
the works of Kolk, Maddox and Cakalh. This notion was used by Kolk in [9] to ex- 
tend statistical convergence to normed spaces and Maddox [11] extended to locally 
convex Hausdorff topological linear spaces giving a representation of statistical con- 
vergence in terms of strong summability by using a modulus function, introduced in 
[10]; and also in [5] and [6], Cakalh extended this notation to topological Hausdorff 
groups. 

Recall that for a subset M of N the asymptotic density of M, denoted by 5(M), 
is given by 

S(M) = lim -\{k <n:ke M}\, 

n — >oo fi 

if this limit exists, where \{k < n : fc G M}| denotes the cardinality of the set 
{k < n : k E M}. A sequence x = (x n ) is statistically convergent to I if 

5({n: \x n -e\ >e}) = 0, 

for every e > 0. In this case £ is called the statistical limit of x. 

A sequence (xk) of points in a topological group X, is called statistically con- 
vergent to an clement I of X if S(Mjj) = where My = {k : Xk — £ £ U} for every 
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neighborhood U of 0, i.e. 



5{M V ) = lim -\{k < n : x k - I £ U}\ = 0, 

n — >oo Ji 

for every neighbourhood U of and a sequence (xk) of points in a topological group 
X, is called statistically Cauchy if for every neighbourhood U of there exists a 
number N = N(e) such that 

lim — |{fc < n : Xk — xn 4l U}\ = 0. 

The concept of statistical convergence of double sequences was first introduced by 
Mursaleen and Edeley [12] who have given main definition for double sequences x = 
(xjk) and proved some related results supporting by some interesting examples. By 
the convergence of a double sequence we mean the convergence in Pringshcims sense 
[13]. A double sequence x = (xjk)T k=0 is said to be convergent in the Pringshcims 
sense if for every e > there exists N <G N such that \xjk — L\ < e whenever 
j,k > N. L is called the Pringshcim limit of x. A double sequence x = (xjk) 
is said to be Cauchy sequence if for every e > there exists JV € N such that 
\x pq — Xjk\ < e for all p> j > N and q> k> N. 

In a topological group X, the above definitions become as in the following: a 
double sequence x = (xjk)°° k=0 of points in X is said to be convergent to a point t 
in X in the Pringshcims sense if for every neighbourhood U of there exists iVe N 
such that Xjk — I G U whenever j, k > N. i? is called the Pringshcim limit of x. 
A double sequence x = (Xjk) of points in X is said to be a Cauchy sequence if for 
every neighbourhood U of there exists JV € N such that x pq — Xjk € U for all 
P>j>N and q>k>N. 

The purpose of this paper is to study statistical convergence of double sequences 
in topological groups and to give some important theorems. 

2. Definitions and Notation 

By X, we will denote an abelian topological Hausdorff group, written additively, 
which satisfies the first axiom of countability. For a subset A of X, s(A) will denote 
the set of all sequences (x n ) such that x„ is in A for n = 1,2, ...; c(X) will denote 
the set of all convergent sequences. 

In [6], a sequence (x n ) in X is called to be statistically convergent to an clement 
i of X if for each neighbourhood U of 0, 

lim -\{k < n : x k - £ 4 U}\ = 0, 

and is called statistically Cauchy in X if for each neighbourhood U of there exists 
a positive integer n (U), depending on the nighbourhood U, such that 

lim -\{k<n:Xk- x n ( m £ U}\ = 0, 

where the vertical bars indicate the number of elements in the enclosed set. The 
set of all statistically convergent sequences in X is denoted by st(X) and the set 
of all statistically Cauchy sequences in X is denoted by stC(X). It is known that 
stC(X) — st(X) when X is complete. By the convergence of a double sequence in 
a topological group X we mean the convergence in Pringshcims sense. A double 
sequence x = (xjfc)°° fe=0 is said to be convergent in the Pringshcims sense if for 
every neighbourhood U of there exists JV e N such that Xjk — £ € U whenever 
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j, k > N. £ is called the Pringshcim limit of x. A double sequence x = (xjk)fk—o is 
said to be a Cauchy sequence if for every neighbourhood U of there exists A <G N 
such that x pq — Xjk € U whenever p > j > N and q > k > N. 

3. Statistical convergence 

Let K C NxN be a two-dimensional set of positive integers and let K(n, m) be 
the numbers of (i,j) in K such that i < n and j < m. Then the two-dimensional 
analogue of natural density can be defined as follows. The lower asymptotic density 
of a set K C NxN is defined as 

^ 2 (X)=liminf ^ (n ' w) 



In case the sequence ( — ) has a limit in Pringshcims sense then we say that 
K has a double natural density and is defined as 

5 2 (K) = lim K{n > m) 
n,m nm 

For example, let K = {(i 2 ,j 2 ) : i,j e N}. Then 

x <v\ v K ( n > m )^i- Vny/rh 

02 ( K ) = lim < tim n m = L) 

n,m nm ' nm 

i.e., the set K has double natural density zero, while the set {(i,2j) : i,j <G N} 
has double natural density 1/2. Note that, if we set n = m, we have a two- 
dimensional natural density considered by Christopher [2]. Mursaleen and Edely 
called a real double sequence x = (xjk) statistically convergent to the number i 
if for each e > 0, the set {(j, k),j < n and k < m : \xjk — i\ > e} has double 
natural density zero. In this case we write st^ — lirrij^Xjk = £ and we denote the 
set of all statistically convergent double sequences by st^ ■ Now we give definition of 
statistical convergence of double sequences x = (xjk)° c ' k=0 of points in a topological 
group in the following. 

In a topological group, double sequence x — (xjk) is called statistically conver- 
gent to a point £ of X if for each neighbourhoud U of the set 

{(j, k),j < n; and; k < m : Xjk — £ ^ U} 

has double natural density zero. In this case we write s^C-X") — Hfnj,k x jk = £ & n d 
we denote the set of all statistically convergent double sequences by st2 (X) . 

If x is a convergent double sequence of points in X, then it is also statistically 
convergent to the same point. Since there are only a finite number of bounded 
(unbounded) rows and/or columns, 

K(n, m) < sin + s 2 m 

where s\ and s 2 are finite numbers,which we can conclude that x is statistically 
convergent. 

A statistically convergent double sequence has a unique limit, i.e. if x is statis- 
tically convergent to elements £\ and l 2 of A, then £\ = £ 2 . 

If x is statistically convergent, then x need not be convergent. For example, let 
x = ( x jk) be defined as Xjk = jkz , if j and k are squares; z, otherwise where z 
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is a fixed non-zero element of X . It is easy to see that sty, — limxjk — z, since the 
cardinality of the set {(j, k) : Xjk — z £ U} satisfies the inequality 

\{(j,k):x jk -ztU}\<y/jVk 

for every neighborhood U of 0. But x is not convergent. 

For a subset A of X, s 2 (^4) will denote the set of all double sequences (x nm ) of 
points in A; C2(X) will denote the set of all convergent double sequence of points 
inl. 

Theorem 1. A double sequence x = (xjk) of points in X is statistically convergent 
to £ if and only if there exists a subset K C NxN such that SyiK) = 1 and 
Hfnn,k^ocXjk = £ where limit is being taken over the set K , i.e., (J, k) G K. 

Proof. Let x be statistically convergent to £, and (U r ) be a base of nested closed 
neighbourhoods of 0. Write 

K r = {(j, k) G NxN : x jk -£^U r } 

M r = {(j, k) e NrrN : x jk - £ e U r } (r = 1, 2, , ...). 
Then 5 2 {K r ) = and 

(1) Mi D M 2 ... D Mi D M i+1 D ... 
and 

(2) 5 2 {M r ) = l, r = l,2,.... 

Now we will show that for (j, fc) e M r , (xjfe) is convergent to £. Suppose that 
(xjk) is not convergent to £ so that there is a neighbourhood U of such that 

x jk -££U 

for infinitely many terms. Let U r C U (r = 1, 2, ...) and Mjj = {(j, fc) : Xjk — £ € 17}. 
Then 

5 2 (M c/ )=0, 

and by (1), M r C Mjj. Hence 62(M r ) = which is a contradiction to (2). Thus 
(xjk) is convergent to £. 

Conversely, suppose that there exists a subset K = {(j,k)} C NxN such that 
62{K) — 1 and linij.fe x^ = £, i.e. there exists an n G N such that for each 
neighbourhood U of 0, 

Xjk — £ G U for every j, k > n 
Now 

7^c/ = {(i, fc) :Xjk-i$ U} CNa;N\{(j„ o+1 ,fc no+ i),(j no+ 2,fc„ 0+ 2),...} 
Hence 

<5 2 (^c/) < 1 - 1 = 
It follows that x is statistically convergent to £. □ 

Corollary 2. If a double sequence (xjfc) is statistically convergent to a point £, then 
there exists a sequence (t/jfe) such that lirrij^yjk = (■ an d ^{(ii k) : a^jfe = j/jfe} = 1, 
i.e., Xjk = yjf, for almost all j, k. 
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4. STATISTICALLLY CAUCHY DOUBLE SEQUENCES IN TOPOLOGICAL GROUPS 

In a topological group, double sequence x = (xj k ) is called statistically Cauchy 
if for each neighbourhoud U of there exists N — N(U) and M — M(U) such 
that for all j,p > N,k 7 p > M the set {(j,k) j < n, k < m : Xj k — x pq £ U} 
has double natural density zero. In this case we denote the set of all statistically 
Cauchy double sequences by st2C(X). 

Theorem 3. Let X be complete. A double sequence x = (xj/.) of points in a X is 
statistically convergent if and only if x is statistically Cauchy. 

Proof. Take any statistically convergent double sequence x = (xjk) with statistical 
limit £. Let U be any neighbourhood of 0. Then we may choose a symmetric 
neighbourhood W of such that 

W + W C U. 

Then for this neighbourhood W of 0, the set 

{(j? k) : j < n, k < to and Xjk — £ € W} 

has double natural density 0. For each nighbourhood U of 0, the set 

{(i; k) j < n, k < m : Xj k — £ (fc U} has double natural density zero. Then we may 

choose numbers M and N such that Xnm — £ $ U. Now write 

A u = {(j, k) j <n, k<m: x jk - x NM <£ U) 
B w = {(j, k) j <n, k<m: x jk - £ $. W} 

Cw = {{j, k) j = N <n, k = M < to : x NM ~£i W}. 

Then A v C B w [j C w and hence 8 2 {A U ) < S 2 (B W ) + S 2 (C W ) = 0. Therefore we 
get that x is statistically Cauchy. 

To prove the converse suppose that there is a statistically Cauchy sequence x 
which is not statistically convergent. Then we may find natural numbers N and M 
such that the set Ajj has double natural density zero. It follows from this that the 
set 

Eu = {{j, k) j <n, k<m: x jk - x NM e U} 

has double natural density 1. We may choose a neighborhood W of such that 
W + W C U. Now take any fixed non-zero element £ of X. Write Xj k — xmm — 
Xjk—£ + £ — xnm ■ It follows from this equality that Xjk — xnm € U if Xjk — £ € W. 
Since x is not statistically convergent to £, the set Byy has double natural density 
1., i.e., the set {(j, k) j < n, k < to : x, jk — £ ^ W} has double natural density 0. 
Hence the set {(j, k) j < n, k < to : Xj k — Xnm € U} has double natural density 0, 
i.e. the set A\j has double natural density 1 which is a contradiction. Hence this 
completes the proof. □ 

Finally from theorems 1 and 3 we can state the following theorem and the proof 
is easy and omitted. 
Theorem 4- If X is complete, then the following conditions arc equivalent: 

(a) x is statistically convergent to £; 

(b) x is statistically Cauchy; 

(c) there exists a subsequence y of x such that lirrij^yjk = (■■ 
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Approximately left derivations: An alternative fixed point 

approach 
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Department of Mathematics, Faculty of Science, Urmia University, Urmia, Iran 
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Abstract. Using fixed point methods, we investigate the generalized Hyers-Ulam-Rassias 
stability of left derivations and left Jordan derivations on Banach algebras associated with 
the following generalized Cauchy-Jensen type functional equation 

M/(^ + z) + M/(^ +z) = f(nx) + 2f(uz) (p e T). 



1. Introduction 

The stability of functional equations was first introduced by S. M. Ulam [21] in 1940. More 
precisely, he proposed the following problem: Given a group G\, a metric group (G2,d) and 
a positive number e, does there exist a 5 > such that if a function / : G\ — > G? satisfies 
the inequality d(f(xy),f(x)f(y)) < 5 for all x,y £ Gl, then there exists a homomorphism 
T : G\ —* Gi such that d(f(x),T(x)) < e for all x £ G\1 As mentioned above, when this 
problem has a solution, we say that the homomorphisms from G\ to G2 are stable. In 1941, 
D. H. Hyers [10] gave a partial solution of Ulam's problem for the case of approximate 
additive mappings under the assumption that Gi and G2 are Banach spaces. In 1978, Th. 
M. Rassias [18] generalized the theorem of Hyers by considering the stability problem with 
unbounded Cauchy differences. 

This phenomenon of stability that was introduced by Th. M. Rassias [18] is called the 
Hyers-Ulam-Rassias stability. According to Th. M. Rassias theorem: 

Theorem 1.1. Let f : E — > E' be a mapping from a norm vector space E into a Banach 
space E' subject to the inequality 

\\f(x + y)-f(x)~f(y)\\<e(\\xr + \\y\n 

for all x,y £ E, where e and p are constants with e > and p < 1. Then there exists a unique 
additive mapping T : E — > E' such that 

ll/(*)-r( a .)ll<^L_|| a .||* 

for all x £ E. If p < then inequality (1.3) holds for all x, y 7^ 0, and (1.4) for x 7^ 0. Also, 
if the function t 1— » f(tx) from R into E' is continuous for each fixed x £ E, then T is linear. 

During the last decades several stability problems of functional equations have been in- 
vestigated by many mathematicians. A large list of references concerning the stability of 
functional equations can be found in [7, 11, 14, 19]. 
Approximate derivations was first investigated by K.-W. Jun and D.-W. Park [13]. Recently, 

"2000 Mathematics Subject Classification. Primary 39B52; Secondary 39B82; 46HXX. 
°Keywords: Alternative fixed point; generalized Hyers-Ulam-Rassias stability; left deriva- 
tion; Jordan left derivation 
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the stability of derivations have been investigated by some authors; see [1, 12, 13, 15] and 
references therein. 

On the other hand Cadariu and Radu applied the fixed point method to the investigation 
of the functional equations, (see also [4, 5, 6, 16, 17, 20]). 

Let A be an algebra and let X be a Banach left A— module. Note that a linear map 
D : A — * X is called a left derivation (left Jordan derivation) if 

D(ab) = aD(b) + bD(a) (D(a 2 ) = 2aD(a)) 

for all a, b G A. In this paper, we will adopt the fixed point alternative of Cadariu and 
Radu to prove the generalized Hyers-Ulam-Rassias stability of left derivations and Jordan 
left derivations on Banach algebras associated with the following generalized Cauchy-Jensen 
type functional equation 

M/(^p + z) + ^/(^y 1 +z) = ffjju) + 2f(pz) (jm G T). 

Throughout this paper assume that A is a Banach algebra and X is a left Banach 
A— module. 

2. Left derivations 

Before proceeding to the main results, we will state the following theorem. 

Theorem 2.1. (The alternative of fixed point [3]). Suppose that we are given a complete 
generalized metric space (fi, d) and a strictly contractive mapping T : Q — > fl with Lipschitz 
constant L. Then for each given x G fl, either 

d(T m x, T m+1 x) = oo for all m > 0, 
or other exists a natural number mo such that 

d(T m x, T m+1 x) < oo for all m > m ; 

the sequence {T m x} is convergent to a fixed pomt y* of T; 

y*is the unique fixed point of T in the set A — {y G O : d(T m °x,y) < oo}; 

d(y,y*) < Thzd(y,Ty) for all y e A. 

By a following similar way as in [16], we obtain the next theorem. 

Theorem 2.2. Let f : A — > X be a mapping for which there exists a function <f> : A° — > [0, oo) 
such that 

llM/(^ + z) + ^/(^y 1 +z)- fbtx) - 2/(/«) + f(ab) - af(b) - bf(a)\\ < 4>(x, y, z, a, b), 

(2.1) 
for all n £ T and all x,y,z,a,b G A. If there exists an L < 1 such that <p(x,y,z,a,b) < 
2L0(|, |, |, |, |) for all x, y, z,a,b G A, then there exists a unique left derivation D : A — » X 
such that 

\\f{x)-D{x)\\<^- l ^x, 0,0, 0,0) (2.2) 

for all ieA 
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Proof. It follows from </>(x, y, z, a, b) < 2L0(§, f , § , § , §) that 

li mj 2' 3 (j){2 j x, 2 j y, 2 j z, 2 j a, 2 j b) = (2.3) 

for all x, y, z,a,b G A 

Put /x = 1, y — z — a — b — in (2.1) to obtain 



||2/(|)-/(a0||< 0(2,0,0,0,0) (2.4) 



for all x £ A. Hence, 



|| i/(2*) - /Mil < ^(2as, 0, 0, 0, 0) < L<f>(x, 0, 0, 0, 0) (2.5) 

for all x £ A. 

Consider the set X :— {g \ g : A — > B} and introduce the generalized metric on X: 

d(h, g) := in/{C G E + : ||ff(x) - /i(x) || < C<f>(x, 0, 0, 0, 0)Vai G A}. 

It is easy to show that (X, d) is complete. Now we define the linear mapping J : X — > X by 

J(ft)(x) = ^(2x) 

for all x G A. By Theorem 3.1 of [3], 

d(J(g),J(h))<Ld(g,h) 

for all g,h £ X. 

It follows from (2.5) that 

d(f,J(f))<L. 
By Theorem 2.1, J has a unique fixed point in the set X\ :— {h € X : d(f, h) < oo}. Let D 
be the fixed point of J . D is the unique mapping with 

D(2x) = 2D(x) 
for all x G A satisfying there exists C G (0, oo) such that 

\\D(x)-f(x)\\<C0(x,O, 0,0,0) 
for all x G A. On the other hand we have lim n d(J n (/) , D) = 0. It follows that 

lim n ± n f(2 n x)=D(x) (2.6) 

for all a; € A It follows from d(f, D) < I A r rf(/, J(/)), that 

This implies the inequality (2.2). It follows from (2.1), (2.3) and (2.6) that 

\\D(°^ +z) + D(^ +z)- D(x) - 2D(z)\\ 

= lim n ^\\f(2 n ' 1 (x + y) + 2 n z) + f{2 n ~\x - y) + 2 n z) - f{2 n x) - 2/(2"z)|| 

< lim n ±-<f > (2 n x,2 n y,2 n z,0,0) 
= 
for all x, y € A. So 

D(^±y +z) + D(^y +z) = D(x) + 2D(z) 
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for all x,y,z £ A. By Lemma 2.1 of [2], the mapping D : A — ► A is Cauchy additive. By 
putting y — x, z = a — in (2.1), we have 

2r 
lkf(y)-/(Mz)ll< 0(x,x,O, 0,0) 

for all x £ A. It follows that 

||Z)(2 M x)-2 M L>(x)||=fen m ^||/(2 M 2 m x)- 2 M /(2 m x)|| < ^m m ^<K2 m x, 2 m x, 0, 0, 0) = 

for all /i £ T, and all x £ A One can show that the mapping D : A — > X is C— linear. By 
putting x = y = z = 0in (2.1) it follows that 

\\D(ab) - aD(b) - bD(a)\\ 

= /zm n ||^/((4"a&) - ^a/(2"6) - ^6/(2"a)|| 

< lim„^<t>(0, 0, 0, 2 n o, 2 n b) < iim„ -^0(0, 0, 0, 2 n o, 2 n b) 
= 
for all a £ A. This means that D : A — » X is a left derivation satisfying (2.2), as desired. □ 

We prove the following Hyers-Ulam-Rassias stability problem for left derivations on Ba- 
nach algebras. 

Corollary 2.3. Let p £ (0, 1),9 £ [0,oo) be real numbers. Suppose f : A — > X satisfies 
llM/(^ + z) + ufi^ 1 +z)- f(px) - 2/(/«) + f(ab) - o/(6) - 6/(o)|| 

< ^w + w + w+ 11011" +H6in, 

/or all n G T and all x, y,a,b £ A. T/ien £/iere exists a unique left derivation D : A —* X 
such that 

\\f(x)-D(x)\\<^ 2p \\x\r 
for all x £ A. 

Proof. It follows from Theorem 2.2, by putting <f>(x, y, a, b) := 6(\\x\\ p + \\y\\ p + \\z\\ p + \\a\\ p + 
\\b\\ p ) all x, y, z, a, b £ A and L = 2 P ^ . D 

Theorem 2.4. Lei / : A — > X 6e an orfii mapping for which there exists a function <f> : A 5 — > 
[0, oo ) smc/i i/ioi 

llM/(^ + *) + ^(^ + *) - /(^) - 2/(/«) + f(ab) - af(b) - bf(a)\\ < tf>(x, y, z, a, 6), 

(2.7) 
for all /j, £ T and all x, y, z,a,b £ A. If there exists an L < 1 such that <f>(x, 3x, z, a, b) < 
2L0(|, ^f , | , | , |) /or aW x, y, a, 6 £ A, then there exists a unique left derivation D : A — » X 
such that 

||/(x) - D(x)|| < ^^, 3x, 0, 0, 0) (2.8) 

for all x £ A. 
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Proof. Putting fj, — 1, y — 3x, z — a = b — in (2.7), it follows by oddness of / that 

\\f(2x) -2/(a:) || <4>(x,3x, 0,0,0) 
for all x £ A. Hence, 

|| i/(2») - /(a0|| < * #c, 3x, 0, 0, 0) < L#a:, 3s, 0, 0, 0) (2.9) 

for all ieA 

Consider the set X :— {g \ g : A — ► B} and introduce the generalized metric on X: 

d(h, g) ~ inf{C £ E + : ||ff(s) - /i(i) || < C0(x, 0, 0, 0, 0)Va: G A}. 

It is easy to show that (X, d) is complete. Now we define the linear mapping J : X — ► X by 

J(fc)(aO = ih(2aj) 

for all x G A. By Theorem 3.1 of [3], 

d(J(g),J(h))<Ld(g,h) 

for all g,h £ X. 

It follows from (2.12) that 

d(f,J(f))<L. 

By Theorem 2.1, J has a unique fixed point in the set X\ :— {h G X : d(f, h) < oo}. Let D 
be the fixed point of J . D is the unique mapping with 

D(2x) = 2D(x) 

for all x G A satisfying there exists C G (0, oo) such that 

||D(a;)-/(a;)|| < C<j>{x, 3x, 0, 0, 0) 

for all x £ A. On the other hand we have lim n d(J n (/) , D) = 0. It follows that 

lim n ^f(2 n x) = D(x) 

for all x £ A. It follows from d(f, D) < jzrzd(f, J(f)), which implies that 

This implies the inequality (2.8). The rest of proof is similar to the proof of Theorem 2.2. D 
Corollary 2.5. Let < r < |, 6 G [0, oo) be real numbers. Suppose f : A — > X satisfies 

llM/(^ + 2) + ^/(^y 1 + *) - /(*«) - 2f{nz) + f(ab) - o/(6) - 6/(a)|| 

<e(iix-iriiyir + pir + iiaii 2r + ii&n 2r ), 

/or all n £ T and all x,y,z,a,b G A. TTien £/iere exists a unique n-Jordan derivation D : 
A — > X swcft i/iai 

||/( a 0-D( a 0||<^;N| ar 

/or a// x £ A. 

Proof. It follows from Theorem 2.3, by putting rp(x,y,z,a,b) :— #(||£|ril2/ir + ll- z ir + ll a l| 2r + 
\\b\\ 2r ) al\x,y,z,a,b£ A&ndL = 2 2r - 1 . " D 
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3. Jordan Left derivations 

In this section we establish the stability of Jordan left derivations. 

Theorem 3.1. Let f : A —* X be a mapping for which there exists a function 4> '■ A 4 — > [0, oo) 
such that 

llM/(^ + z) + M/ (^y 1 +z)- f(j*x) - 2f(nz) + f(a 2 ) - 2o/(o)|| < 4>{x, y, z, a), (3.1) 

for all n £ T and all x, y,z,a G A. If there exists an L < 1 such that <f>(x, y, z, a) < 
2L0(|, |, |, |) for all x,y,z,a G A, then there exists a unique left derivation D : A — > X 
such that 

\\f{x)-D{x)\\<^ l ct>{x,Q,Q) (3.2) 

for all x £ A. 

Proof. By hypothesis, we can show that 

Umj2~ j (f)(2 j x, 2 3 y, 2 3 z, 2 3 a) = (3.3) 

for all x, y,z,a G A. 

Put fj, — 1, z = y — a = in (3.1) to obtain 



for all ieA Hence, 



for all x G A 



|2/(|) -/(*)»< #c, 0,0,0) (3.4) 



| i/(2x) - f{x)\\ < ±4>(2x, 0, 0, 0) < L<f,(x, 0, 0, 0) (3.5) 



Consider the set X := {g | 3 : A — > 5} and introduce the generalized metric on X: 
d(ft,ff) :=inf{C GK + : ||g(a;) - ft(as)|| < C0(x, 0, 0,0)Vx G A}. 
It is easy to show that (X, d) is complete. Now we define the linear mapping J : X — » X by 

J(ft)(x) = ift(2a;) 

for all 1 £ A. By Theorem 3.1 of [3], 

d(J(g),J(h))<Ld(g,h) 

for all g,h £ X. 

It follows from (3.5) that 

d(f,J(f))<L. 
By Theorem 2.1, J has a unique fixed point in the set X\ :— {h £ X : d(f, h) < 00}. Let D 
be the fixed point of J. 

By a same reasoning as proof of Theorem 2.2, one can show that the mapping D : A — > X 
is C— linear which satisfies (3.2). By putting x — y = z — in (3.1) it follows that 

\\D(a 2 )-2aD(a)\\ 

= «m„||^/((4V)-^ r o/(2"o)||< 

lim n ^4>(0,0,2 n a) < lim n ^4>(0,0,2 n a) 
= 
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for all a £ A. This means that D : A — > X is a Jordan left derivation satisfying (3.2), as 
desired. □ 

We prove the following Hyers-Ulam-Rassias stability problem for left derivations on Ba- 
nach algebras. 

Corollary 3.2. Let p £ (0, 1),9 £ [0,oo) be real numbers. Suppose f : A — > X satisfies 

for all n £ T and all x,y,z,a £ A. Then there exists a unique left derivation D : A — > X 

such that 

2 p f) 
\\f(x)-D{x)\\<^-^\\xY 

for all x £ A. 

Proof. It follows from Theorem 3.1, by putting 4>(x, y, z, a) := 6(\\x\\ p + \\y\\ p + \\z\\ p + \\a\\ p ) 
all x,y,a£ A and L = 2 P_1 . D 

Theorem 3.3. Let f : A — > X be an odd mapping for which there exists a function <f> : A li — > 
[0, oo ) such that 

llA*/(^P + z) + M/ (^y 1 +z)- f{pa) - 2f(nz) + f(a 2 ) - 2o/(o)|| < 4>{x, y, z, a), (3.6) 

for all n £ T and all x, y,z,a £ A. If there exists an L < 1 such that (j>(x, 3a;, z, a) < 
2L<^)(|, ^, |, |) /or a/? x,y,z,a £ ^4, i/ien i/iere exists a unique left derivation D : A — » X 
sitc/i i/iai 

||/(s) - £>(a;)|| < J^l<t>(*, 3x, 0, 0) (3.7) 

for all x G A. 
Proof. Putting fi — 1, y — 3x, z — a = in (3.6), it follows by oddness of / that 

||/(2a0 - 2/(a;)|| < <j>{x,3x, 0,0) 
for all x £ A. Hence, 

|| i/(2a;) - / (*) II < ^(», 3s, 0, 0) < L<t>(x, 3s, 0, 0) (3.8) 

for all x £ A. 

Consider the set X := {g | g : A — > B} and introduce the generalized metric on X: 

d(h,g) :=inf{C GK + : ||fl(a;) - fc(a:)|| < C<j>{x, 0, 0, 0)Vcc € A}. 
It is easy to show that (X, d) is complete. Now we define the linear mapping J : X —* X by 

J(fc)(aO = \h{2x) 

for all x G A. By Theorem 3.1 of [3], 

d(J(g),J(h))<Ld(g,h) 

for all g,h £ X. 

It follows from (3.8) that 

d(f,J{f))<L. 
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By Theorem 2.1, J has a unique fixed point in the set X\ :— {h £ X : d(f, h) < oo}. Let D 
be the fixed point of J. D is the unique mapping with 

D(2x) = 2D(x) 
for all x G A satisfying there exists C G (0, oo) such that 

\\D(x) - f(x)\\ < C(j>{x, 3x, 0, 0) 
for all x £ A. On the other hand we have lim n d(J n (/) , D) = 0. It follows that 

1 



!/ mn^fi^x) 



D(x) 



for all x £ A. It follows from d(f, D) < j^d(f, J(f)), which implies that 

This implies the inequality (3.7). The rest of proof is similar to the proof of Theorem 3.1. □ 
Corollary 3.4. Let < r < 1, 9 G [0, oo) fee rea£ numbers. Suppose f : A — > X satisfies 

IIm/(^+^)+m/(- 



2/ 



/or all n G T and 
A — > X such i/tai 



/or a// x £ A. 



+z)-f(px)-2f^z)+f(a 2 )-2 a f(a)\\ < e(||x|r||yir + || Z |r + ||af r ), 
x, y,z,a G -A. Then there exists a unique Jordan left derivation D : 

\\f{x) -D(x) || < :i7; " - 



Proof. It follows from Theorem 2.3, by putting 
all a;,2/,a G .4 and L = 2 2r ~\ 



2 r 



(x,y,z,a) 



W r + W r + NI 



□ 



[i 

[2 
[3 

[4 
[5 

[e; 
[7; 
[s; 
[9; 

[10 

[11 
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ON THE CATEGORY OF INTUITIONISTIC FUZZY METRIC 

SPACES 

HAKAN EFE, SERKAN GUMtj§, AND CEMIL YILDIZ 



Abstract. The aim of this paper to give the category of intuitionistic fuzzy 
metric spaces with the objects are complete intuitionistic fuzzy metric spaces 
defined in the sense of Alaca ct.al. Furthermore, the existence of solution for 
domain equation in these intutionistic fuzzy settings by defining a categorical 
contraction mapping in the sense of Alaca ct.al. is investigated. 



1. Introduction 

After the introduction of the concept of fuzzy sets by Zadeh [17] in 1965, many 
authors have introduced the fuzzy metric spaces in different ways [4,5,7,8]. Gra- 
biec [5] extends two fixed point theorems of Banach and Edclstcin to contractive 
mappings of complete and compact fuzzy metric spaces, respectively. 

In [2,3], Alcssi et.al, have studied on solution of metric domain equation in the 
categories of complete metric spaces. In their papers, a new method for solving 
domain equations in categories of metric spaces is studied. Rafi [12] introduced the 
category of fuzzy metric spaces with the objects are complete fuzzy metric spaces 
defined in the sense of Kramosil and Michalek [8]. As an application, he investigate 
the existence of solution for domain equation in these fuzzy settings by defining 
a categorical contraction mapping in the sense of Grabiec [5]. Recently, Rafi [13] 
studied on probabilistic nonexpansive mappings between probabilistic metric spaces 
and proved a fixed point theorem in category of probabilistic metric spaces. 

Park [11] using the idea of intuitionistic fuzzy sets, defined the notion of intu- 
itionistic fuzzy (briefly, IF) metric spaces with the help of continuous i-norm and 
continuous Fconorm as a generalization of fuzzy metric space due to George and 
Veeramani [4]. Alaca et. al. [1] using the idea of IF-sets, defined the notion of 
IF- metric space as Park [11] with the help of continuous t- norms and continuous t- 
conorms as a generalization of fuzzy metric space due to Kramosil and Michalek [8] . 
Further, they introduced the notion of Cauchy sequences in an IF -metric spaces 
and proved the well-known fixed point theorems of Banach and Edelstein extended 
to IF- metric spaces with the help of Grabiec [5]. Many authors studied on fixed 
point theorems in JF-metric spaces [6,10,15]. 

In this paper, we give the category of FF-metric spaces with the objects are 
complete JF-metric spaces and morphisms are (e — (5)-FF-adjoint pairs defined in 
the sense of Alaca et.al [1]. Furthermore, we investigate the existence of solution for 
domain equation in these IF settings by defining a categorical contraction mapping 
in the sense of Alaca et.al [1]. 



1991 Mathematics Subject Classification. 47H10, 03E75, 46S40, 46M15, 

Key words and phrases. Intuitionistic fuzzy metric spaces, category of intuitionistic fuzzy met- 
ric space, intuitionistic fuzzy metric adjoint pair, fixed point. 
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2. Preliminaries and Some Results 

Definition 1 ([16]). A category C consist of 

(i) A class of objects 

(ii) For every ordered pair of objects X and Y , a set hom(X, Y) of morphisms 

f 
with domain X and range Y ; if f £ hom(X, Y), we write f : X — > Y or X — ► Y. 

(Hi) For every ordered triple of objects X, Y and Z, a function associating to a 

pair of morphisims f : X — ► Y and g : Y — ► Z their composite, 

gf = gof:X^Z 

these satisfy the following two axioms: 

Associativity: If f : X — > Y , g : Y — ► Z and h : Z — ► W, then 

ho(gof):(hog)of:X-^W 

Identity: For every object Y there is a morphisim idy : Y — ► Y such that if 
f : X — ► Y, then idy ° f — f, and if h : Y — ► Z and h o idy = h. 

For example; the category of topological spaces and continuous maps or category 
of groups and homomorphisims. 

Definition 2 ([16]). Let C and D be categories. A covariant functor (or con- 
travariant functor) T from C to D consist of an oject function which assings to 
every object X of C an object T(X) of D and a morphisim function which assings 
to every morphism f : X — ► Y of C a morphism T(f) : T(X) — ► T(Y) [or 
T(f) : T{Y) — > T(X)} of D such that, 

(i) T(l x ) = l T (x), 

(ii) T(g o /) = T(g) o T(f) [or T(g o /) = T(f) o T(g)\ 

For example; there is a covariant functor from the category of topological spaces 
and continuous maps to the category of sets and functions which assings to every 
topological space its underlying set. 

Definition 3 ([14]). A binary operation * : [0,1] x [0,1] — > [0,1] is a continuous 
t-norm if it satisfies the following conditions: (i) * is associative and commutative; 
(ii) * is continuous; (Hi) a * 1 = a for all a € [0, 1]; (iv) a*b < c*d whenever a < c 
and b < d; for each a, b,c,d G [0, 1] . 

Definition 4 ([14]). A binary operation : [0, 1] x [0, 1] — > [0, 1] is a continuous t- 
conorm if it satisfies the following conditions: (i) is associative and commutative; 
(ii) is continuous; (Hi) a()0 — a for all a, G [0, 1]; (iv) a()b < c()d whenever a < c 
and b < d; for each a, b,c,d € [0, 1] . 

Definition 5 ([1]). A 5-tuple (X, M, N, *, 0) is said to be an IF-metric space if X 
is an arbitrary set,* is a continuous t-norm, is a continuous t-conorm and M, N 
are fuzzy sets on X 2 x [0, oo) satisfying the following conditions: for all x,y, z G X 
, s,t > 

(i)M(x,y,t) + N(x,y,t)<l, 

(ii) M{x,y, 0)=0, 

(Hi) M(x, y, t) — 1 for all t > if and only if x = y, 

(iv)M(x,y,t)=M{y,x,t), 

(v) M(x, y, t) * M(y, z, s) < M(x, z,t + s) for all x,y,z £ X, s, t > 

(vi) M(x, y, •) : [0, oo) — ► [0, 1] is left continuous, 
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(vii) lim M(x, y, t) = 1 for all x,y in X 

t >oo 

(viii) N(x,y, 0) = 1, 

(ix) N(x, y,t) — /or all t > ?/ and onfr/ if x = y, 

(x) N(x,y,t) = N(y,x,t), 

(xi) N(x, y, t)()N{y, z, s) > N(x, z,t + s) for all x,y,z e X, s,t> 0, 

(xii) M(x,y,-) : [0, oo) — ► [0,1] is right continuous, 

(xiii) lim N(x, y, t) — for all x, y in X . 

t >oo 

Then (M, TV) is called an IF -metric on X. The functions M(x,y,t) andN(x,y,t) 
denote the degree of nearness and the degree of non-nearness between x and y with 
respect to t, respectively. 

Remark 1. Every fuzzy metric space (X, M, *) is an I F -metric space of the form 
(X,M,1 — M, *,0) such that t-norm * and t-conorm are associated [9], i.e. 
x()y = 1 — ((1 — x) * (1 — j/)) for any i,y£ X . 

Remark 2. In IF -metric space X, M(x,y,-) is non- decreasing and N(x,y,-) is 
non-increasing for all x,y G X . 

Definition 6 ([1]). Let (X,M,N,*,()) be a IF-metric space. Then 

(a) a sequence {x n } in X is said to be Cauchy sequence if for each t > and 
P>0, 

lim M(x„+„, x n , t) — 1 and lim N(x n + P ,x n ,t) = 

n >oo n >oo 

(b) a sequence {x n } in X is converging to x in X if for each t > 0, 

lim M{x n ,x,t) — 1 and lim N[x n ,x,t) = 

n >oo n >oo 

(Since * and are continuous, the limit is uniquely determined from (v) and 
(xi).) 

A IF-vaetv'ic space is said to be complete if and only if every Cauchy sequence 
is convergent. 

Now, we define the basic notion of (e — <5)-/_F-adjoint and (s — £)-i\F-isometry. 

Definition 7. Let (X,Mi,Ni,*,()) and (Y, M2, N2, *,(}) be IF-metric spaces un- 
der the same t-norm * and t-conorm (). A mapping f : X — > Y is called IF -non- 
expansive if for all x, x' G X and t > the following conditions hold: 

M 2 (fx,fx',t) > Mi(a;,x',i) and N 2 (fx, fx' ,t) < N^x, x' , t). 

Lemma 1. Let F XY = {/ : X — > Y \ f is IF -non- expansive} 

M X Y(f,g,t)= inf M 2 (fx,gx,t) and Afxr(f,g,t) = sup N 2 (fx,gx,t) 

x ^ x x£X 

for every f ', g G F XY . Then, (F XY , A4xy, A/xy, *, 0) is an IF-metric space if and 
only if (Y, M 2 , N 2l *, 0) is an IF-metric space. 

Definition 8. Let (X, M u N lt *, 0) and (Y, M 2 ,N 2l *, 0) be IF-metric spaces. 

(i) A mapping f G F XY is called IF -mapping if there exists a k G (0, 1) such 
that for all x, x' G Xand for all t > 0, 

M 2 {fx,fx',kt) >Mi(a;,x',i) and N 2 (fx, fx' ,kt) <N x (x,x',t). 

k is called the contractive constant of f. 
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(ii) A mapping f <G F XY is called IF -isometric embedding if for all x,x' <G X 
and for all t > 0, 

M 2 (fx,fx',t) = M 1 (x,x',t) and N 2 (fx, fx' ,t) = N^x^x'.t). 

If f is bijection then it is an IF-isometry. 

Definition 9. For ri,r 2 , r[, r' 2 , e,8 € [0, 1] where e + 5 < 1, let 

T\ ~ e r 2 <=$■ T\ * r 2 > e and 

Definition 10. Let (X,Mi,Ni,*,Q) and (Y,M 2 ,N 2 ,*,()) be IF-metric spaces. 
Two IF -non- expansive mappings f : X — ► Y and g : Y — ► X are said to be 
(e — 6) -IF -adjoint if for all x e X, y e Y, t > , 

M 2 (fx,y,t) w e M-i(x,gy,t) and N 2 (fx,y,t) & s Ni{x,gy,t). 
If f and g are (1,0) -IF -adjoint, then (f,g) is called a proper IF -adjoint pair. 

Definition 11. Let (X,Mi,Ni,*,()) and (Y,M 2 ,N 2 ,*,()) be IF-metric spaces. 
Two I F -non-expansive mappings f : X — ► Y and g : Y — ► X , 

3(/,flS*) = m.m{Mxx(id x ,g° f,t),M Y Y{f ° g,idy,t)} and 
Hf>9,t) = max{Af X x(id x ,g ° f,t),J\f YY (f o g,id Y ,t)}. 

Definition 12. Let (X,M 1 ,N 1 ,*,0) and (Y,M 2 ,N 2 ,*,0) be IF-metric spaces. A 
pair of non-expansive mappings f : X — ► Y and g : Y — ► X with ?s(f,g, t) w e 1 
and H(/, g, t) w^ is called an [e — 5) -I F -isometry where e, S <G [0, 1] and s + S < 1. 

Note that by definition, any pair (/, g) of /^-non-expansive mappings is an 
(e — <5)-JF-isometry, for s — $s(f,g,t) and S — tt(f,g,t). 

The above definition can be justified by observation that (1, 0)-/i 7 '-isonietries 
satisfy idx — g° f and fog — idy for all t > (from definition 5) and consequently 
/ (and also g ) is an isometry. 

Under some strict condition on the i-norm and i-conorm, we have the following 
equivalence of mappings. 

Theorem 1. Let (X, M\, N\, *, 0) and (Y, M 2 , N 2 , *, 0) be IF-metric spaces under 
the same t-norm * and t-conorm such that a*b = min{a, b} and a()b = max{a, b} 
and let s,5 € [0, 1] where e + 5 < 1. For all non-expansive mappings f : X — ► Y 
and g : Y — ► X . (/, g) is an (e — S) -IF -adjoint if and only if (/, g) is an (e — 5)- 
IF-isometry. 

Proof. Let / and g are (e — <5)-7\F-adjoint. Then for any x € X , 

M!(x, 5 o/(x),i) » e M 2 (/(a;),/(a;),t) = laiid 

A/i(z,0o/(aO.*) » s N 2 (f(x)J(x) 1 t) = 0. 
Thus, Mxx(id x ,gof,t) w e 1 and Af X x{id x , go f,t) w 5 0. Similarly, for any y e V, 

M 2 (fog(y),y,t) « e M 1 (g{y),g(y),t) = 1 and 

N 2 {f o g{y),y,t) w S Ni(g(v),g(v), *) = 

which mean Myyif ° 9,idy,t) ~ e 1 and Afyy{f ° g,idy,t) ~g 0. Hence, 
^(/)fl r )*) ~e 1 andN(/,3,t) «j 0. We conclude that (/, g) is an (e — 5)-/F-isometry. 
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Conversely, suppose that *zs(f,g,t) w e 1 and tt(f,g,t) ~s 0. For all x € X, y <G Y, 
and fc > 1, we have 

M!(x,g(y),t) > M 1 {x,gof(x),{l-k)t)*M 1 {gof(x),g{y),kt) 

> e*M l {gof{x),g{y),kt) 

> min{e,Mi(5fo f(x),g(y),kt)} 

> mm{s,M 2 (f(x),y,kt)}- 
Similarly, 

M 2 (f(x),y,t) > M 2 (f(x),fog(x),kt)*M 2 (fog(y),y,(l-k)t) 

> M 2 (f(x),fog(y),kt)*e 

> min{ M 1 {x,g{y),kt),s}- 
Hence, 

mln { M2(/(s)!y*t) }>™™{e,M 1 (x,g(y),kt),M 2 (f(x),y,kt)}>e 
i.e., M 1 (x,g(y),t) * M 2 (f(x),y,t) > e, which implies 

(2.1) M 2 (f o g(y),y,t) ^ e M 1 (g(y),g(y),t). 
On the other hand for all x G X, ye Y, and k > 1, we have 

Ni(x,g(y),t) < N 1 (x,gof( x ),(l-k)t)ON 1 (gof( x ),g(y),kt) 

< S0N 1 (gof(x),g(y),kt) 

< max{6,N 1 (go f(x),g(y),kt)} 

< max{6,N 2 (f(x),y,kt)}- 

Similarly, 

N 2 (f(x),y,t) < N 2 (f(x)Jog(x),kt)0M 2 (fog(y),y,(l-k)t) 

< N 2 (f(x)Jog(y),kt)0S 

< max{ Ni(x, g{y), kt), 6}. 
Hence, 

max | %llf$f y 'fy } < ms X {8,N 1 (x,g(y),kt),N 2 (f(x),y,kt)} < 6 

i.e., N 1 (x,g(y),t)0N 2 (f(x),y,t) < 6, which implies 

(2.2) N 2 (f o g(y), y, t) « s A^y), ff (»), t). 

Therefore from 2.1 and 2.2 (/, g) is an (e — S)- IF- adjoint. □ 

3. The Category of /^-Metric Spaces 

Definition 13. Let IFMS~ denote the category of I F -metric spaces that has 
nonempty complete IF -metric spaces as objects and (e — 8) -IF -adjoint pairs as 
morphisms. The composition of a pair of morphisms 

hi = (/i,fli):(X,Mi,JVi,*,0) — (y,Af 2 ,JV 2) *,0) and 
h 2 = (f 2 ,g 2 ):(Y,M 2 ,N 2 ,*,0)— > (Z,M 3 ,N 3 ,*,0) 

is defined as 

h 2 oh 1 = (f 2 o f u9l o g 2 ) : (X, Mi, N u *, 0) — (Z, M 3 , N 3 , *, 0). 
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Definition 14. Let IFMS~ be a category. 

(i) An IF -tower in IFMS~ is a sequence {(X n ,M n , N n , *,0), h n } n of objects 
and morphisms such that for all n£N, 

K : (X n ,M n ,N n ,*,0) — -> (X n+u M n+1 ,N n+1 ,*,0). 

(ii) A tower {(X n ,M n , N n , *,()), h n } n in IFMS~, with h n = (f n ,g n ), is called a 
Cauchy if for 

lim Q(h nn+P ,t) = 1 and lim ft(h n . n+p ,t) = 

n >oo n >oo 

for each n € N and p, t > 0, where h n ^ n+p = h n + p -\ o h n+p -2 o ■ ■ ■ o h n . 

Definition 15. Let{(X n , M n , N n , *, 0), h n } n be a Cauchy tower in IFMS~ , where 
K = (fn,9n)- The direct limit of {(X n ,M n ,N n ,*,<>),h n } n is a fuzzy cone 
((X n ,M n , 7V„,*,0), {7 n }«), where j n — (a n ,P n ), which is defined as follows: 
(i) The IF-metric space [X, M, N, *, 0) is given by 

X = {{x n } n : Vra e N, a;„ € -X"„ and x„ = ,g„(a;„ + i)} 

and 

M({a;„}„, {»'„}„,*) = inf M n (x n ,x' n ,t) and 

nGN 

^V'({a;n}n,{a; / „}n)*) = sup N n (x n , x' n , t) . 

(ii) Morphisms "f n — (a n ,/3 n ) : X n — > X are defined as follows: 

• a n : X n — > X where a n (x n ) = {z fc } fe witfi x fe = lim # fer o f nr (x) 

r >oo 

• j3 n : X — > X n where l3 n ({x k }k) = x n . 

The notion of initial object of a category can be denned as follows: 

Definition 16. An initial object of a category IFMS~ is an object ($, M$, N$, *, <0) 
in IFMS~ such that for every object (X,M,N,*,{>) in IFMS~, there exists a 
unique morphism r : (#, M#, N#, *, 0) — > (A, iW, iV, *, 0). 

Lemma 2. 7/ lim 3(7„, i) = 1 and lim N(7 n ,i) = 0, then ((X,M,7V,*,0), {7„}„) 

n >oo n >oo 

with r j n — (a n ,/3 n ) will be the initial cone of the Cauchy tower {(X n ,M n ,N ni *,0), h n } n 

Proof. Let ((X',M', N', *,<>), W n }n) with j' n = (a^,/3^) be another cone for 
{(X n) M n , N n , *,(}), h n } n . We show that there exists a unique morphism 
r : (X, M, N, *, 0) — > (*', M', TV', *, 0) such that for all n e N, i n = r o 5 n . Note 
that {a4 o /3 n } and {a„ o /3^} are Cauchy sequence, since {(X n , M n , N n , *, 0), rt ra }n 
is a Cauchy sequence. Furthermore, the objects of IFMS~ are complete, so we 
can define lim (a! n o /3 ) = i and lim (a„ o /3 n ) = j. Obviously, this defines 

n >oo n >oo 

a morphism r = (i,j) : (X,M,A/>, 0) — ► (X', M',N', *, 0). It follows from the 
facts that lim 3(<5„,i) = 1 and lim H(7 n ,t) = that 7^ = t o <5„, r is the 

n >oo rt >oo 

unique morphism with this property. This proves that ((X, M, N, *,()), {7 n }n) is 
the initial cone of the tower {(X n , M n , N n , *, 0), h n } n . D 

As a consequence of the above lemma, we have 
Corollary 1. The direct limit of a Cauchy tower is an initial cone for that tower. 
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Remark 3. We note that if ((X',M', N',*,0), {"/' n } n ) with i n = {a' n ,f3' n ) be an- 
other initial cone for the Cauchy tower {{X n , M n , N n , *, ()), h n } n , then by the above 
corollary, we have (X, M, N, *, 0) ^ (X' , M' , N' , *, 0). Thus, we have 

lim 3(7 n ,i) = lim ^(7' ,t) — 1 and 

n >oo n >oo 

lim K( 7 „,i) = lim H( 7 ;,t)=0. 

n >oo n >oo 

Lemma 3. (Initiality Lemma) Let {(X n , M n ,N n , *, 0), h n } n be an LF-Cauchy 
tower in IFMS~ and let ((X, M, N, *,()), {7 n }n) ; with y n — (a n ,f3 n ) be a cone. 
Then ((X, M, N, *,()), {7„}n) is an initial cone if and only if lim 3(7 ,i) = 1 

n >oo 

and lim ^(7 , t) = 0. 

n >oo 

Proof It follows by Lemma 2 and the Remark 3. □ 

4. An Application to Fixed Point Theory 

In this section, we give a fixed point theorem in category of complete JF-metric 
spaces. Before we prove the fixed point theorem in the category IFMS~, we state 
the following I F-B&n&ch contraction theorem due to Alaca, [1]. 

Theorem 2 ([I]). (LF-Banach contraction theorem). Let (X, M, N, *, 0) be a com- 
plete I F -metric space and T : X — ► X be a mapping satisfying 

M(Tx, Ty, kt) > M(x, y, t) and N(Tx, Ty, kt) < N(x, y, t) 

for all x, y in X , < k < 1. Then T has a unique fixed point. 

In category LFMS~, we have the following definition. 

Definition 17. A functor T : LFMS~ — ► LFMS~ is called CAT~ -contraction, 
if there exists a k € (0, 1) such that for each morphism r : (X\, Mi, Ni, *, 0) — > 
(A 2 ,M 2 ,A^ 2 ,*,0), 

$S(Tt, kt) > 3(t, t) and X(Tt, kt) < H(t, t) 
where Tt = (Tf, Tg) for r = (/, g). 

By the Initiality Lemma, a CAT~-contraction functor preserves Cauchy tower 
and the initial cones, in a similar way as /.F-contracting functions preserves Cauchy 
sequence and their limits. 

We prove the following theorem which shows the existence of fixed points for 
contracting functors on the category LFMS~. 

Theorem 3. LetT : LFMS~ — > IFMS~ be a CAT~ -contraction functor. Then, 
T has a fixed point, i.e., there exists a complete IF -metric space (X,M,N,*,{>) 
such that (X,M,N,*,0) ~ (TX,M,N,*,0). 

Proof. Let {Xq, Mo, No, *, 0) be a complete JF-metric space in IFMS~ and let /o : 
X — ► £X be any morphism. Consider the IF-towev {(T n X , M ,N , *, 0), T n f }„ 
Since T is a CAT~-contraction functor, it is a Cauchy tower in IFMS~. Thus, it 
has a direct limit, ((X, M, N, *,(}), {~f n }n), which is an initial cone for the tower. 
Hence, we conclude that (X, M, N, *, 0) ^ (TX, M, N, *, 0). □ 

As given in the Remark 3.9 of [2], the contractiveness is not a necessary condition 
in order that a functor has fixed points. As an example, the identity functor is not 
contracting. 
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Abstract 

We present some new oscillation criteria for the second order nonlinear differential 
equation with damping of the form 

{r{t)i>{x{t))K{x'{t)))' +p{t)K{x'{t)) + q{t)x = 0. 

Our results generalize and extend some known oscillation criteria in the literature. 

Key words : Oscillatory, second order differential equations. 
AMS (MOS) Subject Classification: 34A30, 34C10. 

1 Introduction 

We shall be concerned here with the oscillatory properties for the second order nonlinear 
differential equation with damping term 

(r(t)ip(x(t))K(x'(t)))' + p(t)K(x'(t)) + q(t)x = 0, t > t > 0, (1.1) 

where r : [to, 00) — ► (0, 00), p, q : [to, 00) — ► R = (—00, 00), K : R — ► R and ip : R — > R + = 
(0, 00) are continuous functions. Throughout this paper we shall also assume that 
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(i) < c < ip(x) < c\ for all x € R; 

(ii) 7 > and K 2 (y) < jyK(y) for all y^O, where c, c\ and 7 are constants. 

The oscillatory character is considered in the usual sense, i.e., a solution of (1.1) is said 
to be oscillatory if it has arbitrarily large zeros, otherwise it is said to be nonoscillatory. 
Equation (1.1) is called oscillatory if all its solutions are oscillatory. 

The oscillation problem of solutions for various classes of second order differential equa- 
tions have been widely discussed in the literature (see, for example, [1-15] and the references 
quoted therein ) . There is a great number of papers dealing with particular cases of equation 
(1.1) such as the linear equations 

x" + p(t)x' + q(t)x = 0, t>t >0, (1.2) 

x" + q(t)x = 0, t>t >0 (1.3) 

and 

(r(t)x')' + q(t)x = 0, t>t >0, (1.4) 

Actually, equation (1.2) can be reduced via suitable Sturm-Liouville transformation to the 
undamped equation. Here an additional assumption is added on pit), namely pit) assumed 
to be continuously differentiable. By Sturm-Liouville transformation 

y(t)=x(t)expl^Jp(s)ds\ (1.5) 

reduces equation (1.2) to 

y"+Ut)-^--^)y = o, t>t >o (1.6) 

which is in the form (1.3). Although (1.2) can be put in the form (1.3), there are advantages 
in obtaining direct oscillation theorems for (1.2). Oscillation criteria of (1.2)-(1.4) have 
been extensively studied by many authors. Many of these criteria involve the integral of the 
coefficients. Downstairs is a list of some well known oscillation criteria for equation (1.3) 

that exist in the literature 

t 

lim<3(£)=lim q{s)ds (1.7) 

t— >oo t— >oo J 

to 
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(Fite-Winter-Leighton [4,5,7]); 



1 f 

lim - / Q(s)ds = oo 
t— >oo t J 



/o 



(Wintner [5]); 



limsup — / (t — s) a ~ Q(s)ds = oo, for some a > 1 
t^oo t J 



(1.8) 



(1.9) 



to 



(Kamenev [6]). 

Even though (1.5) is an oscillation-preserving transformation under the additional that 
p(t) is differentiable or at least pit) is absolutely continuous so that p'(t) is defined. But this 
superfluous condition was not assumed in Sobol's paper (see [12]). By using polar coordinates 
transformation, he proved that 



lim G(t) = lim 



t^oo 



t^oo 



Q(t) 



-y- - i I P ( s ) ds 



to 



oo 



1.10) 



was sufficient for equation (1.2) to be oscillatory. Wong [3] noticed this point and gave 
several oscillation criteria for equation (1.2), which generalized the results due to Wintner 
and Kamenev. 

More recently, Zheng and Liu [1] established oscillation criteria for equation (1.2) and the 
main results are as follows. 

They assume that g(t) £ C 2 ([to, oo) ; (0, oo)) is a given functions, f(t) ~ —H^Ll 



2g(t) 



and 



Ht) = --g(t)p(t)+ g{s) 



q(s)-f(s)p(s) + f 2 (s)-f'(s) 



P 2 {s) 



to 



ds. 



Theorem A. Suppose that 

oo 

/ g~ (s)ds = oo 
holds. Then equation (1.2) is oscillatory provided 



1.11) 



lim<I>(£) = oo. 

t^oo 



(1.12) 
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Theorem B. Suppose that 



oo / t 



-1 



g(r)dT | ds = co 
to Vo 
holds. Then equation (1.2) is oscillatory provided 

t 



1 f 

lim - / $>(s)ds = oo. 
t— »oo t J 



to 

Theorem C. Suppose that there exists a constant a > 1 such that 

t 



lim sup — 
t t a 



{t-sT-^{s)--g{s){t-s) 



a-2 



ds = OO. 



'o 



1.13) 



1.14) 



1.15) 



Then equation (1.2) is oscillatory. 

In this article, by using generalized Riccati transformation, we establish some oscillation 
criteria for equation (1.1) without any restriction on the sign pit) and q(t). Our results extend 
the oscillation criteria in [1] . 



2 Main Results 



In order to prove our theorems, we assume that g[t) £ C 1 ([to, oo) ; (0, oo)) is a given function 

and 

t 



T(t) 



q{s)g{s) 



(l9(s)p(s) -jg'(s)r{s)^(x(s))Y 



ds 



-yg(t)p(t) - jg'(t)r(t)il>(x(t)) 



to 



47flf(s)r(s)V'(x(s)) 

Our results are as follows: 

Theorem 2.1. In addition to the basic assumptions imposed on the functions r, p, q, g, 
■0 and K, suppose the following assumptions are valid: 

(i) 

oo 

r a* 

oo, (2.1) 



ta 



g{s)r{s) 
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(ii) 

limr(t) = oo. (2.2) 

t—>oo 

Then equation (1.1) is oscillatory 

Proof. Let x(t) be a non oscillatory solution of (1.1). Without loss of generality, we may 

assume that x{t) > for t > to- Furthermore, we put 

r(t)j,(x(t))K(x'(t)) 
w[t)=g(t) — , t>t , 

and using (ii), then it follows (1.1) that 

w'(t) + ——I—— [ w \t) + (>yg(t)p(t) - ig '(t)r(t)^(x(t))w] + q(t)g(t) < 0. 



By completing the square we have 
w'{t) + l 



■yg(t)r(t)iP(x(t)) 

+q(t)g(t) < 



W U\ + yg(t) P (t)-~,g'(t)r(t)iP(x(t)) \ 2 _ (~fg(t)p(t)-~,g'(t)r(t)ip(x(t)f 



(2.3) 



Define u(t) = w(t) + 19 7g 2 ; rewrite (2.3), and integrate from to to t > to, we 

obtain 

t 

r u 2 ( s ) 

"W + / (\ (\ ( ( \\ ds + r ^ - w ^- ^ 

to 

From (2.2), we can choose t\ sufficiently large so that 

t 

f u 2( s ) 

<t) + / \ ds < 0, t> h. (2.5) 

J jg(s)r(s)ip(x(s)) 
to 

Set V(t) = J ig{s) :^ (x{s)) ds. By (2.5), We get 
to 

V 2 (t) = (J yg(s ;^ {x{ s)) A * u ^ = J9(t)r(tMx(t))V'(t) 
<jc ig (t)r(t)V'(t), fox t>h. 

Dividing (2.6) through by V 2 {t) and integrating from t\ to t, we find 

t 

ds jci _ jc]_ 

g(s)r(s) ~ V(h) V(tY { '> 

ti 



(2.6) 
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due to V{t) > 0, we have 



t 

ds 7C1 

which gives a desired contradiction with (2.1) as t — > oo. This completes the proof. 

Theorem 2.2. In addition to the basic assumptions imposed on the functions r, p, q, g, 
ip and K, suppose the following assumptions are valid: 

(i) 

oo / s \ 1 

J I j ' g{T)r{T)d T \ ds = oo, (2.9) 

<o Vo / 

(ii) 

t 

lim - / T(s)ds = oo. (2.10) 

t^oo t J 

to 
Then equation (1.1) is oscillatory. 

Proof. Let x(t) be a nonoscillatory solution of (1.1). Without loss of generality, we may 

assume that x{t) > for t > to- Follows the proof of theorem 2.1, we obtain (2.4). Afterwards, 

Integrate (2.4) from to to t and divide through by t to obtain 

t t t 

1 fu(s)ds + - jv{s)ds+ l fv(s)ds<w(t Q ). (2.11) 

to to to 

From (2.9), we can choose t\ sufficiently large so that t > t\ 

t t 

u{s)ds+ / V{s)ds < (2.12) 



to to 
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Let A{t) = JV(s)ds. Using Holder inequality, we find 



to 



A 2 {t) <[j u (s)ds) = J \J ig { S )r{s)i){x{s))-r 
\to J Vo V' 



M 0) 



ia(s)r(s)tp(x(s)) 



-ds 



< I J ig(s)r(s)i>(x(s))ds) I J yQ(s) r(})i x(s )) ds 



\ f » 



\ f » 



V(t) f -fg(s)r(s)iP(x(s))ds = A'(t) j ig (s)r(s)^(x(s))ds 



\U) 



\to 



<j Cl A'(t) \jg(s)r(s)ds\ 
Dividing (2.13) through by A 2 (t) and integrating from t\ to t, we obtain 



(2.13) 



t / s 



g{T)r{r)dT I ds < —, — ; r-r-r < 



A(h) A(t)-A(hY 

*i Vo 
But (2.14) incompatible with (2.9) as t — > oo. Hence the Theorem. 

Theorem 2.3. Assume that there exists a constant a > 1 such that 
t 



limsup— / (t - s) a x T(s) - -jg(s)r(s)i(j(x(s)) (t - s) a 

t^oo t a J I 4 

to 



ds = oo. 



(2.14) 



(2.15) 



Then equation (1.1) is oscillatory. 

Proof. As in the proof of Theorem 2.1, (2.4) holds. Multiplying (2.4) through by 



\a-l 



(t — s) , integrating to to t and dividing through by t a ,we obtain 



h \S (* " ^ «(«) + S(t- sT" 1 J 19{T) :^ {x{T)) drds + f(t- sT' 1 T(s)ds 

[to t t to J (2.1dJ 

< a _1 w(io) 

Denote R(s) = J — , , u , Vjj, , ss dr. Integrating the second integral in (2.16) by parts, we 
obtain 






f- v R{s)ds=- \ {t-sf 



u 2 (s) 



to 



to 



jg(s)r(s)i/)(x(s)) 



ds 



(2.17) 
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Puting (2.17) into (2.16) and completing squares in u(s), we acquire 



at. 



t a J 



k» 



(t-s)"/ 2 u( 8 ) i a^-y 9 (s)r(sWx(s))(t-s)^- 2 ^ 2 



y/-yg(s)r(s)tp(x(s)) 



+ 



+^J (t- sf- 1 T(s) - l 19 (s)r(s)i>(x( S )) (t - s) 
to L 

< a _1 w(io)- 



a-2 



ds 
ds 



Therefore, we have 

t 



1 

V 1 



(t - s) 11 ' 1 T(s) - - Al g{s)r{s)i){x{s)) (t - s) a " 2 l ds < a^wito). 



U) 



Taking the upper limit as t — > oo, we obtain a contradiction with (2.15). This completes the 

proof of Theorem 2.3. 

Corollary 2.1. If there exists a constant a > 1 such that 

t 
limsup — / r yg(s)r(s)'tp(x(s)) (t — s) a ~ ds < oo 

t->oo t a J 

to 



and 



limsup— / (t — s) a ~ T(s)ds = oo, 

t— >oo t J 



to 
then equation (1.1) is oscillatory. 

Remarks. 

1. Let r(t) = l, r ij){x{t)) = 1 and K{x'{t)) = x'(t) in equation (1.1). Then our equa- 
tion (1.1) reduces to equation (1.2) which is same as in [1]. In spite of the condition 
g(t) £ C 2 ([to,oo) ;(0,oo)) is given in Theorems A, B and C, our results depend on g(t) £ 
C l ([t , oo) ; (0, oo)) in Theorems 2.1, 2.2 and 2.3. 

2. Theorems 2.1, 2.2 and 2.3 generalize and extend Theorems A, B and C to the nonlinear 
differential equation (1.1). 

3. Let ip(x(t)) = 1, K(x'(t)) = x'(t) and q(t)x = q(t)f(x). Then the equation (1.1) 
reduces to 

(r(t)x')' + p(t)x' + q(t)f(x) = 0, 
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which considered in [9]. In this situation, the conditions of Theorem 2.1 and Theorem 2.2 are 
compatible with Theorem 2.1 and Theorem 2.5 of [9], respectively. But, our Theorem 2.3 is 
not mentioned in [9]. 
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Abstract. In this paper, we establish generalized Hyres-Ulam-Rassias stability of the mixed 
type additive and quadratic functional equation 

f(3x + y) + /(3x -y) = f(x + y) + f(x - y) + 2/(3*) - 2f(x) 

in non- Archimedean spaces. 

1. Introduction 

In 1897, Hensel [14] has introduced a normed space which does not have the Archimedean 
property. It turned out that non- Archimedean spaces have many nice applications [19, 28]. 
A non-Archimedean field is a field K equipped with a function (valuation) | . | from K 
into [0, oo) such that |r| = if and only if r — 0, \rs\ = |f||s|, and |r + s| < max{|r|, |s|} for all 
r,s 6 K. Clearly 1 1 1 = | — 1 1 = 1 and | n \ < 1 for all n £ N. An example of a non- Archimedean 
valuation is the mapping | . | taking everything but into 1 and |0| = 0. This valuation is 
called trivial. 

Definition 1.1. Let X be a vector space over a scalar field K with a non-Archimedean 
non-trivial valuation \ . \. A function || . || : X — > R is a non-Archimedean norm (valuation) 
if it satisfies the following conditions: 

(NAi) \\x\\ = if and only if x — 0; 

(NA 2 ) \\rx\\ - \r\\\x\\ for all r e K and x G X; 

(NA3) \\x + y\\ < max{||a;||, ||y||} for all x, y £ X (the strong triangle inequality). 

Then (X, || . ||) is called a non- Archimedean space. 

Remark 1.2. Thanks to the inequality 

\\xm — xi\\ < max{||xj-|-i — Xj\\ : I < j < m — 1} (m > I) 

a sequence {x m } is C'auchy if and only if{x m +i—x m } converges to zero in a non-Archimedean 
space. By a complete non-Archimedean space we mean one in which every Cauchy sequence 
is convergent. 

The most important examples of non-Archimedean spaces are p-adic numbers. A key 
property of p-adic numbers is that they do not satisfy the Archimedean axiom: "for x, y > 0, 
there exists n € N such that x < ny." 

"2000 Mathematics Subject Classification: 39B52, 39B82, 46S40, 54E40. 
°Keywords: Additive functional equation; Quadratic functional equation; Non- 
Archimedean space, Stability. 



455 



M. Eshaghi Gordji, M. Bavand Savadkouhi and M. Bidkham 

Example 1.3. Let p be a prime number. For any nonzero rational number x = f p™ x such 
that a and b are integers not divisible by p, define the p-adic absolute value \x\ p := p~™ x . 
Then \ . \ is a non-Archimedean norm on Q. The completion of Q with respect to \ . \ is 
denoted by Q p which is called the p-adic number field. 

Note that if p > 3, then |2 n | = 1 in for each integer n. 

The stability problem of functional equations originated from a question of Ulam[27] in 
1940, concerning the stability of group homomorphisms. Let (Gi,.) be a group and let 
(G2, *,d) be a metric group with the metric d(., .). Given e > 0, dose there exist a S > 0, 
such that if a mapping h : G\ — » G-z satisfies the inequality d(h(x.y), h(x) * h{y)) < S for 
all x,y G Gi, then there exists a homomorphism H : G\ — > G2 with d(h(x),H(x)) < e for 
all x £ Gi? In the other words, Under what condition dose there exists a homomorphism 
near an approximate homomorphism? The concept of stability for functional equation arises 
when we replace the functional equation by an inequality which acts as a perturbation of the 
equation. In 1941, D. H. Hyers[16] gave a first affirmative answer to the question of Ulam 
for Banach spaces. Let / : E — > E' be a mapping between Banach spaces such that 

\\f(x + y)-f(x)-f(y)\\<S 

for all x,y € E, and for some S > 0. Then there exists a unique additive mapping T : E — > E' 
such that 

||/(aO-r(aO||<* 
for all x £ E. Moreover if f(tx) is continuous in t £ R for each fixed x G E, then T is linear. 
In 1978, Th. M. Rassias[23] provided a generalization of Hyers' Theorem which allows the 
Cauchy difference to be unbounded. In 1991, Z. Gajda[ll] answered the question for the 
case p > 1, which was rased by Rassias. This new concept is known as Hyers- Ulam-Rassias 
stability of functional equations (see [1, 2, 5], [12, 15, 17] and [24]). The functional equation 

f{x + y) + f(x -y) = 2f(x) + 2/(j/). (1.1) 

is related to symmetric bi-additive function. It is natural that this equation is called a 
quadratic functional equation. In particular, every solution of the quadratic equation (1.1) 
is said to be a quadratic function. It is well known that a function / between real vector 
spaces is quadratic if and only if there exits a unique symmetric bi-additive function B such 
that f(x) = E>ix, x) for all x (see [1, 18]). The bi-additive function B is given by 

B(x,y) = \(f(x + y)-f(x-y)) (1.2) 

Hyers-Ulam- Rassias stability problem for the quadratic functional equation (1.1) was proved 
by Skof for functions / : A — » B, where A is normed space and B Banach space (see 
[26, 6, 7, 13]). Borelli and Forti [4] generalized the stability result of quadratic functional 
equations as follows (cf. [21, 22]): Let G be an Abelian group, and X a Banach space. 
Assume that a mapping / : G — » X satisfies the functional inequality 

||/(a! + y) + f(x -y)- 2 fix) - 2/(1/) || < <pix, y) 

for all x,y £ G, and tp : G x G — > [0, 00) is a function such that 



$(x, y) := J2 TTTT 1 ^ 2 ^' 2% ti < °° 



4i + 
i=0 



for all x,y G G. Then there exists a unique quadratic mapping Q : G — > X with the property 

H/(aO-Q(aOII <*(*,*) 
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for all x £ G. 

Arriola and Beyer [3] investigated stability of approximate additive mappings / : Q p — > R. 
They showed that if / : Q p — > M is a continuous mapping for which there exists a fixed t : 

\f(x + y)-f(x)-f(y)\<e 

for all x, y £ Q p , then there exists a unique additive mapping T : Q p — > R such that 

|/(s)-T(s)|<e 

for all x £ Q p . Additionally in 2007, Moslehian and Rassias [20] proved the generalized Hyers- 
Ulam stability of the Cauchy functional equation and the quadratic functional equation in 
non- Archimedean normed spaces (see also [8]). 

In this paper, we establish the stability of the additive-quadratic functional equation 

/(3s + y) + /(3s -y) = f(x + y) + f(x - y) + 2/(3*) - 2f(x) (1.3) 

in non- Archimedean space. The function f(x) — x+x 2 satisfies the functional equation (1.3), 
which explains why it is called additive-quadratic functional equation. For more detailed 
definitions of mixed type functional equations, we can refer to [9] and [10]. 

2. Main Results 

Throughout this section, we assume that G is an additive group and X is a complete non- 
Archimedean space. Now before taking up the main subject, for a given function / : G —* X, 
we define the difference operator 

Df(x, y) = /(3s + y) + /(3s - y) - f(x + y) - f(x - y) - 2/(3s) + 2/(s) 

for all x, y € G. we consider the following function inequality: 

\\Df(x,y)\\ < <p(x,y) 

for an upper bound (p : G x G ^ [0, oo). 

Theorem 2.1. Let ip : G x G — > [0, oo) be a function such that 

lim ^xry) = 

tl^oo \2\ n 

Ji™ J2^f max { max M — > "T^^ — ' -^)}.maxM — , — ),„( — , -^)}} = 

(2.2) 
/or aZ/ x,y £ G, and let for each x £ G the limit 

n . j-_l_ f r , Zl Jj Zi Jb « , Zi Jb tj, Zi Jb -,~. 

i^ max ^ max{max{^( — , _),,,(_ _^)} 

,maxM^,^),^,^)}}: < j < n}, (2.3) 

denoted by ((>a(x), exists. Suppose that f : G — » A is an odd function satisfying 

\\Df(x,y)\\<p(x,y) (2.4) 

/or a// x,y £ G. Then there exists an additive function A : G — > A swc/i i/iai 

IMl(s)-/(s)||< ^(s) (2.5) 
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for all x £ G, if moreover 

lim lim max}-— max{ max{vj(— -,—),<£( — , ——)} 

i-^oon^oo zj 4 4 4 4 

- _' -/■ _ Jy * - ^ J/ ■ ) . Z, Ju . - - - 

,max{v9( — , — ),${-£■ ,—j— )}} : «< J < n + i\ = 0, 
t/ien A is the unique additive function satisfying (2.5). 
Proof. Setting y = x in (2.4), we get 

||/(4x) - 2/(3a:) + 2/(a:) || < <p{x,x) (2.6) 

for all a; £ G. If we let y — 3x in (2.4), we get by the oddness of /, 

|| /(6a;) - 2/(3*) - /(4a;) + 2f(x) + /(2a;) || < ¥>(a:,3a:) (2.7) 

for all xeG.lt follows from (2.6) and (2.7) that 

||/(6x) — 2/(4ar) + /(2x)|| < mzx{(p(x,x), <p(x, 3x)} (2.8) 

for all x £ G. Once again, by letting y — 5x in (2.4), we get by the oddness of /, 

||/(8:c) - /(2s) - /(6s) + /(4a;) - 2/(3x) + 2/(«)|| < ^(s, 5s) (2.9) 

for all a; £ G. By (2.6) and (2.9), we get 

|| /(8a:) - /(6a;) - /(2s)|| < max{tp(x, x), ip(x, 5x)} (2.10) 

for all x £ G. By (2.8) and (2.10), we obtain 

|| /(8a;) — 2/ (4a;) | < max{max{iy5(a;,a;), <p(x, 3a;)}, max{<p(a;,a;), (p(s, 5a;)}} (2-H) 

for all x £ G. If we replace x by | in (2.11), and divide both sides of (2.11) by 2, we get that 

||I/(2a;)-/(a:)||<p|max{maxM|,|), ¥ >(|,^)},max{ ¥3 (|,|), ¥? (|,^)}} (2.12) 

for all x £ G. Replacing x by 2 n_1 x in (2.12), we obtain 

1 1 _i 1 2 n ~ 1 a; 2 n ~ 1 a; 2 n ~ 1 a; 3.2 n_1 a; 

II — f(2"x) t — tt f (2 n x)\\ < - — r max| maxji^ , ), <p( , — )} 

1 2 n 2( n ~ 1 ' \2"\ 4 4 ''^ v 4 ' 4 ;J 

~^—> — j— ).y( 4 > J )}} 

(2.13) 



for all a; £ G. It follows from (2.2) and (2.13) that the sequence { 2 „ } is Cauchy. Since 

X is complete, we conclude that { 2 " } ^ s convergent. Set A(x) := linin^oo 2 „ • 
By using induction one can show that 

„/(2 n a;) ,. ... ^ 1 , 1 . . ,2 l 3J 2^, ,2 l ;E 3.2*3;,, 

II -^ /Wll < ^T max {j^T m ax{max{^( — ,— ),¥?( — ,^—)} 

,max{<p( — , — )>¥>(^-.— 4— )}} : 0<J<n} 

(2.14) 

for all n £ N and all x £ G. By taking n to approach infinity in (2.14) and using (2.3) one 
obtains (2.5). By (2.1) and (2.4), we get 

||ZL4(x,2,)||= lim -L||/(2" ; r,2 n y)|| < lim ^"f,' 2 "v) = 

11 V ' y/M n^oo 2 n ~~ rwoo 2™ 
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for all x, y £ G. Therefore the function A : G — > X satisfies (1.3). If A is another additive 
function satisfying (2.5), then 

\\A(x) - A(x)\\ = lim \2\- l \\A{2 l x) - A{2 l x)\\ 

i — >co 

< lim |2|- l max{ \\A(Tx) - /(2V)||, \\f(?x) - A (Tx)\\ } 

% — >oo 

4™i- m{ M mffi! ™ M2 4 I 'T ) ' 9( T'X )1 

^(^f >^f )<^(^p^p )>} : *<J<™ + *} 
= 0. 

for all x £ G. Therefore A = A . This completes the proof of the uniqueness of A □ 

Theorem 2.2. Lei (p : G x G — > [0, oo) be a function such that 

^^P 1 ^ (2.15) 

JiSc |2^| max{< ^ ( ^' -^), max M^, -^)M-^-, ^x^ )}} = ° (2 - 16) 

for all x,y £ G and fei /or eac/j x £ G the limit 

lim max{— maxM — , — ),max{<^( — , _^),p(_ -^— )}} : < j < n}, 

(2.17) 
denoted by (pq(x), exists. Suppose that f : G —* X is an even function satisfying 

\\Df(x,y)\\ < <p{x,y) (2.18) 

for all x,y £ G. Then there exists a quadratic function Q : G — » X such that 

\\Q(x) - f(x)\\ < ^ Q (x) (2.19) 

for all x £ G, if moreover 

1 2 J a; 2-';r 

lim lim max{— -max{ (p (—-,—-) 

^-,^— ),^(^-, 1 )}} : i<J<n + i} = 0, 

i/ien Q is the unique quadratic function satisfying (2.19). 
Proof. Replacing y by x + y in (2.18) to get 

11/(4* + y) + f(2x -y)- f(2x + y)- f(y) - 2/(3*) + 2f(x)\\ < i fi(x,x + y) (2.20) 

for all x,y £ G. If we Replace y by — y in (2.20), we obtain 

||/(4x - y) + /(2a; + y) - /(2a; - J/) - /(y) - 2/(3*) + 2/(cc)|| < <p{x,x- y) (2.21) 
for all x,y £ G. If we add (2.20) to (2.21), we have 

||/(4a; + y) + /(4s - y) - 2/(y) - 4/(3z) + 4/(as)|| < maxf^j, x + y), p(s, a; - y)}. (2.22) 
Letting y = in (2.22), we get the inequality 

\\2f(4x)-4f(3x)+4f{x)\\<<p(x,x) (2.23) 
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for all x £ G. Once again By letting y — 4x in (2.22), we get the inequality 

||/(8x) - 2/(4x) - 4/ (3a;) + 4/(x)|| < max{^(i, 5a;), <p(a:, -3a;)} (2.24) 

for all x £ G. By (2.23) and (2.24), we get 

||/(8;e) — 4/(4x)|| <max{ip(x,x),ma,x{tfi(x,5x),(p(x,—3x)}} (2.25) 

for all x £ G. If we replace a; in (2.25) by f and divide both sides of (2.25) by 4, we lead to 

||i/(2a0 - /(x)|| < ^maxM|, |),max{ V (|, ^),¥>(f , ^)}} (2.26) 

for all x € G. Replacing a; by 2 n_1 a; in (2.26), we get 

11 1 2 n_1 a: 2 n ~ 1 x 

11^/(2^) - ^2(^iy/(2 n_1 ^)ll < j^ max M^^,^^) 

r / 2 n ~ 1 x 5.2"-^, ,2"— ^ -3.2"- 1 ;!-,-,, 
,max{^(^— , ),<p(^— , )}} 

(2.27) 

for all x £ G. By (2.16) and (2.27), it follows that the sequence { , . 2 „ } is Cauchy. Since 

X is complete, we conclude that { 2 2 ™ > ls conver g en t. Set Q(x) :— linin^oo 22re for all 

x £ X. 

Using induction one can show that 

,f(2 n x) .. ... ^ 1 ,1 . ,2 l x 2V. . ,2 l x 5.2 l 2, 

II -gaS- -/(*)!! ^ |^ max {^ max M^>^)> max M^>^) 

,<P( 2 ^, Z3 ^)}}-- 0<i<n} (2.28) 

for all n £ N and all x £ G. Letting n — > 00 in (2.28) and using (2.17) one can obtain (2.19). 
By (2.15) and (2.18), we get 

for all x, y £ G. Therefore the function Q : G — » X satisfies (1.3). To prove the uniqueness 
property of Q, let Q be another quadratic function satisfying (2.19), then 

\\Q{x) - Q {x)\\ = lim |2r 2i ||Q(2 l a;)-(5'(2 1 a;)|| 

i — ►oo 

< lim |2|- 2 'max{ ||Q(2*os) - /(2*ar)||, ||/(2*o:) - Q'(2*a;)|| } 

, 1 .. .. , 1 , ,2 J :r 2^ 

^",^— ),^(^-, 1 )}} : i<J<n + t}. 

for all x £ G. It follows from hypothesis that Q = Q . □ 

Theorem 2.3. £ei y> : G x G — > [0, 00) fee a function such that 

M^f^hff^Q (2.29) 



/or a/Z x,y £ G and let for each x £ G i/ie temii 



lim max{-- max{max{^( — , — ), <p( — , —^-)} 
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oi T oi™ oi™ c. oi™ 

7f >7f )>^(7f <^f"J : 0<j<n\, 

denoted by (f>A{x), and 

1 oi™ oi™ OJ™ K OJ™ OJ™ _Q OJ™ 

lim^maxj— 1 max{<^( — ,— ),max{<^( — ,^— ),V3( — , — - — )}} : < j < nj, 

denoted by <pq(x), exist. Suppose that f : G — > X is a function satisfying 

\\Df(x,y)\\<v(x,y) (2.30) 

for all x,y G G. Then there exist an additive function A : X —> Y and a quadratic function 
Q : G —* X such that 

\\f(x) - A(x) -Q(x)\\ < — m&x{max{<f> A (x),ip a (-x)}, — max{tp Q (x), <Pq{-x)}} 

(2.31) 

for all x G G, if 

1 2^x 2^x 2^x 3 2% 

lim lim max{— -r max{ max{<p( — ,—),<£( — , ——)} 

i^oon-^oo M 4 4 4 4 

OJrr J r 03 v ^ 3 r 

^(7f-,^-),V=(^7,^— )}} : «<J<n + «} = 0, 

1 2 J a: 2 J a; 

, lim _ „ lin L max {j^7T max {<^( — , 77-) 



i — »oo n — >oo 



77, ~ 4- )> ^(77 > — 4 — )}) : *<.?<« + z} = 

t/ien ^4 is i/ie unique additive function and Q is the unique quadratic function satisfying 
(2.31). 

Proof. Let f {x) = \[f{x) - /(-x)] for all x € G. Then / o (0) = 0, f (-x) = -f a {x), and 
||-D/°(»>J/)II < |2| max{<p(a;,y),^(-x, -y)} 

for all x,y £ G. From Theorem 2.1, it follows that there exists a unique additive function 
A : G —* X satisfying 

||/ o (a0-i4(a0|| < ^-mex{ipA(x),<pA(-x)} (2.32) 

for all x £ G. 

Let f e (x) = \[f(x) + f(-x)} for all x e G. Then / e (0) = 0, / e (-x) = / e (x), and 

||-D/e(a;,y)|| < y^r max{v?(a:,y),v?(-a;, -y)} 

for all x,y G G. From Theorem 2.2, it follows that there exists a unique quadratic function 
Q : G —* X satisfying 

||/ e (a?) - Q(x)\\ < — max{<p Q {x),<p Q {-x)} (2.33) 

for all x G G. 

Hence, (3.31) follows from (3.32) and (3.33). □ 
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Abstract. We say a functional equation (£) is stable if any function g satisfying the equa- 
tion (£) approximately is near to true solution of (£). In this paper, we prove the Generalized 
Hyers-Ulam stability of ternary Jordan '—derivations in C* — ternary algebras for the fol- 
lowing generalized Cauchy-Jensen additive mapping: 






3=1 i=i 



1. Introduction 

A C*— ternary algebra is a complex Banach space A, equipped with a ternary product 

(x, y, z) i — > [x, y, z] of A 3 into A, which is C-linear in the outer variables, conjugate C-linear 

in the middle variable, and associative in the sense that [x, y, [z, u, v]] = [a;, [u, z, y], v] — 

[[x,y, z],u,v], and satisfies ||[a;,2/, z]\\ < ||a;||.||i/||.||z|| and ||[:r, x,x]\\ — \\x\\ (see [1,3, 5, 11, 22, 24, 25]). 

If a C*-ternary algebra (A, [.,.,.]) has an identity, i.e., an element e £ A such that x — 

[x, e, e] = [e, e, x] for all x £ A, then it is routine to verify that A, endowed with xoy :— [x, e, y] 

and x* := [e, x, e], is a unital C* — algebra. Conversely, if (A, o) is a unital C* — algebra, then 

[x, y, z] :— xoy*oz makes A into a C*— ternary algebra. 

Let (A, [ ]) be a '—ternary algebra over a scalar field 1 or C. A linear mapping D : 
(A, [ ]) — > (A, [ ]) is called a ternary Jordan '—derivation, if 

D{[xxx\) = [D(x)xx] + [xD(x)x] + [xxD(x)], D(x*) = (D(x))* 

for all x £ A. 

We say a functional equation (£) is stable if any function g satisfying the equation (£) 
approximately is near to true solution of (£). We say that a functional equation is super stable 
if every approximately solution is an exact solution of it. 



"2000 Mathematics Subject Classification: Primary 39B52; Secondary 39B82; 46B99; 
17A40 

°Keywords: Generalized Hyers-Ulam stability; C — ternary algebra; ternary Jordan 
* —derivation 
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The stability of functional equations was first introduced by S. M. Ulam [23] in 1940. More 
precisely, he proposed the following problem: Given a group G\, a metric group (G2,d) and 
a positive number e, does there exist a 8 > such that if a function / : G\ — > G? satisfies 
the inequality d(f(xy),f(x)f(y)) < 8 for all x,y £ Gi, then there exists a homomorphism 
T : G\ — ♦ G2 such that d(f(x),T(x)) < t for all x £ G\. As mentioned above, when this 
problem has a solution, we say that the homomorphisms from G\ to G2 are stable. In 
1941, D. H. Hyers [8] gave a partial solution of Ulam's problem for the case of approximate 
additive mappings under the assumption that G\ and G2 are Banach spaces. In 1950, T. 
Aoki [2] was the second author to treat this problem for additive mappings. In 1978, Th. 
M. Rassias [21] generalized the theorem of Hyers by considering the stability problem with 
unbounded Cauchy differences. 

On the other hand J. M. Rassias proved the Hyers stability result by presenting another 
condition controlled by a product of different powers of norms. According to J. M. Rassias 
Theorem (see [18,19,20]): 

Theorem 1.1. If it is assumed that there exist constants > and pi,P2 £ R such that 
p = Pi + P2 7^ 1, and f : E — > E is a map from a norm space E into a Banach space E 
such that the inequality 

\\f{x + y)-f{x)-f{y)\\<e\\x\r\\y\r 

for all x,y G E, then there exists a unique additive mapping T : E — > E such that 

\\f(x)-T(x)\\<^ p \\x\\ p , 

for all x £ E. If in addition for every x £ E, f(tx) is continuous in real t for each fixed x, 
then T is linear . 

During the last decades several stability problems for various functional equations have 
been investigated by many mathematicians; we refer the reader to the monographs [4, 6, 7, 
9, 10, 13, 14, 16, 17]. 

2. Stability 

Let A be a C* —ternary algebra. For a given mapping / : A — > A, we define 

s E P = i Wi + 1 E d =i M26' v^ A 

A ll f(x 1 ,...,x p ,y 1 ,...,y d ) :=rf{ 3 - 3 - ) - s^ M/fe) - *2^ M/(j/j) 

j=i 3=1 

for all (i £ T 1 :— {A £ C : | A| = 1} and all Xi, ..., x p , j/i, ..., yd £ A, and let 

A/(cc, y) = f([x, x, x\) - [f(x),x, x] - [x, f(x),x] - [x, x, f(x)} + f{y*) - (/(j/))* 

for all x, y G A. 

One can easily show that a mapping / : A — > A satisfies 

A fl f(xi,...,x p ,yi,...,y d ) = 

for all (i £ T 1 and all xi, ..., x p ,yi, ..., yd £ A if and only if 

f(px + Ay) = nf(x) + Xf(y) 

for all /x, A £ T 1 and all x, y £ A. 

We will use the following lemma in the proof of our main theorem: 

Lemma 2.1. [15] Let f : A — > A be an additive mapping such that f([ix) = ^f(x) for all 
x £ A and all fi £ T . Then the mapping f is C-linear. 
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Theorem 2.2. Let r,6 be non-negative real numbers such that r £ (—00, 1) U (3, +00), and 
let f : A — > A be a mapping such that 

\\A,f(x 1 ,...,x p ,y 1 ,...,y d )\\<6(J2\M\ r + it\\yj\\ r ) t 2 ' 1 ) 

and that 

\\Af(x,y)\\<3e(\\x\\ r + \\y\n (2.2) 

for all x £ A. Then there exists a unique ternary Jordan ' — derivation S : A — > A such that 

\\f(x) - S(x)\\ < —, r S P+ ,^ ,^-r0||zir (2-3) 

njy J v ; " - \2(p + 2d) r -(p + 2d)2 r \ " " y ' 

for all x £ A. 

Proof. Letting /1 = 1 and x\ — ... — x p — j/i, ...,yd = x and s — l,t — 2 in (2.1), we get 

||/ ((p + 2d)x) - (p + 2d)/(of)|| < (p + d)^||x|r 
for all a; € A. So 

n/(ao-(p+2d)/(— ^-oii < (p+d) n iigir 

for all x £ A. Hence, one can show that 

m—l 

\l*r x 



ll^ + 2d )^7^T^-^ + 2rf ) m /(7^^I^ElKP + 2rf )^ 



(p + 2d) 1 ^ ' Jy {p + 2d) m " ~ *-? "^ ' Jy {p + 2d)^ 

3 — ' 



m — l 



e ±r { P + 2dy 



(p + 2dY +1 f( - )ii<- V yp^^r I, r f24) 

3 — ' 



for all non-negative integers m and I with m > Z and all x £ A. It follows from (2.4) that 
the sequence {(p + 2d) n f( , + 2 d \n )} is a Cauchy sequence for all x £ A. Since ^4 is complete, 
the sequence {(p + 2d)"f( , j% d)n )} converges. So one can define the mapping S : A — > A 
by 

^)--=j^j P+ 2drn ¥ ^ ¥ ) 

for all x £ A. 

Moreover letting I — and passing the limit m — > 00 in (2.4), we get (2.3). It follows from 

(2.1) that 

\\ r 5( ( p + 2d ^ X ) - (p + 2d)6(x)\\ < lim {p + 2d)"\\rf(- ' 



r ~ n — >oc y y (p + 2d) n - 1 ' 

-(p + 2d)f( 7 ^-s-)|| < lim (P + M )" (3g1i3.11 



= 
for all x £ A. So 



r5 C T ' UXi+ r tT ' Uyi )-s±&{x i ) + tJ2^) 



3=1 3=1 
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for all x G A. By Lemma 2.1, the mapping 8 : A — > A is Cauchy additive. By the same 
reasoning as in the proof of Theorem 2.1 of [15], the mapping 8 : A — > A is C— linear. 
Setting y = in (2.2), then we have 

||<5([x, x,x\) — [6(x),x,x] — [x,8(x),x] — [x,x,S(x)]\\ 

- lim (v + 2d) (p+d)n \\ f< I— X ' ^ )-\f( - 1 - 1 

- mu_\p + n) " J \ p + 2d)(p+ d )" > lA (p + 2d)(*>+ d )™ ; ' (p + 2d) J 



Tl >CO 



z-p rp rr* ■y >y> y 

•X. -, tij . Uj -I r it/ ilj „ , J-l 



l (p + 2d)"' J v (p + 2d)' 1 " (p + 2d)" J L (p + 2d)"' (p + 2d)™ ' J v (p + 2d)" yj " 
(o + 2d % l (p+d)n 

^^ b+V (3g|N|r)=o 

for all ieA So 

<5([x,a;,a;]) = [J(x),a:,a;] + [x,5(x),x] + [x,x,8(x)] 
for all ieA 
Put a; = in (2.2), we lead to 

\\8(x*)-(8(y)y\\ 

= lim (p + 2d) (p+d)n ||/( 7 V * -* )-(p + 2d) (p+d) "(/(- ^ r __))*| 



n * OO 



< i im (p . + 2 ^r"°" (3g||v|r) = 

- n-^oo (p + 2d) nr V " " ; 

for all y £ A. This means that 5 is * — preserving. Now, let T : A — > A be another 
Cauchy-Jensen additive mapping satisfying (2.2). Then we have 

\\5(x)-T(x)\\ = (p + 2d) n \\8( , * )-T(- >' 



'(p + 2d) n/ y (p + 2d) n '" 
< (p + 2d)"(||o"( 7 ?—-)-/(- ^_)|| + ||T(- ?-— )-/(x(p + 2d) n )||) 

3(p + 2d)"fl 

~ (2 r -2)(p + 2d)" rl|;E|1 

which tends to zero as n — > oo for all x G A This proves the uniqueness property of 8. 
Thus the mapping 8 : A — > A is unique ternary Jordan '—derivation satisfying (2.3). □ 

Theorem 2.3. Let r,9 be non-negative real numbers such that r G (-co, -13) U (l,+oo), 
and let f : A — > A be a mapping such that 

\\A,f(x 1 ,...,x p ,y 1 ,...,y d )\\<ef[\\x ] \\ r -l{\\yA\ r (2.5) 

3 = 1 3=1 

/or all /x G T and aW x, xi, ..., x p , j/i, ..., yd £ -A, and 

||A/(^,y)||<e|| a; || 3 '- (2.6) 

/or a// x G A. TTien there exists a unique ternary Jordan * — derivation 8 : A — > A such that 

o(p+d)r 

H/<«) - *(«)H < l2(p + 2d)(^-(p + 2d)2( P+ d )^ " 3; " (P+d)r ™ 
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for all x £ A. 

Proof. Letting /i = 1 and x\ — ... — x v — j/i, ...,yd = x and s — l,t — 2 in (2.5), we get 

||/((p + 2d)*) - (p + 2d)/(x)|| < (p + d)0||x|r (2.8) 

for all x £ A. So 

ll/W-b + 2d)/(^)||< (p + 2 ; )(p+d) J |,||^ 
for all x £ A. Hence, 

ll^ + 2d ^(p^-^ + 2d ^(p^ll 

m— 1 

< J2 \\(p + 2dy f (—^—)-( P + 2dy^f(- 



' (p + 2d)i ' ^ ' Jy (p + 2d)i+ 1 ■ 

3 — ' 



V (P + 2d y \\ x \\(P+d)r (2q) 



(p + 2d)(p+ d ) r 4^ {p + 2d)(p+ d ^ 



for all non-negative integers m and I with m > £ and all x € A. It follows from (2.9) that 
the sequence {(p + 2d)"/( , + 2 d \n )} is a Cauchy sequence for all x £ A. Since A is complete, 
the sequence {(p + 2d)"/( , + 2 d )Ti )} converges. So one can define the mapping <5 : ^4 — > ^4 
by 

d"(x) := lim (p + 2d)"f(- 



n > oo 



■ (p + 2d)" ' 
for all x £ A. 

Moreover letting I = and passing the limit m — > oo in (2.9), it follows from (2.6) that 
8 is a ternary Jordan derivation. The rest of the proof is similar to the proof of Theorem 
2.2. □ 

Now, we investigate superstability of ternary Jordan homomorphisms in C"*— ternary 
algebras associated with the functional equation A M /(xi, ...,x p ,yi, ..., yd) — 0. 

Theorem 2.4. Let t £ {-1,1}, and let ip : A (p+d) — > [0, oo) and ip : A A — > [0, oo) be 
mappings such that 

oo 

<P(X) ~ Yl ~1~ tn v{i n X-, ■■; y^x) < OO, (2-10) 

n=0 
v — tn i tn tn tn tn \ r, /n i i \ 

hm 7 (p(j id,... ,7 X p ,7 2/i,..., 7 J/d) = 0, (2.11) 

n »oo 

t — 3tn ; / tn tn tn \ r\ T — 2tn / / tn tn \ r* /n i r»\ 

hm 7 ip('y x,~f x, 7 x) = 0, hm 7 ^(7 x, 7 x,x) = (2-12) 

n > oc n * 00 

for all x,Xi, ...,x p ,yi, ..., J/d G ^4 where 7 = pH 2 2d . Suppose that f : A > A is a mapping 

satisfying 

||A M /(xi,...,x p ,2/i,...,2/d)|U < (p(xi,...,x p ,j/i,...,2/d), (2.13) 

||A/(x,2/)||<V(x,x,x) (2.14) 

/or oZZ p £ T 1 and all x,Xi, ...,x p ,yi, ...,y<i £ -A. 27ien i/ie mapping f : A — > A is a ternary 
Jordan * — derivation. 



468 



M. Eshaghi Gordji, S. Kaboli Gharetapeh, E. Rashidi, T. Karimi and M. Aghaei 

Proof. By the same reasoning as the proof of Theorem 3.3 of [12], the sequence {-kr/(7* n a;)} 
is converges. Thus one can define the mapping 5 : A — > A by 

S(x) ■- lim — /(7* n 2) 

7i too y L,L 

for all x £ A moreover, 8(Xx + ny) = XS(x) + fJ,5(y) for all A, fi £ T 1 and all x,y £ A. 
Therefore, by Lemma 2.1 the mapping S : A — > A is C-linear. 
It follows from (2.11) and (2.14) that 

||A£(a:,ai,a:)|| = lim ——\\A.f(-f tn x,j tn x,j tn x)\\< lim — — tp(-y tn x,j tn x,-y tn x) = 

n too *y3 zn n toe <y3zn 

for all x £ A. Hence 

S([x,x,x]) = [S(x),x,x] + [x,5(x),x] + [x, x, S(x)] (2-15) 

for all x £ A. So the mapping 8 : A — > A is a C* — ternary Jordan derivation. It follows 
from (2.12) and (2.14) 

||*[x,a;,x] - [8(x),x,x] - [x,S(x),x] - [x,x,f(x)]\\ 

t -L ii j>r tn tn i r p / tn \ tn n 

= lim ~2ST *T 3,7 3.3-/(7 3), 7 3,3 

r tn /■/ tn \ i r tn tn _/•/ mm 

-[7 »./(7 x),x]-[y x,y x,f(x)]\\ 
^ lim -^^^(l*"^,!*™^,^) = 

n too ^y^ rn 

for all x £ A. This means that 

5[a;,a;,x] = [<5(a;),a;, x] + [x,6(x),x] + [x,x,f(x)] (2-16) 

for all x £ A. Hence we get from (2.15) and (2.16) that 

[x,x,S(x)] = [x,x,f{x)] (2.17) 

for all x £ A. Letting x — f(x) — 5(x) in (2.17), we get 

||/(x) - S(x)f = \\[f(x) - 5(x),f(x) - S(x), f{x) - 5{x)]\\ = 

for all x £ A. Hence f(x) — S(x) for all x £ A. So the mapping / : A — > A is a C* — ternary 
Jordan derivation, as desired. □ 

Corollary 2.5. Let r < 1, s < 2 and 6 be non-negative real numbers, and let f : A — > A be 
a mapping satisfying (2.1) and 

||A/(a;,i/)||<30W (2.18) 

for all x £ A. Then the mapping f : A — > A is a C* —ternary Jordan derivation. 

Proof. It follows from Theorem 2.4 by putting t — 1, 

p d 

<fi(zi,...,x p ,yi, ...,j/d) = 0(^2 \\xj\\ r A + J2 H&'ID 

J=l 3=1 

and 

ip(x,x,x) = 3#||;r|| s 

for all x, xi,...,x p ,yi,...,yd £ A □ 
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Corollary 2.6. Let r,s and 9 be non-negative real numbers such that s,r(p + d) < 1, and 
let f : A — > A be a mapping satisfying (2.5) and 

l|A/(x,y)||<||x|| 3s (2.19) 

for all x £ A. Then the mapping f : A — > A is a C* — ternary Jordan derivation. 

Proof. It follows from Theorem 2.4 by putting 4 = 1, 

p d 

ip(xi,...,z p ,yi,...,y d ) = °Yl Ita'H^II 11*^ 

3 = 1 3 = 1 

and 

ip(x,x,x) = 0\\x\\ 
for all x,xi, ...,x p ,yi, ...,yd G A. D 

Similarly by putting t = — 1 in Theorem 2.4,we can prove the following corollary. 

Corollary 2.7. Let r,s and 8 be non-negative real numbers such that s,r(p + d) > 1, and 
let f : A — > A be a mapping satisfying (2.5) and (2.19). Then the mapping f : A — > A is 
a C* — ternary Jordan derivation. 
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Abstract 

We study the dependance of the second moment of the rational Bern- 
stein functions on the weight numbers. For the second degree rational 
Bernstein functions we prove that the minimal value of the second mo- 
ment uniform on [0, 1] is attained when all weight numbers are equal. 
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1 Introduction and main results 

The NURBS ("non-uniform" rational B-splines) play an important role in 
Computer Aided Geometric Design (CAGD). The standart source on this 
method is is the book of Piegl and Tiller [4] . Special cases of NURBS curves 
are the famous Schoenberg spline curve and rational Bernstein-Bezier curves. 
Adapted to the context of approximation of functions the latter was general- 
ized by H.Gonska in [1] as follows: 

n 

E Wk-f(n) -Pn,k( X ) 
R n (f; X ):= k -^_ > (1.1) 

E ^k -Pn,k( X ) 
k=0 
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where u)k > 0, < k < n are the so-called weight numbers and 

are the basic Bernstein polynomials of degree n. Suppose that cut = u, < 
k < n. Then 

n k 
Rn(f] x) := B n (f; x) = V /(-) • p„, fc (x), 

fc=0 

i.e. the rational Bernstein function (1.1) reduces to the Bernstein polynomial of 
degree n. We consider R n {f', x) as a linear positive operator (rational Bernstein 
operator), acting on the space of continuous functions / G C[0, 1]. Some 
properties of R n (f; x) are: 

• (i) R n (f; x) is a positive linear operator reproducing constant functions. 

• (ii) One has R n (f; 0) = /(0) and R n (f, 1) = /(I)- 

• (iii) The following representation of the first moment of R n {f] x) was 
established in [l]-(see Proposition 3 ): 

i n— 1 

Rn(f]x) - X = x(l - X) ■ — ■ ^2(tO k +l -Vk)Pn-l,k( X )i i 1 - 2 ) 

iV k=0 

where 

n 
N = ^UJkPn,k{x). 
k=0 

As far as we know the exact presentation of the second moment of R n (f) x), 
namely R n ((t — x) 2 ;x) in a form, similar to (1.2) is still missing. From (1.2) it 
follows also that the operator R n (f] x) reproduces linear functions if and only 
if all weight numbers Uk are equal. With several examples it was shown in [1] 
that even when not all weights ujk are equal, by an appropriate choice of the 
numbers uj^ pointwise convergence 

R n (f;x)^ f(x) 

and also uniform convergence 

\\Rn(f) ~ f\\c[0,l] - 

when n — > oo is possible. 
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From the viewpoint of quantitative approximation theory an essential role 
play the estimates of the first and of the second moments of the operator 

R n (f;x): 

n 

£ u k (- -x) 2 p n , k (x) 
R n ((t - x) 2 ; x) := ^ . (1.3) 

E U k -p n ,k(x) 
k=0 

It is known that Bernstein operator reproduces linear functions and that 

B n ((t-x) 2 ;x) = °^—^, (1.4) 

n 

for all n G iV-the set of natural numbers and x G [0, 1]. Our first result con- 
cerns the second moment of R2{f] x) when n = 2 is: 

Theorem 1. Let n = 2 and uj k > 0, k = 0, 1, 2. Then for all x G [0, 1] 

mm R 2 ((t-x) 2 ;x) = °^^- (1.5) 

and min is attained exactly when ujq = uji = uj 2 - 
It is natural to suppose the following 
Conjecture. Let n > 2. Then for all x G (0, 1) it holds 

min R n ((t-x) 2 ;x) < ^ - X \ (1.6) 

ui k ,$<k<2 n 



As far as we know neither the proof of this Conjecture is available, nor the 
counterexample is proved, i.e. the min in (1.6) is attained if and only if all 
weights uj k are equal, which is the case n = 2. If the Conjecture is not true, this 
means that the classical Bernstein operator is best possible among all rational 
Bernstein operators R n (f). Concerning the value of the second moment we 
consider the infinite sequence of positive weight numbers uo, u\, . . . , u n , . . . 
and the sequence of rational Bernstein operators {-R n (/)}^i- We define 

max|cj fc+ i —Uk\ 

Pn,l ■= ~± : , (1.7) 

minwj. 

k 

where the max and min is taken for < k < n. Also let 

maxwfc 

Pn,2 ■= — • (1-8) 

minwj. 

k 
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Our second result is : 

Theorem 2. Let f e C 2 [0, 1], 

1 

Pn,l < — , Ct > 1 

n a 

and p n< 2 < ^4 for all natural numbers n. Then the following uniform with 
respect to x G [0, 1] convergence holds: 

\\mn-[R n (f;x)-f(x)-^R n ((t-x) 2 ;x)-f(x)] = 0. (1.9) 



In Section 2 we prove Theorems 1 and 2. Some examples are included 
to show the impact of the choice of weights uuk on the value of the second 
moment and on the rate of the uniform convergence in Theorem 2. This paper 
was motivated by the talk, given by prof. H.Gonska at the International 
Conference "Constructive Theory of Functions" in Varna, 2005. 



2 Proofs and examples 

Proof of Theorem 1. Let us suppose that it is possible to define positive 
numbers ujq, 0J\, 0J2 such that (1.6) is true for all x G [0, 1]. Without losing of 
generality let ooq — 1. Simple calculations show that the left side of (1.6) is 
equal to x(l — x)F(iVi,iV2,x) where 

-., , x(l - x) + 2uoi(\ - x) 2 + uo 2 x(l - x) 

F(U U UJ2,X) = l — . 

(1 — X) z + lU\X[l — X) + UJ2X Z 

Hence 

F(u 1 ,u 2 ,x) < - 

should be fulfilled for all x G [0, 1]. Consequently 

x 2 (-l + 2u x - u 2 ) + x{l - 2cji + u 2 ) + y < 

< - • [x 2 (l - 2cu! + uj 2 ) + x(-2 + 2wi) + 1]. 

The last is equivalent to 

g(x) := 3x 2 (l - 2^ + uo 2 ) + x(-4 - 2u 2 + 6wi) + 1 - Wi > 0. (2.1) 

When x->0we get 

^(0) = 1 - wi > 0. (2.2) 
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When i->lwe get 

g(l) = -u 1 +u 2 >Q. (2.3) 

Obviously the coefficient in front of x 2 should be positive due to (2.2) and 
(2.3), while 

1 — 2cji + uj 2 = uo 2 — u>i + 1 — u>i . 

Next we calculate the discriminant of the quadratic inequality (2.1) 

A = (-2 - uo 2 + 3cui) 2 - 3(1 - wi)(l - 2uo x + u 2 ) = 

= 3ou 2 + uj\ — 3uj\uj 2 — 3uji + uj 2 + 1 := /(wi,cj 2 )- 
Our next step is to show that 

min/(w 1 ,w 2 )=/(l,l) = 0. (2.4) 

We calculate 

df 

6u>i — 3cj 2 — 3 = 0. 



df 



2u 2 - 3wi + 1 = 0. 



du 2 
The solution of the last system is Ui — u 2 — 1 ■ Also 

d 2 f d 2 f d 2 f 

-L — q ■!_ — 2 - = —3. 

duj 2 ' du 2 "' duidu 2 



We verify that 



det 



/ d 2 f d 2 .f 

I >0. 

] d 2 f d 2 f 



The proof of (2.4) is completed. Let X\ and x 2 be the zeros of g(x) = 0. In 
order to have g(x) > for all x G [0, 1] we have two possible cases: 

x\ < x 2 < 0, 

or 

1 < X\ < x 2 . 

In the first case we should have X1 + X2 < 0. Hence 

—4 — 2u 2 + 6o>i 

— < 

6(1 - 2wi + w 2 ) 

or equivalently 

4 + 2uo 2 - Quoi < 0. 



476 TACHEV: RATIONAL BERNSTEIN FUNCTIONS 



But the last inequality is a contradiction to (2.3) and (2.2). Similarly we 
proceed in the second case. Now we would have 

Xi + x 2 _ -4 - 2uo 2 + 6cji 
2 ~~ ~6(1 -2cji + cj 2 )' 

Consequently 

6(1 - 2wi + W2) < 4 + 2cj 2 - 6wi, 

6wi - 4cj2 - 2 > 0. 

The last inequality again is a contradiction to (2.2) and (2.3). 

Our supposition at the beginning of the proof is not valid. This completes 
the proof of Theorem 1. □ 

Example 1 Let uj k = 1 — \, k = 0,1, ... ,n and a > 1, n > 1. To 
calculate the first moment of R n (f] x) we apply (1.2) and obtain 

1 / 1 



i2 B ((t-x);x)=x(l-x)-(-— ), (2.5) 



where 

n x 

N = J2u kPn , k (x) = l-^ r - 1 . (2.6) 

From Taylor formula it follows 

t 2 = x 2 + (t - x)2x + (t- xf (2.7) 

We apply the operator R n (f) to the both sides of (2.7) and (2.5) yields 

R n {{t - xf; x) = R n {t 2 ; x) - x 2 + 2x ' x ^- x ) . JL ( 2 .8) 

To compute R n (t 2 ;x) we proceed as follows: 



Rn(t 2 ;x) 



fc=0 



1 ^ 



(2.9) 



It is known that for all x G [0, 1] 



„ . . ,0 , x(l — x)(l — 2x) 
B n {(t - xf; x) = -± J -\ '-. 



rr 
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Therefore 



B n (t 3 ;x) -3B n (t 2 ;x)x + 3x 3 -x 3 = ^- "' 



r?/ 



B n (t 3 ;x)-3x(x 2 + X(l ^ < ^ 3 



+ 2x 3 



x(l -x)(l-2x) 



n 



n z 



B n (t 3 ;x) = x 3 + 



3x 2 {l-x) x(l-x)(l-2x) 



n 



+ 



rr 



From the last presentation, (2.8) and (2.9) we calculate 



R n ((t-x) 2 ;x) = ^- 


9 x(l — x) 

x 2 + — - 

n 


1 3 

T- 


3x 2 (l - 
n a 


- x) 


1 <" 

n a-l 




x(l — x)(l — 2x) x 3 

n a+l n a- 


2x 2 (\-x 

i v 


) _ 




, i 

1 n a 




1 x{\ — x) 


x 1 — 2a;" 


i 




N n 


n Q_1 n a 




ith N, defined in (2.6). Hence 




R n ((t-x) 2 ; 


x(l — x) 


r 2x - l " 

i i 








n 


i i 

n a — xn. 





(2.10) 



From (2.10) we conclude that the statement in our Conjecture with this choice 
of the weights is true, but only for x G (0, \). In a similar way we consider the 
next example. 

Example 2. Let Uk = 1 + \, k — 0, 1, . . . ,n and a > 1, n > 1. Then 



R n {{t-xf-x) < 



x(l — x) 



n 



for x G (|,1). 

Example 3. Let uj k = 1 + ^r~, fc = 0, 1, . . . ,n, a > 1. Then 

2 2 



Pni1 n«(l - ±) = n° - 1 



0, n — > oo. 



Pn,2 = Pn,l +!«!• 



(2.11) 



Proof of Theorem2. We apply the following quantitative variant of 
Voronovskaja's Theorem for linear positive oeprators L, established very re- 
cently by H.Gonska in [3]-see Example 4.3 on p. 108: 



\L(f; x) - f(x) - L((t - x) 2 ; x) ■ f(x) - -L((t - x) 2 ; x) ■ f"(x) \ < 
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<i. m - xf ., x) .^ f .,i.^M.y (2 , 2) 

where u)(f; e) is the least concave majorant of the modulus of continuity of / 
and e > is its argument. We replace L by R n in (2.12) and observe that 

R n {\t-x\ 3 ;x) B n (\t-x\ 3 ;x) 

R n ((t-xy;x) ~ Pn ' 2 ' B n {{t-xf-x) ~ 

<Pn, 2 -3i/^ + ^^ ) , (2.13) 

for all x G [0, 1]. In the last inequality we have applied Theorem 5.1 in [3]. We 
also have 

R n {{t-xf-x) < p n , 2 ■ x{l ~ x \ (2.14) 

n 

From (2.12) and assumptions made for p nl , p n2 we verify that 
\R n (f;x) - f(x) - l -R n {{t-xf-x) ■ f"{x)\ < 



s 1 , „// m 1 - x(l — x) I „,, / 1 x(l — x)\ 

< x(l - x)- ■ f(x) + -A-± '- ■ u f"; A\^ + ^ '- . 2.15 

n a 2 n \ V n n I 

We multiply the both sides of (2.15) by n and complete the proof of Theorem 
2. □ 

Corollary 1. Under the conditions made in Theorem 2 the following upper 
bound for the error of approximation by the rational Bernstein operator R n (f) 
holds true for all f G C 2 [0, 1]: 

\\Rn(f) ~ /||qo,i] < ^ • ll/'llcw] + Yn ' ll/lc M- (2 ' 16) 

Similar estimates to (2.16) are fulfilled with weights cj&, described in Examples 

1, 2 and 3. In all these examples the weight numbers satisfy the restrictions, 
formulated in Theorem 2. 

At the end let us define two other variants of numbers Uk, namely 

Example 4. 

r 7 7 r"| ct 

u k = -{!--) + - ,0<k<n, (2.17) 

\_n n n 

for a > 0, 5 > 0. 

Example 5. 

k 1 5 

Wfc = | l a + -, 0<ib<n, (2.18) 

n 2 n 
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for a > 0, 5 > 0. Numerical experiments made for a = 0.5,1,3,4 and n = 

50, S = 0, 0.5, 1 show that close to the ends of [0, 1] we have (1.6) with u)k from 
(2.18) and when x is near to | , (1.6) holds true with u^ from (2.17). But 
neither (2.17) nor (2.18) are solutions of our Conjecture. So the statement of 
the Conjecture remains as an open problem-nonlinear optimization problem, 
according to the choice of weight numbers. 

Acknowledgment. This work was done during my stay in January- 
February 2008 as DAAD fellow by prof. H.Gonska at the University of Duisburg- 
Essen. 
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PROPERTIES OF PARAMETER-VARYING DYNAMIC LINEAR SYSTEMS WITH 
PARAMETRIZED PERTURBATIONS. APPLICATIONS TO DELAYED DYNAMICS 

M. De la Sen, Institute for Research and Development of Processes 
Department of Electricity and Electronics. Faculty of Science and Technology. Campus of Leioa (Bizkaia). 

Aptdo. 644 de Bilbao. 48080-Bilbao. SPAIN 

Abstract. This paper deals with a unifying approach to the problems of computing the admissible sets of 
parametrical multi perturbations in appropriate bounded sets such that some fundamental properties of 
parameter-varying linear dynamic systems are maintained provided that the so-called (i.e. perturbation-free) 
nominal system possesses such properties. The sets of parametrical multi perturbations include any 
combinations of parametrical multi perturbations in the matrix of dynamics as well as in the control, output 
and input-output interconnection matrices which belong to some prescribed bounded domain in the complex 
space. The various properties which are investigated are controllability, observability, output controllability, 
stabilizability and detectability as well as the existence of minimal state-space realizations together with the 
associate existence or not of associate decoupling, transmission and invariant zeros. All the matrices of 
parameters including the nominal and the disturbed ones which parameterize the dynamic system may be real 
or complex. The obtained results are then applied to systems subject to a finite number of discrete internal 
delays and parametrical multi perturbations by comparing the state- space descriptions of such systems with 
the general descriptions previously investigated. In particular, the contributions of the delays to the spectral 
descriptions are assimilated to the contributions of a set of varying parameters in a domain for the general 
description. 

Keywords: Parameter-varying systems, Controllability, Observability, Zeros, Multi- parametrical 
perturbations. 

1. Introduction 

The problem of robust stability of dynamic systems has received important attention in the last two decades, 
[1-3]. The related investigations require in general ad-hoc mathematical tools from Mathematical and 
Functional Analysis, [1-4]. Recently, the notion of stability radius has been used for related investigations, [5- 
7]. The stability radius of a linear dynamic system is a positive real number which defines the minimum size, 
in terms of norm, of a parametrical perturbation, belonging to an admissible class, such that the resulting 
system becomes unstable or critically stable provided that the nominal (i.e. perturbation-free) system is stable 
. Such a characterization has been used successfully in [5-7] to investigate the maximum size of both 
structured and unstructured multi parametrical (in general, complex) perturbations so that positive systems 
are maintained stable provided that its nominal part is stable. Further advantages of focusing the robust 
stability problem in that way are that the robust stability of wide classes of parameter-varying dynamic 
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systems, including some described by functional equations, may be studied in a unified way, [5-9]. The 
purpose of this paper is to study the fundamental properties of controllability, observability, stabilizability 
and detectability of parameter- varying linear systems, in a way inspired in the ideas developed in [5-7]. 
However, some variations are that the parameter-varying systems under ( in general complex) parametrical 
multi perturbations are not necessarily positive and that spectral stability radii are not involved since the 
problem at hand is not that of robust stabilization. The main idea is to maintain the Popov-Belevitch-Hautus 
matrix functions [1] for the investigated properties being full rank for all multi perturbations provided that 
the matrix of the nominal system is also full rank. The multi perturbations are of a given structured class on a 
certain domain where the varying parameters belong to. The worst case of the admissible perturbations 
establishes the robustness degree of the property. The extension to unstructured perturbations is not discussed 
since it is direct, and even more simple, than that for structured ones. The study is addressed in a unified way 
for all the properties. In particular, it has direct interest in realization theory since the size of the disturbances 
which maintain a minimal state-space realization of the system may be characterized, provided that the 
nominal realization is minimal. To this end, the best of the two worst cases of losing either controllability or 
observability by the perturbed system of a nominally controllable and observable system ensures that the 
state-space realization is still minimal. A direct extension is that if the nominal system is stabilizable and 
detectable, the best of the two worst cases of losing some of both properties for some multi perturbation in the 
given class still guarantees that any eventual zero-pole cancellation in the transfer matrix is stable. The 
technical mechanism employed to investigate the various properties is the construction of square auxiliary 
matrix functions which are symmetrical positive definite (or Hermitian in the complex case). If their associate 
minimum singular value becomes zero, or equivalently, if their determinants become zero for some 
perturbation while their counterparts of the nominal system are positive then the investigated property is lost. 
One takes advantage that the functions characterizing the singular values and the determinant of a complex 
continuous matrix function are continuous functions on the definition domain of such a matrix function. The 
results are easily extendable to parameter-varying dynamic linear internal and external delays under multi - 
perturbations. There is an important background on time-delay systems, [10-34] including models of neural 
networks including delays, [25-27]. Controllability, observability and stability are very basic properties of 
dynamic systems which make possible a wide range of applications in non-uniform sampling, classical and 
adaptive control, estimation etc. [30], [34], [37-29], [41-43]. Output controllability of the output vector is a 
property with a close sense to the standard controllability of the state vector, [44]. In particular, the study of 
stability of time-delay systems has received attention in [10-11], [15], [19-24], [30-34], the positivity and 
periodicity of the trajectory-solutions have being investigated in [13-14], [27-29], [32], [35-36] and the state- 
trajectory solutions under impulsive controls in [12-13], [15-17] including the case of singular systems, [13]. 
Sufficiency-type conditions for the robust characterization of those properties follows directly from the 
general study based on the fact that time-delay systems might be characterized as nD- systems [8-9], [21]. 
Refinements of the conditions either allowing to derive results dependent on the delay sizes or guaranteeing 
that the properties hold for some cases not included in the nD- system characterizations are also investigated. 
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This is addressed by further considering the spectral characterization of linear delay systems under quasi- 
polynomials. 

2. Notation 

Subsets of the complex and real fields R and Care: 

R +0 :={r£R :Re(r)>0], R + :={r&R :Re(r)>0], R :={r&R : Re(r)<0] 

C +0 : = {reC :Re(r)>0}, C + : = {reC :Re{r)>0}, C _: ={ re C : Re(r )< o} 

which stand for nonnegative, positive and negative real numbers or complex numbers of nonnegative, 

positive and negative real abscissas, respectively. C^;=|zeC;z=ij is the unit circumference in the 

complex plane. 

C W ( R +0 , K p ) and PC^{ R +0 , K p ) with K = C or K = R denote, respectively, real or complex 
vector functions of class q > and those of class q - 1 (if q > 1 ) whose q-th derivative is continuously 
differentiable with piecewise continuous q -th derivative on the definition domain 
R +0 .PC^ a '\R +0 ,K p j denotes the class of piecewise continuous p-vector functions with domain 
R +0 and range K p . 

I n denotes the n-th identity matrix. The superscript "*" denotes the transpose conjugate of a complex 
matrix resulting in the usual transpose for real matrices (denoted with the superscript "T"), detM and 
(j\M )■' = { AeC: det \X I n — M) = 0] denote the determinant of the matrix M and its spectrum, 
respectively. Subsets of <j(m ) are a + (M ):= {1g <j(m ):ReA>0}, 

a +0 {M ):={Aea{M ): ReA>0} ,a _{M ):={lsa{M ): Rel<0}nnda _ (M ).-{Ag <t(m ):ReX<6\. 
The spectral radius and spectral abscissa of M are denoted, respectively, by 
p\M ) : = [max\ A\: Aea(M )} and ju(M ) : = {maxRe A : A <= a(M )} . The singular values of M are 

the positive squares of the eigenvalues of any of the matrix products M M and M * M provided that they 
exist which are real and satisfy a{M)> ct(m)>0 where ct(m) and cr(M)are the maximum and 
minimum singular value of M, respectively. Note that at least one of the matrix products M M and M *M 
always exist. The spectral (or I 2 ) vector norm and associated induced matrix norm are denoted by | . | 2 • 

The interior, boundary (frontier) and closure of a set K are denoted as K ° , K F r , and ct K , 
respectively. 
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f(s ): = Lap(f(t)), f(t): = Lap l (/(«)) is a pair of Laplace transform and Laplace anti-transform 
provided that such an anti-transform exists. 

The Kronecker (or direct) product of the matrices A = [a ■ J and B is denoted by A ® B = [a i j Bj and 
for such a matrix A, vec ( A )= [a , , a 2 , ■■■, a n J with a being the i-th row of A, i.e. 

A =[a j , a 2 , ... ,Cl n ). The boundary (or frontier) of a set Q is denoted as Q 



The complex unit is i = y — 1 . 

3. The parameter-varying system and associate fundamental properties: controllability, 

observability, minimal realizability, stabilizability and detectability 

The parameter-varying linear time-invariant dynamic system to be considered is 

i{ z , t)=(A(z^)+A(z^))x(z, f)+(*(z (,,) ) + *(z (B) ))«(0 (1) 

y (z, t)=(c(z^)+c(z^))x(z, 0+(^(z (D) ) + 5( Z (c) ))«(0 (2) 

, V t e R +0 : = R + u { } , with R + : = { s e R : r > } , subject to initial conditions 

x ( z , 0)= x (z)eC " , where IcC", KcC and FcC" are, respectively, the state, output and 
input linear spaces, and x e C (l) (c *x tf +0 , X ) , y e C (o) (c ? x tf +0 , y) and 

m £PC' '[C'xfi + |,, U jare, the everywhere continuously time-differentiable n- vector state trajectory 

solution, the piecewise continuous p-vector output-trajectory solution, and the piecewise continuous m-vector 
control input, respectively, with p < m < n and q: = qA +c lB +a c + lD + 4, and 

A:C 9 * +1 ->C HXn , B:C q « +l ^C nxm , C:C qc + l ^C px " and D: C ?D + 1 -> C i,xm ; and 

A:C q * +l -^C nxn , fi:C ? " + 1 ^C nxm , C : C " c +1 -> C px " and D: C ?i>+1 -> C px '" are, 
respectively, the (so-called) nominal and perturbation (complex- valued) matrices of dynamics, control, output 
and input-output interconnections whose parameter-varying arguments are defined by the respective 
complex-valued (q A +l), (q B +l), [q c +l) and [q D + 1J- tuples: 

z ( A >; = (l, z j A ), Z2 A ) z { q A ])e{l}xCi^Ci* +1 , z {B) : = {l,z[ B) ,z { 2 B] z f} )e {l }x C «' c C "• +1 

(3) 



Z< C >: = M C) -4 C) z f))e{7}xC^ C C^ +; , Z ( fl >: = (ui D >4 D > z £> ) e {l}xC«- cC 



(4) 
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The (so-called) nominal system is affine parameter- varying defined from (l)-(2) with 

a(z^): = I z! A) A ! ., S (z^)).-=^ z ( B ) Bl .,c( z ( c )).-= 9 Zzi c )c i .,Z)( z (»)).-= L! fl) D, 

i = ! = i' = i = 

(5) 
wherez( A ) = z( B Lz( C )=z( D L;,A( z ^)) = 0,s( z ( B ))=0,c( Z ( c )) = 0and5( z ( D ))=0,and 

A,:C ^C nxn {ieq° A ), B i :C-,C mm (i G q %), C , :C -+C px " (i G # ° ), D , : C -> C pxm (ie?° D ) 

(6) 
with n"."=nu{0}, «~ : = {l,2,... , n } . The nominal system is the (unperturbed) reference one 
to then establish the known nominal bounded domain (i.e. a connected open set) C a0 c C * where the 
nominal system fulfills the various investigated properties for all 

z:=\Z A ' ,z ' B , z' , z' 'J e C a0 and also the bounded domain C a cC d where a class of systems 

(l)-(2), eventually submitted to perturbations, still maintain the particular property under investigation kept 
by the nominal one on C a0 . The class of systems (l)-(2), which include the nominal system as particular 

case, are defined via (3)-(6) for parametrical multi perturbations in a 

set P : =P A xP B xP c xP D ^C " A +1 x C q " +1 x C " c + 1 xC q ° +1 = C q of the form: 



A( Z W).-=! Z ^ j= ! "± Z ^D<t>A<t>E< A >,B(z^):="iz^B l = ' , i "± z\ B h[f> A [f> E<°> 

i = 1 = .7=1 i = 1 = ,/ = l 

c{zM):= 9 ±zPc,= 9 ± I zPD<j>A<f>E<c>,D(zW} = 9 izn = q i "f z\ D h<f> A <f> E«» 

i' = j = ; = 1 1=0 '=0 ,; = 1 

(7) 
where A:C" + S^cC M , B : C q B+1 ^ P B ^C nxm , C : C " c + l -> P c c C pxn and 

D;C to+1 ->P D cC x * with 

A t :C^C n * n {ieq° A ), B ; ;C->C" xm (i e f°), C , : C -* C "*" (i e ?°), 5, C -> C ""■ {ieq" D ) 

(8) 
are defined by A,:="t D<f>A<f>E< A >(ieq° A ), B , ; = I D<*^ {*>£<*> (i e$°), 

J ' = 1 7 = 1 

C,: = I D[f>A<f>E( c >(ieq° c ) a nd D,-= I D^ ^E^ (/ e^), where 

;' = i ;' = i 
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D[f>:C^C pxe ^Mij) e q^nc; D <?>: C ^C ^ y(i,j)sq%xn D 



(9) 



A\f>:C^C ll y{i,j)eq A xn A ; A\?>:C^C u ,v(i,j)eq B xn B 

to t\V*i lC) i \ -o - (D) t\f^ lD) , v _ _ 

A\f>:C^C " ,v{i,j)eq° c xn c ; A\f>:C^C " ,v{i,j)e q ° D xn D 



(10) 



J%->C'' ";£%^'' ^E^.-C^C^^E^.-C^C^ *'" (11) 



The parametrical multi perturbations in the dynamic system (l)-(2) are defined by the matrices (7), subject to 

(8)-(ll), dependent on the argument z:=\Z (A) , z (i> , z (c> , z {D> J which takes values in some domain 

C a of C q . The matrices (11) are scaling matrices common to all the output components being independent 

of the various subscripts (i, j). The matrices in (9) are also scaling matrices of the state versus state 
components, state versus input component, output versus state component s and output versus input 
components. The matrices in (10) are specific parametrical perturbations which become weighted by the 
contribution of the corresponding component of z in C a through the global parametrical perturbations (7)- 

(8). Note by direct inspection that if all the perturbation matrices in (10) are zero then, the dynamic system 
(l)-(2) becomes the nominal one. Note also that an extension of the parametrical perturbations consisting of 
considering the scaling matrices Eqs. 1 1 to be dependent on the indices (i, j) would not become more general 
than that given in view of the whole structure of the multi perturbations (7)-(8). The following matrices are 
defined for each system (l)-(2) (see [1-3], [8-9]): 

Definitions 

3.1 The spectral controllability matrix function is defined by: 

Z c (,, z W, z ( B )).-=(,/ n -A(zW)-A( z W); B ( z W) + fi(z^)) 

with that of the nominal system being Z co (s, z ^ , z ( B )) := (si n -a(z ^): b(z ^)). 



3.2 The spectral observability matrix function is defined by: 

ZoU. (A U (C) )--=(^«-^1^ (A) )-^*t (A) ):c1z (C) ) + ciz( c )))* 

with that of the nominal system being Z O0 {s, z^ A \ Z ^):={sl „ - A * (z ^): C * (z ^ C '))* 

3.3 The spectral output controllability matrix function is defined by: 



486 
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with that of the nominal system being Z oco [s, z^K z ^):=(sl n -A\z ^): B\z ^)). 



3.4 The system matrix function is defined by : 



f 



S( 



s, z 



C(z^) + C(z^) : d(z^) + d(z^) 



\ 



( 



with that of the nominal system being S (s, z): 



J 

,/„-a(*w) ; -b( z ^) 



Note by direct inspection that these matrices depend on the nominal system and the parametrical 
perturbations as follows 



z c (,, z W, z ( fl ))=z co (,, z W, z ( B )) + (-A( z W);5( z («))) 

Z (, Z ( A l z W) =Zoo ( s , z (A), z (c)) + (_ r ( z W): r ( z (c| 



(12) 

(13) 



(14) 



S(s,z): = S (s,z)- 






A 



(15) 



Related to Definitions 3.1-3-4 are the following ones: 

Definitions 

3.5 s £C is an input-decoupling zero of (l)-(2) for a given (z (a) , z (b) ) e C " A +q B +2 if 

raniZ c (j ,z W , z (b) )<«. 

3.6 s eC is an output-decoupling zero of (l)-(2) for a given (z iA \ z ^ c ') e C q " +q c +2 if 
rankZ o (s ,z iA K z (c) )<«. 

3.7s sC is an input/output-decoupling zero of (l)-(2) for a given Z e C 9 if 
max (ranfcZ c (s , z ^ z ' s '), ranfc Z (s , z ^, z ^))< « • 

3.8 s e C is an external input-decoupling zero of (l)-(2) for a given Z e C q if ran/c Z oc [s , z)< p . 

3.9 s e C is an invariant zero of (l)-(2) for a given zeC if rank S[s , z)<n + min(m, p) . 
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3.10 s eC is a transmission zero of (l)-(2) for a given zeC q if it is an invariant zero which is not an 
input-decoupling or output-decoupling zero; i.e. rank S[s , z)<n + min(m, p) and 

rankZ c {s a ,z( A \z (B) )= rank Z {s , z (a) , z {c) ) = n . U 

It is well-known that the system (l)-(2) is controllable (respectively, observable) for a certain z e C q if it 
has no input- decoupling zero (respectively, no output-decoupling zero). Invariant zeros which are not 
decoupling zeros are transmission zeros in the sense that if s e C is a transmission zero for a certain 

zeC q then y = if u\t )= K u e s "' for anyK U <=R if x Q = (input-output transmission blocking 
property) and 

G( IiZ ) = (c( z ) + c( z ))| s /„-A( z M)-A| z l '' , )H^W^W) + (D(z( fl )) + D( z ( fl ))) 

is the transfer matrix of the system (l)-(2) defined as G(s,z )•'= y(s ,z)/u{s ,z) forx = 0. Note that 
decoupling zeros are poles of the system transfer matrix. The transmission zeros are zeros of G(s,z) which 
are not poles of (l)-(2), i.e. which are not eigenvalues of a(z) + A~(z). Note also that if the system is 

controllable and observable all invariant zero, if any, is a transmission zero. Input/output decupling zeros are 
poles cancelled by zeros in the transfer function so that they are not transmission zeros. Finally, note that 
input/output-decoupling zeros are invariant zeros since 

max [rank Z c ys , z^ ' , z B '), rank Z ys Q ,z ' , z '}}<n^> rank S[s , z)<n + min(m, p) 

However, input-decoupling zeros (respectively, output-decoupling zeros) which are not output-decoupling 
zeros (respectively, input-decoupling zeros) are not invariant zeros since 

rank Z c \s , z ^ ' , Z )<n may imply rank S[s , z)=n + m for p> m 
rank Z \s , z ' , z ')<n may imply rank S[s , zj=n + p for m> p 

The system (l)-(2) is said to be controllable if there is a control vector function on [0, T\ such that the state 

takes any prescribed finite value at any finite prescribed time T. It is said to be observable if any bounded 
initial can be computed from measures of the output vector on any finite time interval [0, T\. Those 

properties coincide in the linear-time-invariant case with the respective properties of spectral 
controllability/spectral observability which hold if and only if the spectral controllability/spectral 
observability matrix functions are full rank Vys,z)ECxC a and adopt very interesting particular forms 

for the the case of positive dynamic systems, [37]. Thus, spectral controllability/ observability properties will 
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be referred to in the following simply as controllability/observability. Definitions 3.5 to 3.10 combined with 
Popov- Belevitch- Hautus controllability and observability tests [1] lead to the subsequent result which 

considers bounded sets where the varying parameters belong to defined by C' B 'c|i)xC^ , 
C {B) ^ {l}xC q ° , C < a C) ^ {l}xC qc and C ( a D> ^ {l }xC'» : 

Theorem 3.11. The following properties hold: 

(i) The system ( 1 )-(2) is controllable in a bounded domain C f /' SJ : = C , / J xC f / , cC ? " +,,+2 , 

if and only if it has no input-decoupling zero in C a ' , and equivalently, if and only if 

r ankZ c (s,z^ A \z^)=n,y(s,z^,z^)sIm(s f )xC ( a A ' B >^C^ + ^ +3 
where the discrete function Sf is defined as s f : C % '->a {A[z ' A ')+ A\z ' A ' )). 

(ii) The system (l)-(2) is observable in a bounded domain 

C ( a A - c > : = C ( a A) x C ( a c> c C qA + qc + 2 if and only if it has no output-decoupling zero in C (A ' C) , and 
equivalently, if and only if 

rank Z (s,z {a \ z {c ^)=n,y (s, z {a \ z (c) ) 6 Im(s f ) x C (AX ^ C q * + *' +3 . 

(iii) The system (l)-(2) is controllable and observable in a bounded 

domain C (A ' B ' C ] : = C (A } x C < a B >x C ( a C ) a C qA + q " +q c + 3 if and only if it has no input-decoupling zero 
in C < ^ ) xC ( ^ > and no output-decoupling zero in C '/'xC f a c \ and equivalently, if and only if 
rank Z c I s, z ',Z ')= rank Z \s, z ,Z '\=n , 
V [s, z^ A \z ( B \ z^)g Im(s f )x C (A - BX) <zz C qA +qB+q c +3 . As a result, The system (l)-(2) is 

controllable and observable in C a ' ' o -i3a system (1 )- (2) with dim \x\t))<n for some z e C a 
and transfer matrix 

g(.,z)=(c(z) + c(z))(./„-a( z W)-a( z (a) )]- 1 ( 5 (^)) + b( b )) + (d( z (°)) + 5( z («))) 

(iv) The system (l)-(2) is output controllable in a bounded domain 

C a : = C a x C a xC f a x C ' a if and only if it has no external input-decoupling zero in C a , and 
equivalently, if and only if 

rankZ 0C (s,z {A Kz {B Kz {C \z {D) )=p,y(s,z {A Kz^\z {c \z {D ^eCxC aC C^ + ^ + ^ + q ^. 
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If rank ( C{ z ) + C ( z )) = p in C (A } x C < a B >x C < a c } then the system (1 )-(2) is output controllable if and only if 
rank Z oc I s, z , z , z ')= p 

,v(s,z {A) ,z {B \ z {c) )eIm(s f )xC^xC^xc£)^C q « +l > B+qc + 3 

Proof: (i) The continuous vector function s f :C£> -><t[a(z ' a ')+ A[z ^ a ' )) exists on C„ ' since the 
eigenvalues of the square matrix function A\z ^ a > )+ A I z J exist and are bounded continuous functions on 
the bounded domain C ^ ' . Define the graph of s c on its definition domain 

as G \Sf )-'=\ \co , St [co )): coe C a > . Taking Laplace transforms in (1) gives the equivalent 
algebraic linear equation 

Z c (s.zMzW)(x*(s.zMzW): -u*(s,z^ A \z^)f= Xo 

for any bounded initial conditions X yO, Z , Z ' J = X Q .Take a linear state-feedback control of Laplace 

transform u (s , z (a) , z (b) )= k(s , z ( A \ z ^)x (s , z ^ A \ z (fi) ) for some 

/T: CxC^xCJf'c CxC^xC ?B ->ra«^(^)cC rax " is a matrix function of order mxn. 
Combining the above equations, one gets the linear algebraic system: 



z c 



(s,z^\z^)(l n l-K*(s,z^,z^)f X (s,z^,z^)= X (0,z^\z^) 



Since rank Z c \s , z ',z ')= n then the generic rank of the square n-matrix function 

Z c \s,z^ Kz^ )y n --K \s,z^ ',Z^ ')) , considered as a function of the feedback matrix 

K I s , Z , Z ), is n everywhere in Cx C ^ ' ' so that the above algebraic linear system may be full 

rank at any point of the domain of K I s , z *• hz ■ ' ) if its range is (pointwise) chosen appropriately. As a 
result, 

r an k[z c (s,z {A \z ( fi ))(/„ ■■.-K*(s,z {A \z {B ^)*\<n 

at arbitrarily fixed complex points s\z^ ' , Z *• ' J in C ^ ' ' since any jeC may be chosen not to be an 
eigenvalue of the matrix 
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everywhere in C„ ' ' . Since the eigenvalues are arbitrarily assignable by linear state- feedback the 
system (l)-(2) is controllable if rank Z c \s , z ^ ', z ^ >J=n what proves sufficiency. To prove necessity, 
proceed by contradiction by assuming that rank Z c I s , z *• ', Z *• ')<«. Then, there exists a vector 
^ q e C " for each point in C ^ ' ' such that : 
/Z c (,,r(^)z(*))=0 ~«z* (./„-a(z^))-a(z(-)))=,* (*( z (*)) + 5(z (fl) ))=0 

i.e. q is a nonzero eigenvector of A|z^ ' )+ A (z *■ ' j ,with associate eigenvalue A, , which is orthogonal 
to the matrix B\z *• ' j+^U )■ Direct calculation with (l)-(2) yields that a state trajectory solution 
satisfies i(f,z^ ',:' ')- X q x\t,z^ ' , z^ ') with associate state trajectory solution 

x\t,z ',z 'J-e q q irrespective of the control, V t e R +0 . It is obvious that such a trajectory cannot 

reach any point x = x\ T , z *• ', Z^ ' M e q q at any finite arbitrary time7^> . Thus, the system is not 

controllable in C ^ ' 'which proves necessity. Thus, the system (l)-(2) is controllable for any ze C^ a ' 'if 
and only if 

rankZ c (s, z {A \ z {B) )=n,v(s, z {A \z {B) )eC xC[ A ' B ) 

orank Z c (s, z {A \ z {B) )=n,y( s, z {A \z {B) )eG (s f )xC^ 

^rankZ c {co,z {A \z {B) )=n,y(s,z (A lz (B) )^m(s f )xC {A ^ 

since loss of rank in some point of CxC„ ' 'is only possible for s£(7[a|z' ' ]+ A\z ' )) , which is 
ImysA, from Popov- Belevitch- Hautus rank controllability test. Equivalently, the system (l)-(2) is 

controllable if and only if it has no input-decoupling zero in C ^ ' ' from Definition 3.5. 

(ii) The proof is similar from the Popov-Belevitch-Hautus observability rank test 

rankZ (s,z^,z^)=n,y( s ,z^ A \z^).G(s f ),ci c \ 

and , equivalently , vls,z^ ' , z *• ' j elm^SfjxC^ ' ' , since observability is a dual property to 
controllability through the replacements A — > A , B — » C . 
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(iii) The first part follows by combining the proofs of Properties (i)-(ii). The second part is now proven. 
Assume that there is at least a transmission zero s e C and 

S(s ,z) (x r (s),u T (s)) T = => rankS(s ,z)<n for some (x(s , z ),u T (s , z )) r * (o,o) T e fi " +m and 
some zeC„ since 5 e C is neither an input-decoupling or and output decoupling zero of (l)-(2). Since 

s ea(A(z)+A(z)) 

det S{s 0>z ) = det(diag(s I n - a(z^)-a(z^) ': I, 



xdet 



■ -^I„-a(z^)-a(z^))Mz {B) V~4 {B) } 



= 



«■ y(.y ,z)=0 for some u (s , z )^ 0s R "and some zeC„ if* = and the system possesses the 
input-output transmission blocking property at the transmission zero s = s for some zeCj, ' ' ' . Since 

s £a{A(z)+ A(z)), G(s, z) has no zero-pole cancellation at s = s so that there is no system (l)-(2) 
with state dimension less than n which possess the input-output transmission blocking property for some 

zeCl A ' B ' C \ 

(iv) Its proof is similar to those of (i)-(ii) from the Popov- Belevitch- Hautus output controllability rank test, 
namely, rank Z c [s,z^ A \ Z^ B \ z^ C \z^ D ^)=p, VseCxC a . □ 

Note that Theorem 3.11 also holds if C a is a closed domain. In this case, G\s t J is closed since there is a 
finite number of eigenvalues of each matrix Alz^'j+Alz^'jin C„ '.As a result, all pairs in the set 

Gys f) conform a closed set since C ^ ' is closed. The subsequent results is a direct consequence of 

Theorem 3.11. It is of interest to formulate the various properties for the system (l)-(2) under parametrical 
multi perturbations belonging to a certain domain in an easy testable form provided that provided that they 
hold for the nominal system in an easy testable form. Note also that Theorem 3.11 is not directly applicable to 
time-varying parameters but to varying parameterizations within some appropriate domains. 

Corollary 3.12. The following properties hold: 
(i) The system (l)-(2) is controllable in C ^ ' 'if and only if 



detZ c (s,z {A lzW)>0,v(s,z {A lzW)eCxC^ B ^ 
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^Inf(a(z c (s,z {A lzW)):(s,z {A \zW)eCxC^)>0 
where Z c [s , z (a) , z (b) ): =Z c (s , z (a) , z (b) )z * [s ,z {a \z (b) ) and, equivalently, if and only if 
det Z c [s , z ^ )> , V (s, z ^ ) e G (s f )x C \? ) 

o /«/ ( £ (z c (s ,z W, zW)).-( S , Z ( fl ) ) e G (s f )xcW )>0. 
(ii) The system (l)-(2) is observable inC„ if and only if 

detZ (s ,z {A \z {c) )>0,\/(s,z {A Kz {c) )eCxC^ 

^Inf(a(z o (s,z^,z^)):(s,z^,z^)eCxci A ^)>0 
where Z (s , z ^ A \ z ^): =Z * (s , z W, z ( c ))z [s , z < " A \ z ^) and, equivalently, if and onlyif 

detZ o (s,z( A \zW)>0y(s,z^)eG(s f )xC^ 

^Inf(a(z o (s,z^,z^)):(s,z^)eG{s f )xci^)>0. 
(Hi) The system (l)-(2) is controllable and observable in Cl ' ' ' ifandonlyif 

(iv) The system (l)-(2) is output controllable in C a if and only if Z oc ys , z) has no zero 

singular value Vz e C a and, equivalently, if and only if det Z oc [s , z)>0 , \/(s,z)e CxC a , where 
Zoci s ,z):=Z oc (s ,z)z* oc (s , z) ■ 

Proof: (i) Note that Z As ,z A ',z B 'j is a (n+m)- square matrix which is normal by construction. Thus, its 

eigenvalues are nonnegative and real being the squares of the singular values of Z c ys , z , z^ B 'j. 

Consider again the function s f :C^ ->cr (a{z ^)+ A.(z ^ )) of Theorem 3.11. Thus, the system (l)-(2) 
is controllable from Theorem 3.1 l(i) if and only if 

rankZ c (s ,z {A) ,Z {B) )=n,y( S ,z {A) ,Z { ^)eCxC {A '^ 
orankZ c (s, z (b) ) = n, V (s , z (b) )e G (s f )xcf 
*>rmkZ c ( 5 ,z {A) ,z {B) )=n,v(s,z {A) ,z {B) )eCxcfr B ) 

^detZ c (s ; z W ,Z W )>0,v( S , Z W, Z W)eCxci W » 
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<=>rankZ c (a),z {B) )=n,\/(a),z W )e6 (s f )xC^ 

<=>detZ c (a),z^)>0,\/(o,z (B) )eG (s f )*C^ 

oa(z c (,, z W, z ( B )))>0,v(,, z W )Z ( B )) e CxcL A ' S) 
<*<r(z c (co,zW))>0,v(co,zW)eG(s f )xcW 

what proves Property (i). The proofs of (ii)-(iv) are similar from the parallel properties of Theorem 3.1 1 and 
are then omitted. □ 

Remark 3.13. Since controllability is lost in C a if and only if Z c \s, z *• ') is rank defective for some 
[s ,z^ B ')eG{s f )xC%> [Theorem 3.11 (i)], it turns out that controllability in C a holds if and only if 

g\z c \s,z^ >JJ>0,V[s,z^ >JeG{sj- jxC^' and, equivalently, if and only if 

det Z c [s, z ^)> 0, V [s , z ^ ) 6 G (s f )x C (f ) . As a result, the tests of Corollary 3.12 (i) have 

only to be performed for s <=a[A(z ) + A(z )) for each yz^ ',z' ' jeC^.' ' . Similar considerations apply 
to Corollary 3.12 [(ii)-(iv)]. □ 

Theorem 3.11 and Corollary 3.12 are directly extendable to stabilizability and detectability as follows. First, 
define s + f ° : Dom[s }°)-><t [a[z Wj+A^Wjjn C +0 of graph 

G \s t J: = J yco , s t (&> )j.' « e Dom \st jj where 

Note that Gys * )<^G \sj- J since Dom \Sf) ^Dom [sj- )= C^ ' and there is a natural projection 
functional :Dom\p r + J= Im[sf)^- Im^s + r J<^Im[sfj. 

Corollary 3. 14. 

(i) The system (l)-(2) is stabilizable in a bounded domain C a if and only any of the following equivalent 
properties hold: 

(i.l) All the input-decoupling zeros in C '„ ' , if any, have negative real parts 



(l2)rankZ c (s,z^ A \z^)=ny(s,z^,z^)eIm(s + f )xC^ 

(U)rankZ c (s,z {A) ,z {B) )=n,y( S ,z {A) ,z {B) )^C +0 xci A '^ 
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(i.4) detZ c (s, z {B) )>0,v(s, z {B) ) eGJj/jxcW 
(i.5) a(z c (G(s,z^)))>0,y(s,z^)eG(s} )xC^ 

(ii) The system (l)-(2) is detectable in C a if and only any of the following equivalent 

properties hold: 
(ii.l) All the output-decoupling zeros in C ' a ' ^ , if any, have negative real parts 

(ii.2)rankZ ( S ,z {A) ,z {c) )=n,y( S ,z {A) ,z {c) )^C +0 xc[ A ' C K 
(iU)rankZ (s ,z {A) ,z {c) )=n,\f(s,z {A) ,z {c) )^Im( S } )xci A ' C K 
(ii.4) detZ {s, z (c) )>0, V (s, z (c) )eG (s}°)xC ( a c) 
(ii.5) *(z c (G(s,z {c) )))>0,\/(s,z {c) )eG(s + f )xc{ c ^ 

Remarks 3.15. The system (l)-(2) is said to be stabilizable if there is no input-decoupling zero in C 0+ . If 

the system (l)-(2) is stabilizable then there exists some state-feedback control law u: R 0+ xX — > U such that 

the system (l)-(2) is globally asymptotically Lyapunov's stable under such a law. The system (l)-(2) is said 
to be detectable if there is no output-decoupling zero in C +0 . From Theorem 3.12 and Corollaries 3.12 and 

3.14, it turns out that if the system (l)-(2) is controllable (respectively, observable) in C a then it is 
stabilizable (respectively, detectable) in C a . Also, if the unforced system (l)-(2) is globally asymptotically 
stable in the Lyapunov's sense on C a (i.e. the matrix A{z^ ')+ Ayz^ 'J has all its eigenvalues with 
negative real parts for all z A ' ^Cy' then it is also stabilizable (even if it is not controllable) and 
detectable (even if it is not observable) since the spectral controllability, respectively, observability matrices 
are jointly full rank on C +() xCj, ' ' , respectively, C +0 x C\ ' ', 

u 

Remarks 3.16. Note that the conditions implying the corresponding determinants or minimum singular 
values to be positive to guarantee each of the controllability, stabilizability, observability and detectability 
properties in Theorem 3.11 and Corollaries 3.13 and 3.14 is sufficient in a bounded domain. However, the 
boundedness of determinants and maximum singular values is also needed to guarantee each property in an 
unbounded domain. 

u 

4. Maintenance of the properties from those of the nominal system 
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In this section, attention is paid to the normal matrix Z c [s, z {A \ z (b) ) =z c [ s > z (A) - z (B ') z c(- s '> z W , z (b) ) 
to obtain conditions for maintaining or loosing controllability under parametrical multi perturbations of a 
certain size provided that the nominal system is controllable. In the analysis, it is taken advantage of the fact 
that such a matrix is square and nonsingular if the system is controllable. Furthermore, if the matrix 
(a(zW) + a( z W);b(zW) + b( Z W)) is Hermitian, so that (,/ „- (a(z W)+ l(z {a %b(z &)+ B~(z (s) )) is 

also Hermitian, then the eventual loss of rank of Z c is, z , z ^ B 'j for some^Z , Z ') only occurs for 

S e C being some singular value of Z c [s, z ' A ' , z ' B 'j, i.e. for some eigenvalue of A\z ^ A 'j+ A [z ^ A 'j. In 

the general case, the loss of rank can occur also for eigenvalues of A I Z ^ ')+ A I Z ^ J. A close 

discussion is directly applicable to stabilizability and direct extensions, by modifying accordingly the 
matrices, are also applicable to observability, detectability and output controllability. Using (12), 

Z c (s,z^,z^) = Z C0 (s,z^,z^) 

x(/, + (z C0 (,,zWzW)z- C0 ^ 

provided that Z co [s, z ^ A \ z ^):=Z C0 [s, z ( A \ z ^).Z * co (s, z ( A \ z ^) is nonsingular, i.e. its 
minimum singular value is positive , that is, there is no zero-input decoupling zero of Z c0 [s, z , z^ B 'j. 
Expanding the first identity of (7), one gets: 



(-A(zW):5( 2 «)) = (-,(-)/,:,(-)/, )^ 



(AB) 



(17) 



with 



.^j 6 \ Oj 1; 9 fl ;/V °7 U q B J I 

Eq. 16 may be rewritten under (17)-(18) as 
ZcUzW.zWMco^zW.zWJl/.-HicoU^W.zW)- 1 



-co 



(18) 
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+ (-z (A) I n \ z {B h n )A^ A^y (-z^ A h n -: zl B h n Y] (19) 

A direct result follows: 

Theorem 4.1. The following properties hold: 
(i) Assume that the nominal system (l)-(2) is controllable in a bounded domain C C0 cC'' ,+ ' ,+2 , Then, 

there exist parametrical multi perturbations (-A(z ' A 'j: B[z ^ B 'jj satisfying (17)-(18), defined by maps 

C c cC C0 — ^P^xPgcC nx \ n + m > sucn that the perturbed systems (l)-(2) are also controllable, and 

equivalently they have no input-decoupling zeros in C , within each given bounded domain C c cC C(l . 

All those multi perturbations are subject to a computable norm upper-bound depending on C c . 

2 

(ii) Assume that there is some nonzero vector V Q e C " which is some linear combination of the columns 
of the matrix 

q(z {a) ,z {b) ):=\ -Y J Y J ^ A}D< it'® E[Ar '• II^X 8 '® £(8) 

for some given C c a C co . Then, there is a parametrical multi perturbation within the class (7) which 
violates the norm upper-bound referred to in Property (i) such that the system is uncontrollable in C c . 

(iii) Assume that the nominal system (l)-(2) is controllable in C C0 =C qA " and that the scaling 
matrices E *■ ' and E *• 'are both full rank. Then, there exist parametrical multi perturbations 

(-a(z (a) \:b(z {b) )) satisfying (17)-(18), defined by maps C ? ' t+?B+2 -> P A x P B a C n < n + m ) such 

that the perturbed systems (l)-(2) is not controllable in C q,K q B 

(iv) Properties (i) and (iii) also hold "mutatis-mutandis" for stabilizability with the modification that the 

perturbed system is stabilizable in Property (i) if and only if it has no input-decoupling zeros in C +0 . 

(v) Properties (i) -(iii) also hold for observability by replacing C ?/1 q B — » C A c , 



e( z (A) ,z (B) )^e'(z (A) , z (B) ).-=f-i i z< A >*D<f>*® E ^ ; "i n f z < c > D <f>*c*^ 

V i=0 j = l ... 



i = j = l 



(-A[z^):B[z^))^(-A[z W)*:c(z^)*) and the modification that the perturbed system is 
observable in Property (i) if and only if it has no output-decoupling zeros in C . Properties (i) and (iii) also 
hold "mutatis-mutandis" for detectability with the changes £ Ia+i B + 2 ^,£ Ia+i c+2 ^ 
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q(z (a) ,z^)^Q'(z {a) ,z (b) ), (-A( z W);fi( z W))^(-A( z W)*;c(z( c ))*)and C^C +0 in Property 
Proof: (i) Since the nominal system (l)-(2) is controllable in C co , 



0<e co < 



sup(|z C0 (s, Z ( A ), Z ( B ))| 2: s e a(A( Z (-))),( Z W,z(B) 



;C 



co 



= sup(x max (z C0 (s, Z ( A ), Z ( B ))) : s e a(A( Z ( A ))),( Z ( A ), Z ( B )) eC ^ )<8 C0 <^ (20) 

where Z co (s, z^ A \ z ^): = Z co (s, z^ A \ Z ^) Z * co [s, z^ A \ Z ^). Inequalities (20) hold since 

the maximum eigenvalue is bounded positive real and equalkes the I 2 -norm because Z co ys,z ' , Z ') 
is (at least) positive semidefinite in C co and since the maximum eigenvalue, as being a continuous function 
on its definition domain Cqq, reaches its maximum on the boundary of such a domain. Equation (20) 
implies that 



0<5 co <sup 



'CO 



(s, »,.(*)) 



2 :sesecj 



(A(z( A ))),(z( A ), Z ( B )) eC g |< e -|,<x ,21, 



Since the nominal system (l)-(2) is controllable in C co , so thatZ c0 [s, z , z B 'j is positive definite in 
C x C co , then Z c \s, z ^ ' , z ^ B 'j is positive definite in C x C c c C x C co from (19)-(21) with the domain 



C, 



defined 



such 



that 



\> S - C \{2S CQ +S)S 



and 



■"'/' ll| ( " z (A } I n • z {B ] /„ ) A {AB) \\ 2 :(z (A) ,z {B) ) e C c )< 8 for each C c cC C0 from Banach's 
Perturbation Lemma, [40]. Thus, C c exists defined by u Dom\A yAB A of all the parametrical multi 



perturbations A ( ' e P AAB r^C 



2nx(n + m ) 



with: 



P AAB :^ AB \Dom{A^)^C 2n ^ n + m \sup{-z (A h n \z (B h n ) 



(AB\ 



(:(z( A \z^)eC c )<S:=Js 2 C0+£c0 -5 



CO 



AB 



where P AAB depends on C c and is formed by all the parametrical perturbations A y ' e P AAB which 
satisfy: 



a 



( A (AB)). 



[AB 



2 < 5 / A sup 



^ 



\:{z^\z^),C c ) 
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Thus, the system is controllable within prefixed bounded open domain C c a C co for all parametrical multi 
perturbations in the set: 

P*xP B ..-{(2( t M):8( t «)H «(*),.;«(»)/. )^(^( 1 W. 1 C)) sCc ^(^ s p 4U J 

(ii) Parametrical perturbations vM^ )• ^U I) with the structure 

t D ( o y A ( Q A) E (A> : t D ( B> A ( B> E (B> lie in P A xP B from (7). Note that the linear 

KJ=i ' ' i=i ' ) 

algebraic equation Q\z ' ,Z ) x Q = v Q has at least a solution for v q being of the given form and 
x Q : = (vec T (D\*Hij)eq:xn A ),vec T (D^\-(ij)eq° B xn B )) T 
Direct calculations in (19) yield that det Z c [s, z ' S Z ^ B ')=0 , 

ra^Z c (^ Z W,z( B ))=ra^(z C0 (^zW,z( B )) + (-A(z( A ));5(z( B ))))<« for 

(s,(z f ,z JJeCxC c since there exists a nonzero V Q such that 

(z co ( s ,z {A \z^I n+ Q(z^,z {B) )0x*Jv Q =O 

and the proof of Property (ii) is complete. 

(iii) Since the nominal system is controllable, 0< e 1 < det Z co \s, z ,Z ']< £ 2 < co so that 
0<s - 1 <detZ C0 (s,z {A) , Z {B) )<£ ~ ] <°o, v(s,z (A) ,z (B) )eCxC^ +,? « +2 . Then, from (19), 



since 



some 



2 

it follows that 



1. There are infinitely many parametrical multi perturbations (--A)*: ^'): B\z )), defined by a map 
d:C q * +q " +2 -> /> A xP „cC " x ^" + m ^ satisfying (17)-(18) and fulfilling that 
rank I — z ' I n : Z ' I n )A^ ' = n . Note that such parametrical perturbations always exist from (17)- 

(18) since E ( A "> and E (b "> are full rank. 

2. There exist continuous functions g j : C xP^xP 6 ->C and 
g 2 : C Qa +q » +2 x P A x P B -> C +0 from (19) satisfying: 

g t (z^\z^ B \A^))=o{ A^ AB ) 'lfbri-1,2; y( z ^ A \z {B) )eC^ + ^ +2 
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g2 ( z (A) >z (B) A (AB)) >()[f ( z (A) >z (B)^ 

Then, 

detZ c (s,z {A Kz {B) )> s' 1 \l + trace {s 3 £]')+ o(s 3 s] 1 ) ) 

for some£- 5 Gi? as C <? " +(? « +2 3 [ z ( A \ z ( B )j^> oo(the infinity point in c qA+q ' +2 ) and then the 
perturbed system (l)-(2) is not controllable (see Remark 3.16) what is a contradiction. The proof of Property 
(iii) is complete. 

(iv)-(v) Their proofs are similar to those of properties (i)-(iii) with the given modifications and the 
replacements Z co (s , z {A \ z {c) )^ Z 00 (s , z {A \ z {c) ), Z c (s , z ^\ z^Z (s , z ^ , z ^). u 

Remarks 4.2. The extension of Theorem 4. 1 to output controllability is immediate by invoking Definition 
3.3 and Theorem 3.11 (iv). Also, note that if the state-space realization of the nominal system (l)-(2) is 
minimal in a certain domain, then Theorem 4. 1 provides testable conditions to guarantee that the realization is 
maintained minimal for a set of parametrical perturbations (17)-(18) in a certain domain included in the above 
one if controllability and observability hold jointly in such a domain. 
u 

Remarks 4.3. The various properties might also be investigated by the nominal system defined at some 
z O = \ z o > z o ' z o > z o )^C q where the corresponding property holds. For this purpose, the 
replacements below are used to apply Theorem 4.1: 

~a(z^1(z^):=~a(z^) + a( Z M)-a( Z H b( Z ^S( Z ^):=b( Z ^) +B ( Z ^)-b( Z £»>) 

c( z (c))^£( z ( C )) ;= c(z( c )) + c( Z ^^ 

by redefining the parametrical perturbations in certain domains of C q containing z and z o and 

Z = (z {A) ,Z {B \ Z (C) ,Z (D) )as I(z^), l(z (B) ), £(z {C) ) and 5( Z ( D )). Then, domains 
where the studied property is kept from the nominal system may be obtained in this way. □ 

5. Application to time-delay systems with point internal and external delays 

Now, consider the following extension of the dynamic system (l)-(2) including discrete ( point) delays: 

x(z,t)^(A(z^)+A(z^))x(z,t)+(B(z^) + B(z^))u(t) 
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-t(A l (z^) + A l (z"'>))4z.l-h l ) + t(B l U i,,, )^B l U' ,i} ))"U,'-'' l ) 



7 = 1 y=i 



(22) 
y(z, t)=(c(z^)+c(z^))x(z, t) + (D(z {D ^ + D(z {c ^)u(t) (23) 

fully described by (l)-(2), subject to parametrical multi perturbations (17)-(18), rj internal (i.e. in the state) 
pair-wise distinct point delays h • e \0 ,h • j<z R +0 , V j erf and k external (i.e. in the input) pair- 
wise distinct point delays h j e ,h j \cz R +0 , V jeK . The intervals [o , h r\j and , h Q are 



the admissibility domains of the corresponding internal and external delays, respectively. The external delays 
could be considered to act on the output instead of on the input with no loss in generality. The initial 
conditions are defined by any bounded piecewise absolutely continuous vector function with eventual 

isolated discontinuities (b:\-h ,ol->C" where h:= Max \h A If u e PC (°Hc q x R +0 , U ) then a 

l<j<7J J ' 

unique solution exists on R + for each given <f) : \—h ,0\— >C n , [8], [10], [12]. To set an appropriate 
framework related to that of the preceding sections, consider q - tuples z and Z „ in C q with 
q: = q+q Ad + q Bd =q A + q B +q C + to + 4 +( lAd + <lBd ■ 

z: = (z {A Kz^J C \z^J Ad \z^); Z p ,:^(z iA Kz (B \z {C Kz (D \z { ;:\z { ;A) (24) 

where 

(Ad)._( (Ad) ( A d) ^ (Arf) ^ (Ad) (Arf) ^ (Ad) 



Z P<P : ~{ Z l PU V ,' Z \ PUcp 2 >->Z\ Pl^ lp ^-' Z qAll PU<p l ' z qAcl P2^ <Pl '-,Z qM P 71<(p ^ 

(25) 
-(Bd) ( (Ad) ' , (Bd) ' . (Bd) ' , (Bd) ' , (Bd) ' (Bd) ' /) 

Sv ; = l z i 'Pu^>A >P2^ 2 ,-.z\ >p k < <Pk '--z\Jpu< Pi .z\Jp2 <(P ' 2 '-.z\Jp k « Pk ) 

(26) 
and q - tuples being complex vector functions from C x C q to C q 



z 
hi, 



(s): = (z^,z^,z^\z^\z{ Ad \ S ),z^ d \ S )) (27) 

where h :— [hi , h 2 , ... , h„ J and h := I h j , h 2 , ... , h K I are tuples formed with the sets of internal and 
external delays, respectively, and 

l (Ad)(A .( z (Ad) e -h 1 s z (Ad) e -h 2 s _ ..._ z (Ad) e -h „ s ^__ ^ ( A d) g -h ,s (Ad) g -h 2 S _ .. ,^ (Ad) g -h „ s \ 
* ' ^ 1 ' ' ' 1 ' q Ad ' q All ' ' q Ad j 

(28) 



DE LA SEN: ABOUT DYNAMIC LINEAR SYSTEMS 501 



-{Bd)i 



f 



z . >{s): 

It 



z ( Ad ) e - h \\ z ( Bd ) e - h 2\ ... , z (Bd) g - h K s r .. ^ z (Bd) e -h lS ^ z (B<i) g - h 2 ° ^.^ z (B<i) g - h K ■ 

1 ' ' iBd iBd c lBd 



\ 



(29) 

V<p j , (p f e [O ,2n ), Vp . , p ei? + , (yerf.^eic) where y <e : = y(cos6 + isin6) is a 
circumference of radius y centered at zero in the complex plane. The dynamic system (22)-(23) may be 
equivalently described through an algebraic linear system by taking Laplace transforms with zero initial 
conditions as follows: 

'.,/„-A(z^)) + A(z^))--! i (A J (z^)) + A J (z(^))) e ^"Ox( z ,0 

(z^) + b(z^)-Z (A ,.(*("))+ A, .(*(*') ))e- h 'Au(s ) = (30) 



7 = 1 



j( z ,,)=(c( Z ( c )) + c( Z ( c )))x( Z) s) + (d(z^) + d(z^))u(s) (31) 

Note by direct inspection that there exist surjective mapping of the set of tuples (28) to the set of tuples (26) 
and from the set of tuples (29) to the set of tuples (27) by considering them as functions from C to 

[o,h i)x...x[o.h ,)xff 2 '' x« +0 x[o,2^) and to [o,h ^...x^.h n )xR 2K xR +0 x[o,2x), respectively, by associating 

s-a + i(s)^p k =e~ hk ",q> k = h k oo; Vfcerf and * = cr + i»-> p =e k ,(p k =h k co; V&eic, 

respectively. However, those mappings are not one-to-one, in general, for all the admissible sets of delays, 
since the inverse maps: 

[o,h l )x...x[o,h tJ )xR 2 '> xfl +0 x[o,27r)<=ff" +2 ^cand r 0j j,'X...Jo.h' K y R 2 ^ x « +0 x[0,2^)c«' r+2 ->C 

do not have the same definition domain as the respective ranges of the original mappings. The first inverse 

mapping only exists if and only if — — — are identical and real ,Vk <=rf and also if — — are identical, real 

h k h k 

r \ — l n P 

and belong to [0, In ) , VA: e r] . The second inverse mapping only exists if and only if r -*-= K e R , 

h 

k 
<P ■ r \ — 

— j-= K e [0 , 2 k ), V£ e K . The simultaneous existence of both inverse mappings require the fulfillment 
h 

k 

of joint constraints: 

In p ; In p m ■ m , r . 

— -^- = , k =K eR, ^-J-=—^=K e[0,2;r); Vy e T| , \/k £K (32) 

hj h k h J h k 
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Remark 5.1. The properties of controllability, observability, stabilizability and detectability of the system 
(30)-(31) in a domain may be directly tested by extending directly Theorem 3.1 1, Corollaries 3.12 and 3.14 
and Theorem 4.1 under the subsequent guidelines. It turns out that if the constraints (32) are not invoked, 
only sufficient conditions may be obtained by extending the results of the preceding sections for each tested 
property by considering the tuples (24)-(26) in the tests. If, in addition, the constraints (32), associated with 
(27)-(29), are required for given sets of internal and external delays then necessary and sufficient conditions 
may be obtained by extending such tests from the delay-free case. If the tests fail only for certain sets of q - 
tuples (24)-(26) in some given domain, which do not fulfill (32) for given sets of delays, then the system 
fulfills the tested property for that set of delays. The property is also lost for the sets of delays which do not 
fulfill the test for the tuples (24)-(26) which have a solution under the constraints (32). If the test does not fail 
for any tuple (24)-(26) in some domain then the system fulfills the tested property independent of the delays 

i j • t i v " (A) ^( (A) * (Ad)\ (B) v | (B) ~ (Bd) I , 

in such a domain. In summary, replace q^>q, z — Mz >Z n ,„ I, Z — Mz , Z - I and 

extend Definitions 3.1-3.4 to the system (30)-(31) to then generalize the various results in Theorem 3.11, 
Corollaries 3.12 and 3.14 and Theorem 4.1 to the system (30) -(31) subject to delays. Then, 

1. If any investigated property (namely, controllability, observability, stabilizability or detectability) 
holds for all z (defined in (24)) in a domain then the property holds within such a domain independent of the 
delays, i.e. for all sets of r\ internal delays and K external delays ranging from zero to infinity. 

2. Assume that two sets of internal and external delays are given and assume also that the investigated 
property holds for all z except at isolated points in a certain domain. Then, if some of the constraints (32) fails 
for the given sets of delays for all those all points in the domain then the system possesses the investigated 
property for the given sets of delays. If no sets of delays are specified, then the investigated property except 
holds for all delays in the admissibility domain except for those where some of the joint constraints (32) fails. 

3. If the investigated property fails at some z only for sets of delays which fulfill (32) then the system 
maintains such a property for all delays in their admissibility domains except for those which fulfill (32). 

The following technical result is useful for testing the controllability of the time-delay nominal system. The 
perturbed system is guaranteed to maintain controllability if the nominal one is controllable by incorporating 
extended sufficiency-type conditions from "ad -hoc" extended versions of Theorem 3.11, Corollaries 3.12 
and 3.14 and Theorem 4.1 (see Remark 5.1). For the remaining properties of observability, stabilizability and 
detectability, the result is extendable "mutatis-mutandis" with the corresponding changes. 

Theorem 5.2 Assume that C^.^C^xC^xC^/W^'cC^ is bounded where 

Q c •' ' = 1a + 1b + lAd + iBd + 2 • Then, the following properties hold: 

(i) The nominal system with delays (22)-(23) is controllable independent of the delays on c (^' Bd 'if 
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det(z C0 (a,z))>S>0,\f(a,z)eR^ + K+l x[0,27r)'' + K+l xC ( a Y ) 



where 

&:= [(J ,p 1 ,p 2 ,...,P r , ,Pl,P 2 ■■■> P k ><*> > <Pl> (p2>->(Pr, > 9 1><P 2 •••> <P J e R ' 1 + K + 1 x [° > 2 ^) 7 + ^ ' 

/«/?,- ?«Pj arc cos (pi arc cos (p j 

which satisfies all the constraints a = = H- , 0) = — - = ; — , 

h t hj hi hj 

V(i,y)e rjx k for any two sets of distinct nonnegative real numbers | h \,h 2,—,h Tj j, 

\h ,h ,...,h' \. 
!■ 1 2 k > 

(ii) The nominal system with delays (22)-(23) is controllable on C ^ ' ' ' for a set of r/ positive distinct 



internal delays | h } , h 2 ,—, h „ } and a set of K positive distinct external delays \h ,h ,...,h 

provided that 

det (z co { a, z )) > S>0, V (a , z )e R " + K + l x [0 , 2k) ^ k + x x C [ A B ' d) 

where 

a:=(<j ,p ] ,p 2 ,...,p tJ ,p ] ,p 2 ...,p K ,a,(p l ,(p 2 ,...,(p tl , q> ,,(p 2 ..., (p K )e R ' 1 + K+1 x [0 , 2n) n+K ~ ! 

In pj Inp ; arc cos m ,■ arc cos cp ■ , , _ - 

satisfies a = — - = r^- , co = — = ; , v yi, j )e r/ x k . 

h ; h ■ h : h ■ 

(iii) Finite covers of C^ ' can ^e constructed such that sufficient-type conditions of controllability of 

Properties (i)-(ii) of the nominal system (22)-(23) on CL' ' may be constructed involving a finite numbers 
of computations. 

Proof: (i)-(ii). The proofs of (i)-(ii) follow directly from the structure of the delay system (22)-(23) and 
Remark 5 . 1 

(iii) It is organized in a very technical way. Note that the matrix function Z co I s , z , Z j is Hermitian 

(and thus normal) by construction even if the various matrix functions defining the system (l)-(2) are not 
Hermitian. Assume that C R is a bounded open or closed circle of finite radius R centred at the origin of C 

2 2 

and that R R is a circle of the same radius centred at the origin of R which is open if C R and closed if 
C R is closed . Then, there is a natural mapping from C R x C ^ ' ' to R R x C^q ' ' associating each 



matrix Z C0 (s,z {A \ Z (B) ) m C x C ( ^ B ' d) to a matrix Z co (a, CO , z (A \ Z (B ] ) in R \ x C { a 



(A,B,d) 







where <j = Res and co = Im\s). Both matrices have the same spectrum which consists of a set of 
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u < (n + m ) real vector functions A ,- ; R R x C ^ ' ' '— » if 0+ (iEu) of multiplicities o i ■ ( i e v ) 

which satisfy X u , = ra + m . The numbers /L ,( i g tJJ, 6> , u , ( / g u) depend on each tuple in 
i = l 

CjjxC' j ' , equivalently, on each tuple in S s xC' a0 ' ' ' . If each element of the spectrum A ; ( i g u) 
of multiplicity v i ( i e U) is considered as u , identical elements, then there is a bijective mapping from a 
continuous vector function 1 C .C R xC ^ A ' B, ^-> « l" +m ^ to another one 1 ff2 : R \ x C ^' S,</ ^ « l n + "^ ■ 
Since the images are identical, it is not made distinction between A c and A „ 2 by using simply the 
notation A for both vector functions in their definition domains. It is obvious that controllability of the 
nominal system (l)-(2) over C ^'^holds if and only if A: R 2 R xC ^'^ "* R !" + '^ ■ Now > if 
C ad ' ' s sirnply connected, closed and bounded, then can be covered by a finite cover from Heine-Borel 
covering theorem. First, assume that C ^ ' ' 'is connected, closed and bounded and R R is closed then a 
finite cover Co [ A Q B,d ^ exists forR \ x C^ B,d \ since R 2 R xC^ B ' d > is bounded and closed. 
C° ad ' is the union of finite covers for each of its L connected components/?^ x C^, ' ' ' [£sLJ 
with L< 00 since C^ B '^ is bounded, Then, Co ^-^ =\J L ( R 2 R x C^ 8 '^). Subsequently, 



assume that C a ^ ' 'is not closed (for instance, open or semi-open) with identical remaining hypotheses as 
above. Then, there is an open bounded set Coo ^ B ' d ^ R 2 R xC ^A B ' d ) = U (Rr*C %A B / d 

( = 1 V 

Thus, a denumerable cover exists for Co ^ ' ' ' from Lindel 6 ff covering theorem but it still exists a 
finite cover Co ^ ' ' ' of R R x C ^ A ' satisfying the set inclusion chain: 



Co ad 



U^^^c^^.c^^^U^^^c^') 



L r ,2 ^(/l,B,rf) "> f <l D ./I i 



from Heine- Borel covering theorem for cl Coo ^ ' ' ' ( which is bounded and closed) where 

C ^ q £ q 'z>C^q»' ' (^gLJ is a finite collection of open bounded sets. As a result, a finite cover 

C° a °f ^ « x ^ L 6 always exists if C ^ q ' 'is bounded and connected. The finite cover : 
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i.eL .,jeq A +q R 



for some prefixed small real s e /? + is a finite union of disjoint hyper-rectangles defined by 

^• 1 ,...,,, +2 -- = l(^.».z)^|xC^ B ' d) :(cT,»)EU. . _ _ H jk {z) 

w ' ' (7 0) 



ij- 1 

I < 
1=1 ' 1=1 



\z 1 ,z 2 ,-,z qA+qB ),-R AB + I s ( <z j<-R AB + Us , +£ ,V j&q A + q j 



V i • e L • , Vjeq A +q B where i? AB is bounded positive large real number, where 
^ t (z): = {(a.».z) 6 JjJxC^) 

l=\ t=\ t=\ t=\ 

V z&C^ a( j ' ', Vj<EL a , yk<EL 0} .Then, \J _ _ H : k (z ) is a finite cover composed of open 

\j,k) = L ff xi m 

rectangles over a large open square in R for each z in C a ' ' . It is quite obvious that, since any 

characteristic zeros of the nominal system (l)-(2) are at a finite distance from the origin if the characteristic 
equation has a principal term and the characteristic quasi-polynomial is monic in the Laplace argument s then 

the stability may be tested for any z over the union of H k [z ), for j e L a < oo and over H \C ^ ' ' ' J for 

any parameterization in C ^ ' ' ' . If the nominal system is controllable then the open rectangles H ■ k \z) 

foranyz = [z^ ', z *• 'Je C^ ' ' ' are constructed as follows. Define: 

/o ( CT ,«, Z ( A )z( B )).-=^(z co ( CT ,«, z ( A U( B ))) 

Since the above function is analytic everywhere in its definition domain then for given strictly increasing real 

sequences { a ,}^ ,{ co ,}^ ,\z ,-,- ) o (j 6 ^a + ^b/ and for any real numbers cre^cr t , a i+1 J, 

&>e(&> ; , &> (+7 ), z ^ e(z ;i - , z y,/ + J, Vy'e q A +q B being the components of z = \Z ^ A ' , z^ B 'j: 

\fo^^,z^\z^)\ i >\f ^ i ,co i> z^z^%(a-a i )\f 0a (a i> co i> z^\z^)\ 

-{ a -o )i )\f' 0o) (a,,o )i ,z^\z^)\- qA i qB {z } -z J ) / 0z .( CT ,«,z^) Z ^))>^>0 

provided that the above strictly increasing sequences are chosen subject to 

\a i ,w i ,z u ,...,z q + q i )£R R xC) z0 
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tr t < a i+1 < a ,+s „ co ,- < co i+1 < 0) t + £ ,-, z jt < z jJ+1 < z n + e t , V;e q A +q B 

for any real 8 , fulfilling < e .■ < -, v , where 

{q A + q B+ 2)M i 



M j : = max 



[\f' 0<r (a,a>,z^\z^)\. \fU°i'"i-z iA) -' { %\fo Ij (°.*.z {A lz {B) )[je9A+9B) 



which is finite since R r xC^q ' ' is bounded. Then 

H(c^ B ^} = U _ H h ,...,, Dfi 2 R xC { a A B ' d) ^ a finite cover of 

J J J H A H B 

R r x.Cqq ' ' provided that H t i are hyper-rectangles defined by 



<T, < a i+1 < a ,+e ,, co i < co i+1 < co i + s u z ^ < z jii+1 < z jt + £ ,-, V j e q A +q B and 

that the real sequence { 8 i } q is bounded and positive satisfying S ;>S for some real J > . As a result, 

the existence of such a finite cover implies the controllability of the nominal system (l)-(2). If the 

5 1 

construction of the cover satisfying the condition <s ,• < -, > with 8 ,• > J > is 

{q A +q B +2)M i 

impossible then the nominal system is not controllable. 

Remark 5.3. Theorem 5.2 combined with Remark 5.1 yields direct sufficiency type conditions for 

controllability of the system (22)-(23) on some bounded C\' ' 'cCL' ' ' independent of or 

dependent on the delays when subject to parametrical multi-perturbations. Note that as alternative to tests on 
determinants, tests on the singular values of Z co {&, z), or on the eigenvalues or matrix ranks of 

Z co ( <r, z ), may be applied. Extensions involving input and output decoupling zeros are also direct but 

specific derivation is omitted by space reasons. On the other hand, the remaining properties may be 
investigated as well with simple modifications of Theorem 5.2. In particular, 

(1) Stabilizability tests follow from Theorem 5.2 for aeR +0 only. Output controllability tests follow by 
replacing Z co ( a, z ) with Z co ( a , z ) in Theorem 5.2. 

(2) Observability tests on some bounded setc^ A r: c ' d 'follow by replacing cU' B,d 'with 
c U,c,d) ;=c (A) xC (^c) xC (Ad) xC (cd) and thenusing z o0 (a,z) instead of Z c0 (a,z) in Theorem 
5.2. 

(3) Detectability tests on some bounded set C^ ' ' ' follow by replacing C ^ ' ' ^with C^ ' ' 'and then 

using Z O0 (a,z) instead of Z co ( ex, z ) in Theorem 5.2 for a eR +0 only. 
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Theorem 5.2 can also be applied for testing the controllability nominal delay-free system (l)-(2). However, in 
this simple case the conditions may be investigated by testing a finite number of (in general) complex 
eigenvalues ofz co ( a , z), or (real) singular values of Z co ( a, z). In this case, the construction of a finite 

subcover is easier than that involved in Theorem 5.2 since the above number of eigenvalues/singular values is 

finite for each point in a bounded set C^ ' 'instead of a finite number o functions with infinitely many 

associated point eigenvalues. □ 
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Abstract 

Using the second order Taylor expansion of a function f(z) in complex 
space, a polynomial p(z) of degree 2 results. We demonstrate that the 
smallest root of p(z) is a search direction that always decreases the modulus 
of f(z). Using this property, a new algorithm is proposed. We prove that 
the algorithm either finds a root or the estimate goes at infinity, without 
creating any accumlation points. In the special case of a polynomial, the 
algorithm allways finds a root. Numerical examples are also given. 
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1 Introduction 

In this paper, we consider functions f(z) such that z and f(z) are complex num- 
bers and f(z) has a Taylor expansion. For these functions we have the Minimum 
Modulus Theorem, which means that if an holomorphic functional f(z) has no 
root inside a neighbourhood of z , then the minimum of |/(z)| i s attained on 
the boundary of that neighbourhood. This implies there is no "local minimum" 
of the modulus of f(z). Therefore, it makes sense to try to reduce |/(z)| iteratively. 

Let use a second order Taylor expansion as follows, where A G (0, 1], Re(z) is 
the real part of z and h is a number determined later: 



f(Xh + z) = f(z) + Xf(z)h + l -\ 2 f'{z)h 2 + 0(A 3 ) (1) 



f(Xh + z) = f(z) + Xf'(z)h + \\ 2 f"{z)h 2 + 0(X 3 ). (2) 



\f(Xh + z)\ 2 = \f(z)\ 2 + 2XRe(f(z)f(z)h) + 

X 2 [Re{J{z)f"{z)h 2 ) + \f{z)h\ 2 ] + 0(A 3 ). (3) 

Let define the following polynomial: 

p{z) = f{z) + f{z)h+ l -f"{z)h 2 (4) 

Assuming /(z) ^ and f"{z) ^ 0, let h be the smaller root of the polynomial 
p(z). We will demonstrate that we can always find A such that |/(A/i + z)\ 2 < 
\f(z)\ 2 , using equation (3), even if f'(z) — 0. Using this principle, the paper pro- 
poses a new algorithm and it gives numerical examples and convergence analysis. 
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Let briefly examine the literature. For polynomials, there are several meth- 
ods that are effective [15]. For more general functions, approaches are based 
on, for example: Newton related methods, Brent Method [10, 15], Homotopy- 
Continuation methods [1], Partitionning methods [6, 15], Fixed point methods 
[2], Tensor methods [17]. [6] is a good review of methods. These methods have 
various requirements such as non nul first derivative, convexity, an initial estimate 
value that is sufficiently close to a root, approximation of the second order deriva- 
tive. On the other hand, as a warning, McMullen [12, 13] has shown that there 
are no generally convergent purely iterative algorithms for solving polynomials of 
degrees 4 or greater, with rational mapping such as Newton method. 

As far as we know, no methods use the smaller root principle or an approach 
related to the Minimum Modulus Theorem of complex analysis. 

The paper is organized as follows: Section 2 presents the foundations of the 
algorithm, that is, the properties of the smaller root of a second order polyno- 
mial. Section 3 defines the proposed algorithm. Section 4 shows some numerical 
experiments. Section 5 gives results about convergence for the algorithm. Section 
6 concludes. 

2 The Key Smaller Root Property 

First, a Lemma demonstrates the properties of the smaller root. Secondly, we 
explains how the Lemma is used to reduce |/(z)| using equation (3). To simplify 
notations in the following Lemma and referring to equation (4), let denote c = 
f(z),b = f(z),a = f"(z), ri = h. 
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Lemma 2.1. (Smaller Root Properties) 

Let p{z) = az 2 + bz + c where a and c are not null. Let r\ be a root of p(z) 
with smallest modulus, and r 2 the other root. We have: if b=0 then Re(c a r 2 ) < 
0. If b ^ then Re{c b r\) < 0. Furthermore, if \b\ is sufficiently small then 
Re(c b n) < and Re(c a r?) + |6ri| 2 < 0. 



Proof. Case 6 = 0: 



Case 6^0: 
First we have. 



a r 1 = —c (5) 

carl = ~\c\ 2 (6) 

Re(c a r\) = -\c\ 2 < 0. (7) 



n + r 2 = -b/a (8) 



r\ r 2 — c/a (9) 



ri ¥= 0, r 2 ^ (10) 



c 6 n = -a ri r 2 a(n + r 2 ) n (11) 



cbr 1= -\a\ 2 \ n \ 2 (nf 2 + |r 2 | 2 ) (12) 
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Re(c b n) - -|a| 2 |n| 2 ( Re( ri f 2 ) + \r 2 \ 2 ) (13) 

It remains to show that... 

Re(r 1 f 2 )+ |r 2 | 2 >0 (14) 

Since r\ is the smaller root, we have... 

M 2 > ki| |r 2 | > -Re(n f 2 ) (15) 

Assume that we have an equality in the equation (15), that is ... 

\r 2 1 2 = -Re(nf 2 ) (16) 

Define ... 

ri = |ri|e Wl (17) 

r 2 = |r 2 |e <fla (18) 

Then, we have ... 

n f 2 = \ n \ \r 2 \ e^-^ (19) 

-Jfe(n f 2 ) = - |n| \r 2 \ cos^ - 9 2 ) = \r 2 \ 2 (20) 



.coa(0 1 -0 2 )=P\ (21) 
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This means |r*i | = \r2\, Q\ = #2 + T and r\ = —ri or r\ + T2 = 0, which 
contredicts equation (8) and the assumptions. 

To resume, we cannot have equality in equation (15), which proves equation 
(14). From equation (14) and (13), we obtain the required result (if b ^ 0): 

c b n < (22) 

The last part of the lemma follows from the fact that if b approaches 0, then 
r\ approaches y/—c/a, Re(c a r\) approaches — \c\ 2 < and |6ri| approaches 0. 

□ 

Note that equation (15) can only be true if we choose the smaller root. The 
following theorem applies Lemma 2.1 to equation (3) and shows how |/(z)| is 
reduced. 

Theorem 2.2. Assume that f(z) is not null and also the second derivative is 
not null without consideration of the first derivative, then the smaller root of the 
second order Taylor approximation is a direction that can always reduce \f(z)\ 
using equation (3). 

Proof. Let h be the smaller root of p(z) in equation (4). Using Lemma 1.2, with 
c = f(z),b = f'(z),a = I f"(z), we obtain the following. In the case f'(z) ^ 0, 
the dominant term involving A is negative as Re(f(z) f'{z) h) < 0. In the case 
f'(z) — 0, the dominant term is negative also as Re(f(z) f"(z) h 2 ) < 0. Therefore, 
in both cases, 3A e (0,1] such that \f(Xh + z)\ 2 < \f(z)\ 2 . 

□ 

3 The Smaller Root Algorithm 

Let m be arbitrary small positive number (the floating point precision of the ma- 
chine). This algorithm uses Zk to represent the current estimate of a root. The 
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algorithm assumes that \f"(zk)\ > rn . Theorem 2.2 garanties that |/(^fc)| can be 
reduced. 

The Smaller Root Algorithm 

1. Choose an arbitrary number zq, k=0 

2. Define p(z) using the current estimate Zk in equation (4) and compute the 
smaller root hk 

3. Do a line search on A G (0, 1] that minimizes \f(zk + \hk)\ 2 ■ Denote A& the 
optimal value of A. Set z^+i = Zk + A& hk- 

4. Set k to k+1. If |/(z/c)| is sufficiently small, stop. Otherwise, goto 2. 

4 Numerical Experiments 

The following paragraphs describes a few numerical experiments. The image in 
figurel shows a convergence map for a complex polynomial with 7 roots. A point 
in the image is used as the initial value of zq . The color of the point corresponds to 
the color of the root to which the algorithm converges (a randomly selected color). 
In Hubbard [8], it is shown that such polynomials has several initial conditions 
which fail to converge to a solution with the Newton method (convergence maps 
are fractal in nature). With our method, there is no such failures (convergence 
map arc filled images). 

The next example is the following equation where p(z) and q(z) are polynomial 
of degree 4: 

f(z) = p(z) + sin(q(z)) (23) 
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Figure 1: Convergence map for a typical polynomial: 7 roots 



The values of the polynomials are (r: real part, i: imaginary part): 



rp = {0.1, 0.2, 0.3, 0.4, 0.5} 



(24) 



ip= {0.5,0.4,0.3,0.2,0.1} 



(25) 



rq = {0.3, 0.2, 0.1, 0.5, 0.4} 



(26) 



iq = {0.4, 0.5, 0.1, 0.2, 0.3} 



(27) 



The following table shows some results with different initial points. 

Initial Point Iterations Error 
(0.1,0.1) 12 0.0000008 

(1.3,-0.5) 11 0.0000002 



Note that we have used a simple binary search, in these experiments. 
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5 Convergence Analysis of the Algorithm 

The proof of convergence of the proposed algorithm is based on continuity ar- 
guments and we prove that the algorithm cannot create an accumulation point 
which is not a root. This leads to convergence Corollaries. 

Lemma 5.1. In the algorithm, we assume that \f"(z)\ > m > 0, f(z) has a Taylor 
expansion and the line search in the algorithm is exact (see Brent method in [15]). 
Also, assume that the algorithm produces an accumulation point u*. Then, z* is 
a root of f(z). 

Proof. We proceed by contradiction. Assume z* is not a root of f(z), that is 

/(**) ¥> 0. 

Since u* is an accumulation point, there is a subsequence of estimate u used 
in the algorithm that converges to u* . This subsequence has necessarely another 
subsequence of estimates u for which the computation of the smaller root h in the 
algorithm uses the same sign. This subsequence is denoted as follows: 

Zj,j = 0,...,oo (28) 

First observe that, since the sequence Zj use the same sign, the smaller roots 
hj associated to Zj are obtained by a continuous expression with respect to u. 
This means there exists a number h* such that 

lim hj = K (29) 

Let define polynomials as follows: 

P j(z) - /(«,-) + f(uj) h + f"( Uj ) h 2 ,j - 1, ...,oo (30) 
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**(*) = /(«*) + /'(«*) h + /"(«*) h 2 (31) 

Since the coefficients of Pj(z) and of p*(z) are continuous function of u, we 
have that hj is a smaller root of Pj{z) and h„ is a smaller root of p*(z). This 
implies h* can be used to reduce |/(u*)| with step 3 of the algorithm. That is, 
there exists A* € (0, 1] and w* = z* + A* h* such that |/(w*)| < |/(z*)|. 

Define d as follows: d = |/(-z*) — \f(z* + w*/i*)| > 0. Next, define the function 
e(a) as follows: 

e(a) = e(z, h, A) = /(z + X h), where a is the vector (z, /i, A) (32) 

The function e(a) is diffcrentiable with respect to z, h and A and therefore con- 
tinuous with respect to z, h and A or a. 

Also define uij as follows, where jo is the least positive integer such that lu* — 
£*(0,1]: 



Wj = w* - -,j = jo, --,oo (33) 



Note that ... 



lim u)j = uj w (34) 
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Now, define ctj,j = 1, ..., oo and j3 as follows: 



a j = ( z j> h j, uj j ) (35) 



0=(z*,h*,w*) (36) 



Since e(a) is continuous, we have: 



lim ctj = (3 (37) 

j— >oo 



lim e(aj) = e(/3) (38) 



lim |e(a,)| = |e(/3)| = |/(«. + w.h*)\ < \f(z.)\ (39) 



Therefore, 3 AT such that Vj > TV we have: 



leCcK^OI — |e(>9)| | < d/2 (40) 



That means ... 
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|e(a,)| < |e(/3)| + d/2 = |/(* + «.*.)! + L M ~ l/(z * + W * MI 



2 
1/(^)1 + 1/(^+^^)1 



< 1/(^)1 (41) 



The last equation (41) is a contradiction for the following reason: first, we 
have \f{zj)\ > \f( z j+i)\ > l/fe'+s)! > ••• > l/( z *)l an d wc hare found u)j G (0,1) 
for which e(aj) — \f(zj + O0jhj)\ < \f(z*)\, which contredicts the fact that the 
line search (on A in the algorithm) finds the minimum of \f(zj + Xhj)\, that is the 
line search is disfunctional. 

We conclude that if there is an accumulation point, then it must be a root. 

□ 

Theorem 5.2. (Convergence of the Smaller Root Algorithm) 
Assume \f"(Zk)\ > m in the algorithm. The algorithm converges to a root, or 
\zk\ goes at infinity, allways decreasing \f(zk)\ without creating an accumulation 
point. 

Proof. If the algorithm creates an accumulation point, from Lemma 5.1 it must 
converge to a root. Otherwise, \zk\ must go at infinity without creating an ac- 
cumulation point. Theorem 2.2 demonstrates that |/(-£fc)l 1& allways decreased 

□ 

Corollary 5.3. ( The case of a polynomial) Assume f{z) is a non constant 
polynomial and \f"(zk)\ > m in the algorithm. Then, the algorithm allways finds 
a root. 
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Proof. As \z\ grows to infinity, |/(z)| goes to infinity since the higher order term 
eventually dominates. Also, we have seen that for all k in the algorithm, we have 
|/(zfe)| < 1/(2:0) |- This means \zk\ cannot go at infinity (since |/(-2fe)| is bounded 
by |/(^o)|). From Theorem 5.2, we conclude that it must converge to a solution. 

□ 

6 Concluding remarks 

With one equation, a new algorithm was presented for root finding of a func- 
tion. This algorithm requires the second order derivative to be significantly non 
mil throughout the algorithm. Some numerical experiments where given together 
with convergence results: the algorithm always reduces the modulus of the func- 
tion and, if it creates an accumulation point, then a solution is found. Note that 
the function e z has no root which means that finding a root might be impossible. 
However, in the case of a polynomial, the algorithm always finds a root. 

As it was presented, the algorithm requires the second order derivative to be 
non null, to simplify proofing. A more general algorithm would requires the first 
or second order derivative to be non null. 

Obviously, there are many unanswered questions yet to be addressed: rate 
of convergence, handling of singularities, enumeration of roots when real roots 
arc needed, etc. Most importantly, is this approach applicable to a system of 
equations? 
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In the classical literature of matrix pencils theory, the dual pencils sF — G 
and F — sG are identified by the homogeneous matrix pencil sF — sG, where 
s, s are indeterminates. In the present paper, we discuss and we provide a char- 
acterization of the nonncgativity (or positivity) of a given homogeneous pencil. 
An algorithmic approach for the analytic determination of all the nonnegative 
(or positive) homogeneous pencils into a relevant set of indeterminates s, s is 
provided. This new approach can be easily transferred into a standard compu- 
tational routine by using simple Matlab m-files. Some numerical examples arc 
also concluded. 

Keywords: Matrix Pencil Theory; Nonnegativity (Positivity); Algorithmic Ap- 
proach 
AMS (classification): 15A22; 65F30; 15A48 

1 1. Introduction 

Linear descriptor systems are very common in many practical situations in na- 
ture like, for instance, transmission problems, communications [4], population 
growth models (see for instance the famous Leslie model [12]) and other bio- 
logical systems or economical and actuarial dynamic models, see for instance 
[l]-[5], [9]-[ll], [14]-[16], [18] etc. Those systems may be continuous, discrete, 
distributed, and internal (i.e. in the state) or external (i.e. in the input or/and 
output). 

Thus, the study of problems and structural properties of regular/singular and 
extended state space theory may be reduced to the study of linear descriptor 
differential (or difference) equations 

Fx(t) = Gx{t) and Fx{t) = Gx(t) 
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(or Fx k+l = Gx k and Fx k = Gx k+1 ). (1) 

where ieR"is the state vector, and F, G £ R mxn (or F, G £ R nxn ) are 
real rectangular (or square with det F = 0) matrices. In those cases, the matrix 
pencil theory becomes a key tool. Furthermore, to entirely cover the needs, the 
matrix pencil theory has to be general enough with a geometric, a dynamic, a 
topological, an invariant and a computational dimension. 

Now, let (F,G) £ K mx ™ x R mxn and (s,s) be a pair of indeterminates. 
The polynomial matrices sF — G or F — SG (s, s £ R) can be defined by the 
homogeneous matrix pencil 

L(s,s) = sF-sG (2) 

(or equivalcntly by a pair (F, —G)), since the existence of the important notion of 
duality, the so-called elementary divisor type duality or integrator-differentiator 
type duality, has already been demonstrated, see [7] and [8]. Thus,sF — G and 
F — sG are related by the special type of bilinear transformation: s — > 4 which 
clearly transforms the points 0, oo, a ^ of the compactificd real plain (RU {oo}) 
(or of the Ricmann sphere) to the points oo, 0, - , relatively 

This paper is devoted to the study of the nonnegativity (or positivity) prop- 
erty of the pencil (2), which is derived by the singular (or regular) linear de- 
scriptor systems subject to constant, in general, rectangular coefficient matrices. 
We would like to stress out that this work follows closely the thoughts of Uhlig 
for definite and semi-definite matrices in a real symmetric matrix pencil, see 
[17]. Thus, similar results to [18] are finally derived, using still elementary geo- 
metric framework. Although, in our case, we have to underline that relevant 
matricesF, G £ M. mxn have not any particular algebraic structure. 

The paper is organized as follows. A notation section is considered at the 
end of this introductory section. Section 2 is devoted to the main results of the 
paper. Thus, an extensive discussion of the nonnegativity (or positivity) of the 
homogenous matrix pencils of systems (1) is considered. The results are new 
with some interest, since we obtain a characterization when a homogeneous sys- 
tem is nonnegative (or positive). Finally, section 3 provides an algorithm and 
discusses several examples. 

Definition 1 The homogeneous matrix pencil, see [6] 

L (s, s) £ £ mn (s, s) = {sF-sG:F,G£ R mxn and s,s£R}, 

with F = [/ ij ]i=i,2,...,m £ R mxn , G = [fly]i = i, 2 ,.., m £ R mxn and s,s € M is 

j = l,2,...,n .7=1,2,. ,.,7l 

called nonnegative (or positive) (n-pencil or p-pencil) if there exists 

fl= {(s,s) : sF-sG £ £ mi „(s,s)} CM 2 such as V(s,s) £ ft, 

Lij (s, s) = fijs - g i:j s > (>) (3) 

for every i — 1,2, ... , m and j — 1,2, ... ,n. 
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Definition 2 C mn (s, s) = {sF - sG : F,G e R mxn ands, s € M.} is called 
nonncgative (or positive) set of homogeneous pencils if for every pair (s,s) G £1, 
L ( s ) s) > (> O), where O is the zero matrix. 



2 Main results 

In this section, the main results concerning the investigation of the nonnegativity 
(or positivity) of homogeneous matrix pencils are presented and fully discussed. 
The next Remark is important; since four different systems of inequalities derive 
which provide us with a deeper understanding of nonnegativity (or positivity) . 
Firstly, we denote the element (i,j) as the (z — 1) n + j -clement of the new 
system of equations. Consequently, 

Jij = J(i-l)n+ji 

thus /n = ,/i, /12 = / 2 , • • ., fmn = f( m -i)n+n- Similarly for the g. Thus, we 
obtain the system of inequalities 

frS — g r s > 0, for r = 1, 2, . . . , (m — 1) n + n (4) 

Remark 1 System 1 might be analyzed to the following (A) - (D) systems 
of inequalities: 

A) f r s — g r s > (>) with f r >0 and g r > 0, r = 1, 2, . . . , k. 

B) fr s ~~ 9r$ > (>) with f r > and g r < 0, r = k + 1, k + 2, . . . , p. 

C) f r s — g r s > (>) with f r < and g r > 0, r = p + 1, p + 2, . . . , r. 

D) / r s — <7 r s > (>) wii/i / r < and g r < 0, r = t + 1, r + 2, . . . , mn. 

The Remark above is simple and rather straightforward when someone con- 
siders the notation. Moreover, without lost of generality, we can assume that 
the first /c-equations follow (A), the second p— /c-equations follow (B), the third 
r — p-cquations follow (C) and the last (to — 1) n + n — r-equations follow (D). 

In addition, before we go further with the statement and the proof of Theo- 
rem 1, it should be stressed out that the case when g r and f r are simultaneously 
zero is not considered, since it fulfils our requirement of nonnegativity Note 
that the following results are also true for positivity if the equality " =" into our 
results is excluded. 

Definition 3 Denote with fi the set where the inequality f r s—g r s > holds. 

Theorem 1 If we consider that the homogeneous matrix pencil, sF — sG is 
nonncgative, then the intersection Ha fl £Ib H Sic l~l SId = 0- 
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s = P 2 s 



Figure 1: (A) system of inequalities holds. (B) system of inequalities holds. 



Proof. For (A)-(D), consider the equality f r s — g r s = 0, then we obtain 



s = < 9r°' " J yr T " an d s 
0, tf.fr = 



r- >IU, -" _,„_/ fj, Vfr^O 

0, if g r = 



• For (A) 

Denote that a\ = min {fr/gr} and a^ = max {fr/gr}, where f r ,9r > 

r— 1.2,. ...k r— 1,2, ...,fe 

for r = 1, 2, . . . , mn. (Note that 02 = +00 and s = for g r — 0.) Hence, the set 
, where the nonnegativity exists, is sketched in figure 1 (left part). 

Thus, f2^4 = {(s, s) : ifs > then s < aiS and if s < then s < ci2s}. 

• For (B) 

Denote that 8\ = min \f r /Qr\ and /3o = max {frlQr} where 

r=fe+l,fc+2,...,p r=fc+l,fc+2,...,p 

/ r > and g r < for r = 1, 2, . . . , mn. (Note that /?i = —00, and s — when 
g r = 0.) Hence, the set Qb, where the nonnegativity exists, is sketched also in 
figure 1 (right part). 

Thus, CIb — {(s, s) : if s > then s > B^s and if s < t/ien s > /3is}. 

• For (C) 

Denote that 71 = min {fr/gr} and 72 = max {fr/gr} where 

r— p+l,p+2,...,r r— p+l,p+2,...,r 

/ r < and g r > for r = 1, 2, . . . , mn. (Note that 71 = —00 and s — 0, when 
<7 r = 0.) Hence, the set £lc where the nonnegativity exists is sketched in figure 
2 (left part). 

Thus, flc — {(s, s) : if s > then s < 71s and if s < i/ien s < 72s}. 



• For (D) 
Denote that 5i 

S 2 



min {fr/9r\ and 

r— r+l,r+2,...,(m— l)n+n 

max {fr/gr}? where / r , <? r > for r — 1,2,..., ?7in. (Note 

r— T+l,r+2,...,(m— l)n+n 
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s=ns 




s = ajS 



J = ^i 




Figure 2: (C) system of inequalities holds. (D) system of inequalities holds. 

that 82 = +00 and s = when g r = 0.) Hence, the set f2u, where the nonneg- 
ativity exists, is sketched also in figure 2 (right part). 

Thus, flo — {(s, s) : if s > then s > J2S and i/s < then s > Jis}. 
Consequently, it is profound that f2^ fl 51^ n 51c H ^d = 0-Ll 

Corollary 1 If there exists a set fi for indeterminates s, s € M where the 
homogeneous matrix pencil sF — sG is nonncgative (or positive), then system 
(1) is not analyzed to (A) - (D) sub-systems of inequalities, simultaneously. 
Proof. It is a straightforward result of Theorem 1 and Definition l.D 

On the other hand, we can consider the results of the following Corollary 
which describes all the cases of the existence of nonncgativity or positivity. 

Corollary 2 There exists a set fi for indeterminates s, s G R such as the 
homogeneous matrix pencil sF — sG is nonnegative (or positive), when sys- 
tem (1) is analyzed to one of the following possible combinations of systems of 
inequalities. 

(1) ABC, (2) ABD, (3) ACD, (4) BCD, (5) AB, (6) AC, (7) AD (8) BC, 

(9) BD, (10) CD, (11) A, (12) B, (13) C and (14) D. 
In the next lines, we examine each case separately. 

o (1) System (1) is analyzed to (A), (B) and (C) simultaneously. 

Thus, we consider that system (A) has k inequalities, system (B) has p — k 
inequalities, and system (C) has mn — p inequalities. 
There exists solution if (3 2 < 7i, see figure 3 (left part). 

Then the solution is in the set 



n 



ABC 



{(s, s) : if s > and /3 2 s < s < 71s} . 
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s=r 2 s 




s = S,s 




s = P 2 s 



Figure 3: ABC system of inequalities holds. ABD system of inequalities holds. 



s = S-,s \ A 



s = / 2 s 




^ACD S = %S 



s = fis 



s = riS 




S =<JjS 



s = y 1 s 



Figure 4: ACD system of inequalities holds. BCD system of inequalities holds. 



o (2) System (1) is analyzed to (A), (B) and (D) simultaneously. 

Thus, we consider that system (A) has k inequalities, system (B) has p — k 
inequalities, and system (D) has mn — p inequalities. 
There exists solution if <5 2 < at\, see figure 3 (right part). 
Then the solution is in the set 

Qabd = {{s, s) : if s > and 62s < s < a\s} . 

o (3) System (1) is analyzed to (A), (C) and (D) simultaneously. 

Thus, we consider that system (A) has k inequalities, system (C) has r — k 
inequalities, and system (D) has mn — r inequalities. There exists solution if 
0L2 < Si, sec figure 4 (left part). 

Then the solution is in the set 

&acd — {{s, s) : if s > and S±s < s < ot2s\ . 
o (4) System (1) is analyzed to (B), (C) and (D) simultaneously 
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s = frs 




S = 02S 



s = /3 2 s 




s = a 7 s 



S = /iS 



Figure 5: AB system of inequalities holds. AC system of inequalities holds. 



Thus, we consider that system (B) has p inequalities, system (C) has r — p 
inequalities, and system (D) has mn — r inequalities. 
There exists solution if 72 < /?i, see figure 4 (right part). 
Then the solution is in the set 

Qbcd = {( s , s) : if s < and f3\S < s < 72s} ■ 

o (5) System (1) is analyzed to (A) and (B) simultaneously 

Thus, we consider that system (A) has k inequalities, and system (B) has 
mn — k inequalities. There exists solution, sec figure 5 (left part). 
Then the solution is in the set 

^ab — {( s , s) : if s > and ^s < s < ciis} . 

o (6) System (1) is analyzed to (A) and (C) simultaneously. 

Thus, we consider that system (A) has k inequalities, and system (C) has 
mn — k inequalities. There exists solution, see figure 5 (right part). 
Then the solution is in the set 

I s s 

Qac — { ( s , s) '■ if s < and — < s < — 

L a 2 71 

o (7) System (1) is analyzed to (A) and (D) simultaneously 

Thus, we consider that system (A) has k inequalities, and system (D) has 
mn — k inequalities. There exists solution if 62 < «i, and the solution is in the 
set (see figure 3 right part) 

Qad = {(s, s) : if s > and 62s < s < ai-s} = Qabd- 

o (8) System (1) is analyzed to (B) and (C) simultaneously 
Thus, we consider that system (B) has p inequalities, and system (C) has mn — p 
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s = S^ 




£ = £;£ 



s = y 1 s 



Figure 6: BD system of inequalities holds. CD system of inequalities holds. 

inequalities. There exists solution if , and the solution is in the set (see figure 3 
left part) 

fific = {(s, s) : if s > and (i 2 s < s < 71s} = Qabc- 

o (9) System (1) is analyzed to (B) and (D) simultaneously. 

Thus, we consider that system (B) has p inequalities, and system (D) has 
ran — p inequalities. There exists solution, sec figure 6 (left part). 
Then the solution is in the set 

I s s 

^■bd = S (s, s) : if s > and — < s < — 

I Pi o 2 

o (10) System (1) is analyzed to (C) and (D) simultaneously. 

Thus, we consider that subsystem (C) has r inequalities, and subsystem (D) 
has mn — t inequalities. There exists solution, see figure 6 (right part). Then 
the solution is in the set 

CIcd = {(s, s) : if s < 0and(5is < s < 72s} • 

Finally, for the other for cases, see Qa, ^b, ^c an d ^d, respectively. 



3 The algorithm for checking the nonnegativity 
of homogeneous matrix pencil 

In this section, we summarize the results of section 2 into the following algorithm 
which is very useful in practice. 

Algorithm 
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Step 1: Inputs: Give the singular system, i.e. matrices F, G. 

Step 2: Considering the elements of matrices from step 1, we denote the 
number of systems of inequalities: 

ABC > Go to Step 3, ABD > Go to Step 4, 

ACD > Go to Step 5, BCD ► Go to Step 6, 

AB > Go to Step 7, AC > Go to Step 8, 

AD ► Go to Step 9, BC ► Go to Step 10, 

BD > Go to Step 11, CD > Go to Step 12, 

A > Go to Step 13, B > Go to Step 14, 

C > Go to Step 15, D > Go to Step 16. 

ABCD > Go to Step 17 

Step 3: (ABC) If condition (3 2 < 7i is satisfied, then the homogeneous ma- 
trix pencil sF — sG is nonnegative (or positive) for every (s, s) G Qabc, else if 
go to step 18. 

Step 4: (ABD) If condition 82 < oc\ is satisfied, then the homogeneous 
matrix pencil sF — sG is nonnegative (or positive) for every (s, s) G Qabdj else 
if go to step 18. 

Step 5: (ACD) If condition 012 < <$i is satisfied, then the homogeneous 
matrix pencil sF — sG is nonnegative (or positive) for every (s, s) £ Qacd, else 
go to step 18. 

Step 6: (BCD) If condition 72 < /3i is satisfied, then the homogeneous 
matrix pencil sF — SG is nonnegative (or positive) for every (s, s) € &bcd, else 
go to step 18. 

Step 7: (AB) The homogeneous matrix pencil sF — sG is nonnegative (or 
positive) for every (s, s) € £Iab, else go to step 18. 

Step 8: (AC) The homogeneous matrix pencil sF — sG is nonnegative (or 
positive) for every (s, s) € £Iac> else go to step 18. 

Step 9: (AD) If condition 82 < «i is satisfied, then the homogeneous matrix 
pencil sF — sG is nonnegative (or positive) for every (s,s) € £Iad, else go to 
step 18. 

Step 10: (BC) If condition /% < 71 is satisfied, then the homogeneous ma- 
trix pencil sF — sG is nonnegative (or positive) for every (s, s) G fi^c, else go 
to step 18. 

Step 11: (BD) The homogeneous matrix pencil sF — sG is nonnegative (or 
positive) for every (s, s) G 0^^, else go to step 18. 
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Step 12: (CD) The homogeneous matrix pencil sF — sG is nonnegative 
positive) for every (s, s) e flcD, else go to step 18. 

Step 13: (A) The homogeneous matrix pencil sF — sG is nonnegative 
positive) for every (s, s) S Ha, else go to step 18. 

Step 14: (B) The homogeneous matrix pencil sF — sG is nonnegative 
positive) for every (s, s) £ H B , else go to step 18. 

Step 15: (C) The homogeneous matrix pencil sF — sG is nonnegative 
positive) for every (s, s) <E ttc, else go to step 18. 

Step 16: (D) The homogeneous matrix pencil sF — sG is nonnegative 
positive) for every (s, s) € tip, else go to step 18. 



or 



or 



Step 17: (ABCD) The homogeneous matrix pencil sF — sG is not nonneg- 
ative (or positive) for every (s, s) <G M. x R. 

Step 18: The homogeneous matrix pencil sF — sG is not nonnegative (or 
positive) for every (s, s) e 1 x 1. 

End Algorithm 

In order to understand better the results of that paper, some numerical ex- 
amples are considered. 

Example 3.1 a) Consider the pencil (F, G), where 



F 



1 -2 1 
1 1 -1 
1 -2 1 



and G 



-1 1 1 
1 -1 1 
1 1 1 



It is profound that detF = 0, and the system of inequality ABC is derived. 
Considering the results of section 2 and Algorithm above, we should check out 
whether or not the condition (32 < 71 is true. Analytically, 



By = max | f r /q r } = max < — , — 



1 



and 



f —1 —2 —2 
71 = min {fr/gr} = min <^ — , — , — S> = -2 

/r<0,g r >0 II 1 1 



Thus, since P2 > 71 the homogeneous matrix pencil L (s, s) = sF — sG can 
not contain a nonnegative (or positive) matrix. 
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b) Consider now a slightly different to previous pencil (F, G) , where 



F 



1 -1 1 
1 1 -1 
1 -1 1 



and G 



-1 1 1 
1 -1 1 
1 1 1 



It is profound that also det F = 0, and the system of inequality ABC is derived. 
Considering the results of section 2 and Algorithm above, we obtain 



j3 2 = max {fr/g r } = -1 

/r>0,9 r <0 



and 



7! = min {f r /g r } = min 

f r <0,g r >0 



-1 -1 -1 

T'T'T 



l. 



Thus, the homogeneous matrix pencil L (s, s) = sF — sG can contain a 
nonncgative for every s — —s, i.e. 



s (F + G) = s( 



1 -1 1 
1 1 -1 
1 -1 1 



-1 1 1 
1 -1 1 
1 1 1 



2 
2 
2 2 



e L(s, §) 



for s > 0. 

c) Now, we consider the pencil (F, G) , where 



F 



3 -1 1 
1 2 -1 
3 -1 1 



and G 



-1 1 1 
1 -1 1 
1 1 1 



It is profound that det F = 0, and the system of inequality ABC is derived. 
Considering the results of section 2 and Algorithm above, we obtain 



fh 



max if r /g r | = max 



•1' -1 



and 



7i = min {f r /g r } = -1- 
f r <o, 9r >o '* 



Thus, since the restriction above is true, the homogeneous matrix pencil L (s, s) 
sF — sG is contain a nonncgative pencil for every 



(s,s) e Q 



ABC 



{(s, s) : ifs > Oand — 2s < s < — s} , 



i.e. for the pair [s, s = — ? 



we have 



s\F + -G 



*( 



3 -1 1 
1 2 -1 
3 -1 1 



-1 1 1 
1 -1 1 
1 1 1 



1 1 5 
5 1 1 
9 1 5 



e L(s,§) , 
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for s > 0. 

Moreover, it can be also positive if s > (which is trivial). 



el) Finally, we consider the pencil (F.G). where 

and G = 



F = 



1 -1 1 

1 1 -1 

1 -1 1 



-1 1 1 
1 -1 1 
1 -1 1 



It is profound that detF = 0, and the system of inequality ABCD is derived. 
Following the results of section 2, the homogeneous matrix pencil can not contain 
non-negative matrix into a set of (s, s). 

4 Conclusions - Further Results 

In this paper, we present an algorithm to characterize the nonnegativity (or pos- 
itivity) of a given homogeneous pencil. Following the thoughts of Uhlig [17] and 
by using still an elementary geometric framework, we obtain the desired results. 
It should be pointed out that quite similar question whether a given pencil of 
real symmetric matrices contains a positive definite matrix was treated by many 
mathematicians, such as Hestenes and Mcshane (1935), Finsles (1937), Albert 
(1938), Rcid (1938), Dines (1941), Calabi (1964), Taussky (1967), Hestenes 
(1968), Berman (1970), see [17] for more details. Although, we should stress 
out that our matrices have not any particular algebraic structure. This new 
algorithmic approach can be transferred into a standard computational routine 
by using Matlab m-files. This task is one of our future plans. 



References 

[1] S.L. Campbell, Singular systems of differential equations, Pitman, San 
Francisco, Vol. 1, 1980; Vol. 2, 1982. 

[2] T.P. de Lima, Blending positive matrix pencils with economic mod- 
els, Lecture Notes in Control and Information Sciences (Springer 
Berlin/Heidelberg) 294, 2004, 289-296. 

[3] L. Dai, Singular control systems, Springer- Ver lag, New York, 1989. 

[4] L. Farina, S. Rinaldi, Positive linear systems. Theory and applications, 
Series on Pure and Applied Mathematics, John Wiley and Sons, New York, 
2000. 

[5] R.F. Gantmachcr, The theory of matrices, vol. I and II, Chelsea, New York, 
U.S.A., 1959. 

[6] G.I. Kalogeropoulos, Matrix pencils and linear systems, Ph.D Thesis, City 
University, London, 1985. 



538 



PANTELOUS et al: ABOUT HOMOGENEOUS MATRIX PENCIL 



[7] N. Karcanias and G.E. Hayton, Generalized autonomous differential sys- 
tems, algebraic duality and geometry theory, Proceedings of IFAC VIII, 
Triennial World Congress, Kyoto, Japan, 1981. 

[8] N. Karcanias and G.E. Hayton, Generalized autonomous differential sys- 
tems, al-gebraic duality and geometry theory, Research Report, The City 
University, Systems Science, DSS/N.K./G.E.H./212, 1982. 

[9] D.A., Kendrick. On the Leonticf dynamic inverse. Quarterly Journal of 
Economics 86, 1972, 693-696. 

[10] R.G. Kreijger and H. Neudecker, Kendrick's forward integration method 
and the dynamic Leonticf multiscctoral model. Quarterly Journal of Eco- 
nomics 90, 1976, 505-507. 

[11] W. Leonticf, Input-Output Economics. 2nd ed., New York: Oxford Univer- 
sity Press, 1986. 

[12] P.H. Leslie, On the use of matrices in certain population mathematics, 
Biomctrika 35, 1945, 183-212. 

[13] D.A. Livesey, The singularity problem in the dynamic input-output model, 
International Journal of Systems Science 4, 1973, 437-440. 

[14] D.G. Luenberger and A. Arbel, Singular dynamic Leonticf systems, Econo- 
mctrica 45, 1977, 991-995. 

[15] G. Sierksma, Nonncgative matrices: The open Leontief model, Linear Al- 
gebra and its Applications 26, 1979, 175-201. 

[16] M.S. Silva and T.P. de Lima, Looking for nonnegative solutions of a Leontief 
dynamic model, Linear Algebra and its Applications 364, 2003, 281-316. 

[17] F. Uhlig, Definite and semi-definite matrices in a real symmetric matrix 
pencil, Pacific Journal of Mathematics, Vo. 49, No. 2, 1973, 561 - 568. 

[18] A. A. Zimbidis, A. A. Pantelous, and G.I Kalogcropoulos, A generalized lin- 
ear discrete time model for managing the solvency interaction and singular- 
ities arising from potential regulatory constraints imposed within a portfo- 
lio of different insurance products, Proceedings of ASTIN colloquium 2008, 
Manchester, U.K. 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL.12, NO.2, 539-543,201 0.COPYRIGHT 2010 EUDOXUS PRESS, LLC 



Oscillation of first-order impulsive difference equations with 

continuous arguments 

B. Karpuz, O. Ocalan and S. Oztiirk 

Address. Department of Mathematics, Faculty of Sciences and Arts, ANS Campus, 03200, 

Afyonkarahisar, Turkey. 

Abstract 

In this paper, we present some integral criteria for the oscillation of solutions to the fol- 
lowing impulsive delay difference equation involving continuous arguments: 

A p x(t) + ^2pi(t)x(t - Ti) = for t 6 [to, oo)\{6»„}„ eN 
iez 

^ Ax(9„) + q n x(9„) = for n £ N, 

where to £ R, p £ (0, oo), I is a bounded beginning segment of N, p, £ C([£~,oo), [0, oo)), 
Ti £ [0, oo) for all i g X, {q n }n£m C (— oo, 1), {9 n }nef>i C [to, oo) is the increasing unbounded 
sequence of impulse points, A p is the forward difference operator with the step size p, and A 
is the jump of the solution at the specified impulse point. 



1 Introduction 

This paper is concerned with the oscillatory nature of solutions of the following difference equation 
with continuous arguments: 

A p x(t) +J~]pi(t)x(t -n)=0 for t e [to, oo)\{6»„}„ eN 

iei (1) 

Ax(8 n ) + q n x{6 n ) =0 for n e N, 

where t £ M, p £ (0, oo), I is a bounded beginning segment of N, Pi £ C([to, oo), [0, oo)), 
Ti £ [0, oo) for all i £ I, {q n }neK C (— oo, 1) and {9 n }neN C (to,oo) is the increasing unbounded 
sequence of impulse points. Here, A p x(t) := x(t + p) — x(t) for t £ [to,oo) and Ax(6 n ) := 
x($n) — x(9 n ) for neN, where x(9+) denotes the right sided limit of x at the impulse point 9 n for 
some n £ N, and the left sided limits are defined similarly. It's a well-known fact that all solutions 
of {1} are oscillatory in the absence of a subsequence {# nfc }fceN such that {<7n fc }fc£N C [1, oo). In 
the sequel, for simplicity in the notation, we shall assume that the empty product is the unit. 
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In recent papers [8, 9 , Wei and Shen studied some oscillation and asymptotic properties of 
the impulsive difference equation 

A p x(t) + p(t)x(t - r) = forte [to, oo)\{6»„}„ eN 
A p x(9 n ) + q n x(9 n ) = for n £ N, 

where to, p, p, t (with rjp £ N), {q ra }neN and {9 n }nen are as mentioned for IJTJ. The method in 
those papers are analogues to those applied for the discrete case (for usual difference equations), 
this is why the authors consider use the operator A p in their impulse condition. Different types 
of impulse conditions in ([I]) and {2J indicate that our method employed here will be completely 
different from the method in [9] since our results will be more closer to those employed for 
differential equations. 

We wish to quote the following result from [6], which will be used in the sequel to obtain 
comparison results with delay differential equations. 

Theorem A (|6j Theorem 1]). Assume that p £ (0, oo), pi £ C([to, °°), [0, oo)) and n £ [0, oo) for 
all i £ I, where I is a bounded beginning segment of N. Then, every solution of the nonimpulsive 
delay difference equation 

A p x(t) +^2pi(t)x(t - n) = fort£ [t ,oo) 

is oscillatory if every solution of the following delay differential equation 

X '{t) + -T^ min {Pi(0}x(t - n) = fort£[t + 2p,oo) 



P ^t-2p<(<t-p 



is oscillatory. 



Let r max := maxJTj : i £ I}. By a solution of (JTJ) , we mean a function x : [to — r max , oo) — > K. 
such that x is continuous on (9 n ,6 n +i) for all n £ N and satisfies (p}, and that x(8^) exists as 
a finite constant with x(9~) = x(6 n ) for all n £ N. From now on, to make the definition of the 
solution consistent, we shall assume that t {9 n }nefi implies t + p & 1 {0 n } n ^jq and t — Ti $/L {# ra }neN 
for all i £ X. Together with the impulsive delay difference equation (Jlj , it is customary to specify 
an initial condition of the form 

x = tp on [t - r max , t + p\, (3) 

where the initial function ip is a prescribed continuous real-valued function on the interval [to — 
7"max,to + p] satisfying the consistency condition 

A p x(t ) +^2pi(t )x(t - n) = 0. (4) 

iei 

By the method of steps, one can easily conclude that JT]) admits a unique solution x which satisfies 
the initial condition Q and the consistency condition Q. For convenience, we denote this solution 
by x — x(t, to, y)- As is customary, a solution x of ([T]) is called nonoscillatory if it is eventually of 
fixed sign, otherwise, it is called oscillatory. 
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2 Main results 



From now on, for convenience in the results, we shall suppose that there exist positive constants a 
and/?i fori e I such that Ylt-p<e k <t( l ^1k) = a for all t e [t + p, oo) and Ilt-T,<e fc <t( 1_ *) — & 
for all t £ [tp +Tj, oo) and all i£l. Consider the following nonimpulsive delay difference equation: 



„ t ;/p 



A p a;(t) + Y^ — o— Pi(t)x(t -n)=0 for t e [i 0) oo). 



iei 







(5) 



As is customary, a solution of the nonimpulsive equation ([5]) is a function x S C([to — r, oo),] 
satisfying (|5|) on [to, oo). 

Theorem 1. If y = y(t,to,(p) is a solution of ([5]) 7 £/ien x = x(t,to,<p) defined by 



*W ■= *r. 



n (!-*) 



y(t) /ort e [tooo) 



(6) 



solution of ([T]). 



Proof. Let y = y(t,to,(f) be the solution of (0, we shall prove that x defined by (j6|) satisfies ([T]). 
It is obvious that x is continuous on each interval (£?„, # n +i) for all n£N. From ([6]), we get 



A p y(t) = 



(i 



t/p+i 



llt <9fc<t+p' 9fe) 

A„a>(t) 



x(t + p) - 



y*//> 



u <e k <t+p\ 
ot'p 



Ut <e k <t( l - Ik) 



x{t) 



n 4o <e t <t(l-9fc) 



(7) 



and 



y*/P 



a T '' 



a rt/p Uto<e k <t-r t 0--9k) 



X(t - Tj) 



ri/p n t0 < 9fc <,(i-%) 



*(< - r») 



(8) 



for all t £ [to, oo) and all i £ I. Substituting ([7]) and (jHJ into ([5]) and canceling the positive term 
a *^ p /rit <e» <t(^ — ? fc )' we see * na ^ x defined by © solves the former equation in (j/TJ) - On the 



it <e k <t\ 
other hand, for all n G N, we have 



1 



«)=l i - \-m 



n (!-*> 

t <e fc <t 



W(«) 



»//> 



n (!-») 



t <e k <6 



y(6 n ) = (1 - q n )x(9 n ), 



which shows that cc satisfies the latter equation in ([T]) too. The proof is therefore completed. □ 

The following result can be regarded as the converse part of Theorem [TJ 
Theorem 2. If x = x{t, to, <f) is a solution of ([!]), then y — y(t, to, tp) defined by 



y(t) = 



v*/P 



Ut <e k <t( l - Ik) 



x(t) for t E [to, oo) 



(9) 



solution of ([5])- 
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Proof. Let x — x(t, to, ip) be a solution of ([T]). Since y denned by (j9]) is continuous on the intervals 
(6n,0n+i) with y(0~) = y(9 n ) for all n € N, it follows that 

/ a t/p \ a e n / P 

for all 116N, which implies that x is continuous on [to, oo). It is not hard to see that y solves ([5J). 
This completes the proof. D 

Theorem 3. Every solution of (JT|) oscillates if and only if every solution of ((3J) oscillates. 
Proof. The proof follows from Theorem[IJ Theorem [2] and the fact that {g n }neN C (— oo, 1). D 
Using Theorem A and Theorem [3l we can give the following oscillation result. 

Theorem 4. Every solution of (JXJ) oscillates if every solution of the following delay differential 
equation 

*'(*)+ H^IT ^ {Pi(0}x(t-Ti)=0 for t e [t + 2p, oo) 

£-£ pPi t-2p<C<t-p 

oscillates. 

As an immediate consequence of Theorem 2J we have the following corollary. 
Corollary 1 (See [HE])- Assume that 

rt x-^ W p . r ,.m , 1 



r rJTi P 

liminf / > — — - min {pi(()}dr] : 



or 



limsup / \ — — - min {pi(C)}dnl, 

t^oo Jt-T miD r-i PPi ri-2p<C,<r,~ P 



where r m ; n := min{r,; : iel}. Then, every solution of (fTJ) oscillates. 

We give the following example as a simple application of Theorem 2J 

Example 1. Let I be a bounded beginning segment ofN, p(0,oo), q G (—oo,l), pi 6 (0, oo) and 
Ti G N for all i £ I, and consider the following autonomous difference equation equation 

A p x(t) + Y^ P^i 1 ~ P T *) = ° /or i £ [0, oo)\pN 

i&x (10) 

Ax(n) + qx(n) = /or n G pN. 

Z?ue to Theorem^ since a = (1 — q) and /3j = (1 — o:) r ' /or aH i E I, the associated differential 
equation with (fTOj) is 



x'(t)+^— x(t-pn) =0 /or t e [2/9, oo). (11) 

From £zj Theorem 2.2.1], we learn that if 

y^pm-, 

T~i e 

iex 

f/ien every solution of (|11[) oscillates, which implies the same for ()10|) . 
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Abstract 

The non-polynomial spline method is proposed to solve a non-linear sys- 
tem of the second-order boundary value problems (BVPs). Some numerical 
results are given to demostrate the validity and applicability of the presented 
method. Results obtained by the method indicate the method is simple and 
effective. 

Keywords: Second-order boundary value problems; non-polynomial spline 
method;non-linear system. 

1. Introduction 

We consider a non-linear system of second-order BVPs of the form [1,2,3,5,6]: 

u" + ai(x)u + a 2 (x)u + a 3 (x)v' + a 4 (x)v + H 1 (x,u,v) = fi(x), 1 , , 
v" + bi(x)v' + b 2 (x)v + b 3 (x)u +b4(x)u + H 2 (x,u,v) = f 2 (x), J 

with the following boundary conditions 

«(0) = w(l) = 0, v(0) = v(l) = (2) 

where < x < 1, H 1 , H 2 are nonlinear functions of u and v, ai(x), bi(x), fi(x), 
and f 2 (x), are given functions, and a,i(x),bi(x) are continuous, i = 1,2,3,4. 

The existence and approximations of the solutions to non-linear systems 
of second-order BVPs have investigated by many authors[l-6]. In [1] the 
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sinc-collocation method is presented for solving second-order systems. Their 
method consists of reducing the solution of Eq.(l) to a set of algebric equa- 
tions by expanding u(x) and v(x) as sine functions with unknown coefficients. 
New method is presented to solve Eq.(l) used in the form of series in the 
reproducing kernel space in [2]. The variation iteration method is applied 
for the solution with the assumption that the solutions are unique in [3]. 
He's homotopy perturbation method (HPM) is proposed for the solution of 
systems in [5]. A new modification of the homotopy analysis method (HAM) 
is presented for solving systems of second-order BVPs in [6] . 

The section of this paper are organized as follows: In the next section we 
describe the basic formulation of the spline function required for our subse- 
quent development. In section 3 the method are used to analysis to solution 
of problem (1) and (2). In section 4 some numerical result, that are illus- 
trated using MATLAB 6.5, are given to clarify the method. Section 5 ends 
this paper with a brief conclusion. Note that we have computed the numer- 
ical results by MATLAB 6.5. 

2. Spline method 

We divide the interval [a, b] into n equal subintervals using the grid points 

Xi = a + ih,i = 0, 1, 2, ..., n, 
with 

a = x ,x n = b,h = {b — a)/n 
where n is an arbitrary positive integer. 

Let u(x) be the exact solution and Ui be an approximation to u{xj) ob- 
tained by the non-polynomial cubic Si(x) passing through the points (xj,Mj) 
and (xi + i,Ui + i), we do not only require that Si(x) satisfies interpolatory 
conditions at xi and Xi+i, but also the continuity of first derivative at the 
common nodes (xi,Ui) are fulfilled. We write Si(x) in the form: 

Si(x) = a,i +bi(x — x^ + CiSinr(x — x^ + diCosr(x — Xi), i — 0, 1, ...,n — 1 (3) 

where a,, &«, q and di are constants and r is a free parameter. 
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A non-polynomial function S(x) of class C 2 [a, b] interpolates u(x) at the 
grid points x iy i = 0,l,2,...,n, depends on a parameter r, and reduces to 
ordinary cubic spline S(x) in [a, b] as r — ► 0. 

To derive expression for the coefficients of Eq. (3) in term of Ui, Uj+i, Mi 
and M i+1 , we first define: 

^(xj) = u h Si(x i+1 ) = u i+1 , S"(xi) = M u S"(x i+1 ) = M i+1 . (4) 

From algebraic manipulation, we get the following expression: 



Q*i — Ui + T 2 , 

7 _ u i+1 -Uj , Mj+i—Mj 

Ui ~ h ^ t6 

MiCosO~M i+1 

1 r 2 sin8 ' 



r-' - 



(5) 



where 9=rh and i = 0, 1, 2, ..., n — 1. 

Using the continuity of the first derivative at (xi,Ui), that is S' i _ 1 (xj) = 
Si(xi) we obtain the following relations for i—1, ...,n — 1. 

oM m + 2/5Mi + oMi_! = (l/h 2 )(u i+1 - 2ui + u^) (6a) 

It is easy to see that v(x) is written as in the same manner 

aN l+1 + 2pN t + aN^ = (l/h 2 )(v l+1 - 2v t + v^) (6b) 

where a = (-1/9 2 + l/6sm9), (3 = (1/9 2 - cos9/9sin9) and 9 = rh. 

The method is fourth-order convergent if 1— 2a — 2f3 = and a = 1/12 [4]. 

3. Analysis of the method 

To illustrate the application of the Spline method developed in the pre- 
vious section we consider the non-linear system of second-order BVP that is 
given in Eq. (1). At the grid point (xi,Ui), the proposed non-linear system 
of second-order BVP in Eq. (1) may be discretized by 
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u" + ai(xi)u + a 2 (xi)u + a 3 (xi)v' + a 4 (xi)v + Hi(x, u, v) = fi(xi), 1 
v" + bi(xi)v' + b 2 {xi)v + b z (xi)u + h(xi)u + H 2 (x,u,v) = f 2 (xi). J 

Substituting Mj = u and Ni = v in equation system (5): 

Mi + a^x^u'i + a 2 (xi)Ui + a 3 (^K + a 4 (xj)^ + Hi(xi,u h Vi) = fi(xi), 
Ni + b^Xijv'i + b 2 (xi)vi + h(x i )u' i + bi{xi)ui + if 2 (^i, «i, Vi) = f 2 (xi). 

Solving Eq. (8) for M, and iVj, we get 

Mi = -ai(xi)u'i - a 2 {xi)Ui - a 3 (xi)v'i - a 4 (xi)vi - Hi(xi,Ui,Vi) + /i(xj) 
Ni = -biixjv'i - b 2 (xi)vi - b 3 (xi)u'i - b 4 (xi)ui - H 2 (xi,Ui,Vi) + f 2 (xi) 

The following approximations for the first-order derivative of u and v in 
Eq. (9) can be used 



(7) 



(9) 



' ~ Uj+l-Uj-l 

U i ~ 2h ' 

' r^j 3u i+1 -4:U i +Ui- 1 

"j+1 ~~ 1h ' 

' ~ ~-tti + l+4tti-3M;-l 

"i-1 ~~ 2h 

U i ~ 2h ' 

' ~ Svi+x-Avj+Vj-i 

U i+1 ~ 2h ' 

' ~ -Vi +1 +4vi-3vi-i 



(10) 



So Eq. (9) becomes 



Mi = -a^xi) ^ 1 ^- 1 - a 2 (x t )u t - a 3 (^) ^ +1 "'- J 



-a 4 (xi)^ - Hi(xi,Ui,Vi) + /i(xj) 



2/i. 



(11a) 



M i+ i = -ai(x i+ i) 



3Ui + \—AUi+Ui 

2h 



a 2 (x i+1 )ui - a 3 (x i+1 ) 3vi+1 *l i+Vi 1 



-a 4 (xj+i)^ - iJi(zj + i,u i+ i,t>i + i) + /i(x i+ i) 



(116) 



Mi_i 



-Oli^i-lJ 2h 0>2{Xi-l)Ui — a 3 {Xi-\) 2ft 



-a 4 {xi_i)Vi - ifi(xj_i,Wj_i,Vj_i) + /i(xi_i) 



lie) 



and 



N 



-b^y-^g^ 



b 2 {xi)v t -h{x t ) u ^- u ^ 



-b 4 {xi)ui - H 2 (xi,Ui,Vi) + f 2 (xi) 



2h 



(12a) 
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K 



i+1 



-Oi{Xi + i) 2h 02{Xi+i)Vi — 03{Xi + i) 2ft 

-b 4 (x i+1 )ui - H 2 {x i+1 ,u i+1 ,v i+1 ) + / 2 (x i+ i) 



(126) 



N, 



i-1 



— °l( x i-l) 2h 02\ x i-l) v i — O^yXi-l) 2ft 

-h(xi-i)ui - H 2 (x i - 1 ,Ui- 1 ,Vi- 1 ) + /bfa-i) 



(12c) 



Substituting Eqs. (lla-llc)-(12a-12c) in Eqs. (6a) and (6b) respectively, 
we find the following 2{n — 1) linear algebraic equations in the 2(n + 1) un- 
knowns for % = 0, 1, ..., n. 



and 



+ 



aaijxi-x) _ 2/3ai(xj) _ 3aai(x i+1 ) _ i \ 

2ft 2h 2h uiu 2\Xi + \ / 

4Qai(ii_i) 0/ o / \ , 4aai(xi+i) , 2 



ft-' 



\Ui+l 



-2(3a 2 ( Xi ) + 



2h 



+ ^\U 



2ft 

3aa 1 (x i - 1 ) _ / \ , 2(3a 1 (x i ) _ aa 1 (x i+1 ) _ _j_i 



2ft 



+ [ 2/i ^^ v .^_ l; 2/| 

+ [£52^=12 - M^ _ 3^+l2 _ aa4 ( x . +1 )],;. +1 

+ [ ' 4aa 2 f'- l} - 2/3a 4 (x.) + 4aa f h * +l) }v t 

+ [ 27^ aa 4 ( i x i _ij H 2ft 2ft — \ v i-i 

-aifi(xj_i,Uj_i,^_i) -2(3H 1 (x i ,u i ,v i ) - aH 1 (x i+1 ,u i+1 ,v i+1 ) 
-afi(xi-i) - 2(3fi(xi) - a/i(x i+ i) 



(13) 



-a6 2 (£j+i} 



ft 2 



Vi+l 



r abi(xi_i) _ 2/3bi(xj) _ 3ab 1 (x i+1 ) 
L 2ft 2ft 2ft, 

2ft ^P0 2 {Xi) H 2ft r 7^2-J^i 

2ft &b 2 {Xi-i) + — 5jr 2ft 7?J^-i 

[ "fe^i-l) _ 2j3b-i(xj) _ 3ab- A (x i+1 ) _ 1 / 
2ft 2ft 2ft LW/^X 

" 4ab ^ i - l) - 2/?6 4 (a; i ) + ^#^K 



+ i 
+[ £ 
+[ 
+f 



)R 



-j+i;j«i+i 



2ft ""4V-J-17 1 2 ft 2ft 

aH 2 (x i - 1 , Ui-u u«_i) - 2/3H 2 (xi, u h vj - aH 2 (x i+1 ,u i+1 , v i+1 ) 



(14) 



We need four more equations. The four end conditions can be derivated 
as follows: 

u = 0, u n = 0, v = 0, v n = } (15) 



This leads to the system 
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Y _ aaipi-i) 2/3a 1 (x i ) 3aai{x i+1 ) , \ 1 /, fi \ 

A " _ — 2ft 2ft 2ft aa 2 ^ + ij - ^ I, id; 

v _ -4aa 1 (x i - 1 ) no I \ , 4aai(i i+ i) ,2 Z-iyN 

y « 2X £pa 2 \Xi) H 2X h 7? I 1 ' J 

z i* 2ft aa 2 {x i _ 1 ) + — ^ 2ft 7? l i8 J 

X 2J = ^-^ - «^ - 3£^±i) _ aa4 ( %1 ) (19) 

Y 2l = -W^-i) - 2/3a 4 (x,) + 4aa3 2 t +l) (20) 

Zm = 3aafe) _ ^(^ + M^il _ 2^±li ( 2 1) 

^ = ^§T > ^ = «2(^) , A;, = ^il , l i = a A { Xi ) (22) 

X H = agi-i - 2(3 gi - 3ag i+1 - ah i+1 - ^ (23) 

Y u = -Aagt-! + Aag l+1 - 2(3hi + £ (24) 

Z u = 3agi-! + 2/3^ - ag i+1 - ahi_ x - ^ (25) 

X 2i = aki-i - 2(3ki - 3ak i+ i - al i+1 (26) 

Y 2l = -laki-i + 4aA; i+1 - 2(3h (27) 

Z 2i = 3aki-i + 2(3ki - aki+i - al^i (28) 

Xsi = ^^ ~ 2J ^ ' T^ - a64(xi+i) (29) 

n . = -4^3(^-0 _ 3^.) + fo*^) (30) 

Zg . = so^il _ afc^) + »1 _ ^±il (3i) 

X 4 , = 2*!<S=ll _ MM _ 22*3^12 _ a62 (^ +1 ) - £ (32) 

F 4 , = =^^ - 2/?& 2 (* i ) + ^^ + £ (33) 

Z 4i = 3 -^§^ - ab 2 (x, t ^) + 2 -^l - 2*i§tii _ J, (34) 

m * = ^27T' Pi = hixi), n = ^27T, Si = b A (xi) (35) 
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Xm = aTj-i - 2f3r { - 3ar i+1 - as i+1 
Y 3i = -4otj_i + 4ar m - 2(3 s^ 
Z 3i = 3ari_i + 2[3ri - ar i+1 - asi-i 
X 4i = ami-! - 2(3mi - 3am i+1 - ap i+1 - -^ 
Y 4i = -Aarrii-i + Aam i+1 - 2(3pi + £ 
Z 4i = ?>ami- X + 2(3mi - am i+1 - ap^ x - -^ 



(36) 
(37) 
(38) 
(39) 
(40) 
(41) 



The method is described in matrix form in the following way for Eqs. 
(16)-(41): 



A 



Ai 
A 3 



A 2 
A 4 



(42) 



B= 




-afi(x ) - 2(3f 1 (x 1 ) - afi(x 2 ) 
-afi{xi) - 2f3fi{x 2 ) - afi(x 3 ) 



-afi(x n - 2 ) - 2/3/i(a; n _i) - afi{x n ) 



-af 2 (x ) - 2(3f 2 (xi) - af 2 (x 2 ) 
-af 2 {xi) - 2f3f 2 {x 2 ) - af 2 (x 3 ) 



-Oif 2 {x n - 2 ) - 2/3/ 2 (x„_i) - af 2 (x n ) 




(43) 



CAGLAR et al: NON-POLYNOMIAL SPLINE METHOD ... 



551 



H 




-ai7i(x ,M ,^o) - 2/3H 1 (xi,Ui,vi) - aH x (x 2 , u 2 ,v 2 ) 
-af/"i(xi,Mi,wi) - 2f3H 1 (x 2 ,u 2 ,v 2 ) - aH 1 (x 3 ,u 3 , v 3 ) 



-aHi(x n -2iU n -2iV n - 2 ) - 2(3H 1 (x n - 1 ,u n - 1 ,v n - 1 ) - aHi(x n ,u n ,v n ) 



-aH 2 (xo,u ,v ) 
-aH 2 (x 1 ,u 1 ,v 1 ) 






2f3H 2 (x 1 ,u 1 ,v 1 ) 
2pH 2 (x 2 ,u 2 ,v 2 ) 



aH 2 (x 2 ,u 2 ,v 2 ) 
aH 2 (x 3 ,u 3 ,v 3 ) 



-aH 2 (x n _ 2 , M n _ 2 , v n _ 2 ) - 2(3H 2 (x n _ 1 ,u n _ 1 , t> n _i) - aH 2 (x n , u n , v n 





, (44) 



U = [u , Mi, ..., U n , V , V i, ..., v n ]'. 
Here the four submatrices A l7 A 2 , A 3 and A 4 are defined as 



Ai 



1 



















dl 


Y u 


Z u 
















Xi 2 


Y 12 


Z±2 











Xi( n _ 2 ) Yi ( n _ 2 ) 2"l(n-2) 

f 



(45) 



(46) 



A-, 























Gl 


Y 21 


Z 2 \ 
















x 22 


Y 22 


z 22 











X 2 (n-2) Y 2 {n-2) ^2(n-2) 





(47) 
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A, 





A31 ^31 ^31 
X32 Y32 Z32 



X 



3(n-2) 






















^3(n-2) -^3(n-2) 



(48) 



A, 



10 

X41 I41 Z41 

A42 K42 ^42 



X. 






















4(n-2) ^4(n-2) ^4(n-2) 



(49) 



Finally the approximate solution is obtained by solving the nonlinear 
system using Levenberg-Marquardt optimization method [7] and Matlab 6.5. 



AU + H = B. 
4. Numerical examples 



(50) 



In this section, to illustrate our methods we have solved two non-linear 
system of second-order BVP . All computations are done by using MATLAB 
6.5. 



Example 1. 

Consider the following equations 

u (x) — xv (x) + u(x) = fi(x) 
v (x) + xu (x) + u(x)v(x) = f2{x) 



(51) 



subject to the boundary conditions 
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«(0) = u(l) = 0, v(0) = u(l) = 0, (52) 

where < x < 1, f\(x) = x 3 — 2x 2 + 6a; and /^(x) = x 2 — x. 

The exact solutions of u(x) and t>(x) are given asa; 3 -i and x 2 — x respec- 
tively. The observed maximum absolute errors of u(x) and v(x) for n — 21 
(nodal points) are given in Table 1. The numerical results of u(x) and v(x) 
are also illustrated in Figures 1 and 2. 



u (x) + xu(x) + z« 2 (i) = fi(x) 

V (x) + XM (x) +v(x) = f2{x) 



Example 2. We consider the following equations 

(53) 

subject to the boundary conditions 

w (0) = «(1) = 0, v(0) = v(l) = 0, (54) 

where < x < 1, fi(x) — —7r 2 sin(7rx) + xsin(irx) 2 + x A — 3x 3 + 2x 2 and 
f2{x) = irxcos(irx) + x 3 — 3x 2 + 8x — 6 

The exact solutions oiu(x) and v(x) are given as sin(irx) and x 3 —3x 2 +2x 
respectively. The observed maximum absolute errors of u(x) and v(x) for dif- 
ferent values of n are given in Table 2. As one clearly observes from Table 
2 the magnitude of the errors using higher nodal points (n = 61) becomes 
smaller than the lower ones. The numerical results of u(x) and v(x) are also 
illustrated in Figures 3 and 4. 



Table 1: The maximum absolute errors for u(x) and v(x) from example 1 



n 


u of Abs. Error 


v of Abs. Error 


11 


1.956115354079246e-005 


3.107643821670669e-004 


21 


4.851275161810165e-006 


7.77161 1006257562e-005 


41 


1.210374921178925e-006 


1. 9469850 10448099e-005 


61 


5.380403360621955e-007 


8.653049506895938e-006 


121 


1.345825387799593e-007 


2.163365648760740e-006 


211 


4.394366903692770e-008 


7.064318330030073e-007 
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Table 2: The maximum absolute errors for u(x) and v(x) for different values 
of nodal point from example 2 . 

n u of Abs. Error v of Abs. Error 

il 7.388978904299126e-005 6.124095382239458e-004 

21 1.078529634501724e-005 1.593422934084987e-004 

41 2.217826760020358e-006 4.012705321820853e-005 

61 9.477969471483050e-007 1.787399659253230e-005 

121 2.311524547327082e-007 4.471652837373386e-006 

211 7.505851140621189e-008 1.460362707594864e-006 



5. Conclusions 

In this paper, the non-polynomial spline method is developed for the ap- 
proximate solution of nonlinear system of the second-order boundary value 
problems. The numerical results obtained by using the method described in 
this study give acceptable results. We have concluded that numerical results 
converge to the exact solution when h goes to zero. The results illustrated in 
Figs. 1, 2, 3 and 4 showed that when n was increased, the maximum absolute 
error decreased. Use of spline method has show that it is an applicable new 
method for solving nonlinear system of BVPs. 
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Figure 1: Results for u(x) in example 1 (n = 41 ). Solid line is the exact 
solution u(x) = x 3 — x. 
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0.05 



0.15 



Figure 2: Results for v(x) in example 1 (n = 41). Solid line is the exact 
solution v(x) = x 2 — x. 
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1.2 



exact solution 

* spline solution 




Figure 3: Results for u(x) in example 2 (n = 41). Solid line is the exact 
solution u(x) = sin(nx). 
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Figure 4: Results for v (x) in example 2 (n = 41). Solid line is the exact 
solution v(x) = x 3 — 3x 2 + 2x. 



560 



Instructions to Contributors 
Journal of Computational Analysis and Applications. 

A quartely international publication of Eudoxus Press, LLC. 

Editor in Chief: George Anastassiou 

Department of Mathematical Sciences, 

University of Memphis 

Memphis, TN 38152-3240, U.S.A. 



AUTHORS MUST COMPLY EXACTLY WITH THE FOLLOWING 
RULES OR THEIR ARTICLE CANNOT BE CONSIDERED. 



1. Manuscripts,hard copies in triplicate and in English,should be 
submitted to the Editor-in-Chief, mailed un-registered, to: 

Prof.George A. Anastassiou 
Department of Mathematical Sciences 
The University of Memphis 
Memphis,TN 38152-3240, USA. 



Authors must e-mail a PDF copy of the submission to 
ganastss @ memphis.edu. 

Authors may want to recommend an associate editor the most related to 
the submission to possibly handle it. 

Also authors may want to submit a list of six possible referees, to be 
used in case we cannot find related referees by ourselves. 

2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or 
AMS-LaTEX and according to EUDOXUS PRESS, LLC. LATEX 
STYLE FILE. (Click HERE to save a copy of the style file.)They should 
be carefully prepared in all respects. Submitted copies should be 
brightly printed (not dot-matrix), double spaced, in ten point type size, 
on one side high quality paper 8(l/2)xll inch. Manuscripts should have 
generous margins on all sides and should not exceed 24 pages. 

3. Submission is a representation that the manuscript has not been 
published previously in this or any other similar form and is not 
currently under consideration for publication elsewhere. A statement 



561 



transferring from the authors(or their employers,if they hold the 
copyright) to Eudoxus Press, LLC, will be required before the 
manuscript can be accepted for publication.The Editor-in-Chief will 
supply the necessary forms for this transfer. Such a written transfer of 
copyright, which previously was assumed to be implicit in the act of 
submitting a manuscript,is necessary under the U.S.Copyright Law in 
order for the publisher to carry through the dissemination of research 
results and reviews as widely and effective as possible. 

4. The paper starts with the title of the article, author's name(s) (no 
titles or degrees), author's affiliation(s) and e-mail addresses. The 
affiliation should comprise the department, institution (usually 
university or company), city, state (and/or nation) and mail code. 

The following items, 5 and 6, should be on page no. 1 of the paper. 

5. An abstract is to be provided, preferably no longer than 150 words. 

6. A list of 5 key words is to be provided directly below the abstract. Key 
words should express the precise content of the manuscript, as they are 
used for indexing purposes. 

The main body of the paper should begin on page no. 1, if possible. 

7. All sections should be numbered with Arabic numerals (such as: 1. 
INTRODUCTION) . 

Subsections should be identified with section and subsection numbers 
(such as 6.1. Second- Value Subheading). 

If applicable, an independent single-number system (one for each 
category) should be used to label all theorems, lemmas, propositions, 
corrolaries, definitions, remarks, examples, etc. The label (such as 
Lemma 7) should be typed with paragraph indentation, followed by a 
period and the lemma itself. 

8. Mathematical notation must be typeset. Equations should be 
numbered consecutively with Arabic numerals in parentheses placed 
flush right,and should be thusly referred to in the text [such as Eqs.(2) 
and (5)]. The running title must be placed at the top of even numbered 
pages and the first author's name, et al., must be placed at the top of the 
odd numbed pages. 

9. Illustrations (photographs, drawings, diagrams, and charts) are to be 
numbered in one consecutive series of Arabic numerals. The captions 
for illustrations should be typed double space. All illustrations, charts, 
tables, etc., must be embedded in the body of the manuscript in proper, 
final, print position. In particular, manuscript, source, and PDF file 



562 



version must be at camera ready stage for publication or they cannot be 
considered. 

Tables are to be numbered (with Roman numerals) and referred to 
by number in the text. Center the title above the table, and type 
explanatory footnotes (indicated by superscript lowercase letters) below 
the table. 

10. List references alphabetically at the end of the paper and number 
them consecutively. Each must be cited in the text by the appropriate 
Arabic numeral in square brackets on the baseline. 

References should include (in the following order): 

initials of first and middle name, last name of author(s) 

title of article, 

name of publication, volume number, inclusive pages, and year of 
publication. 

Authors should follow these examples: 

Journal Article 

1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by 
Gordon operators, (journal name in italics) /. Approx. Theory, 62,170-191(1990). 

Book 

2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), 
Chelsea,New York,1986. 

Contribution to a Book 

3. M.K.Khan, Approximation properties of beta operators,in(title of book in 
italics) Progress in Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic 
Press, New York,1991,pp.483-495. 

11. All acknowledgements (including those for a grant and financial 
support) should occur in one paragraph that directly precedes the 
References section. 

12. Footnotes should be avoided. When their use is absolutely 
necessary, footnotes should be numbered consecutively using Arabic 
numerals and should be typed at the bottom of the page to which they 
refer. Place a line above the footnote, so that it is set off from the text. 
Use the appropriate superscript numeral for citation in the text. 

13. After each revision is made please again submit three hard copies 
of the revised manuscript, including in the final one. And after a 



563 



manuscript has been accepted for publication and with all revisions 
incorporated, manuscripts, including the TEX/LaTex source file and the 
PDF file, are to be submitted to the Editor's Office on a personal- 
computer disk, 3.5 inch size. Label the disk with clearly written 
identifying information and properly ship, such as: 



Your name, title of article, kind of computer used, kind of software and version 
number, disk format and files names of article, as well as abbreviated journal name. 

Package the disk in a disk mailer or protective cardboard. Make sure contents of 
disks are identical with the ones of final hard copies submitted! 

Note: The Editor's Office cannot accept the disk without the accompanying 
matching hard copies of manuscript. No e-mail final submissions are allowed! The disk 
submission must be used. 



14. Effective 1 Nov. 2009 for current journal page charges, contact 
the Editor in Chief. Upon acceptance of the paper an invoice will be sent 
to the contact author. The fee payment will be due one month from the 
invoice date. The article will proceed to publication only after the fee is 
paid. The charges are to be sent, by money order or certified check, in 
US dollars, payable to Eudoxus Press, LLC, to the address shown on the 
homepage of this site. 

No galleys will be sent and the contact author will receive one(l) 
complementary electronic copy of the journal issue in which the article 
appears. 



15. This journal will consider for publication only papers that 
contain proofs for their listed results. 



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL ANALYSIS 
AND APPLICATIONS, VOL.12, NO.2, 2010 



A special comprehensive class of analytic functions defined by multiplier transformation, Alina 
Alb Lupas, 387 

Approximation by a nonlinear Cardaliaguet-Euvrard neural network operator of max-product 
kind, George A. Anastassiou, Lucian Coroianu, Sorin G. Gal, 396 

On joint distributions of order statistics arising from random vectors, M. Giingor, A. Turan,....407 

A new result on absolute summability factors, Huseyin Bor, 417 

Statistical convergence of double sequences in topological groups, H. Cakalli, E. Savas, 421 

Approximately left derivations: An alternative fixed point approach, A. Ebadian, S. Shams, ....427 

On the category of intuitionistic fuzzy metric spaces, Hakan Efe, Serkan Gumiis, Cemil 
Yildiz 436 

A note on the oscillation of second order differential equations with damping, Ercan Tunc 444 

Stability of a mixed type additive and quadratic functional equation in non- Archimedean spaces, 
M. Eshaghi Gordji, M. Bavand Savadkouhi, M. Bidkham, 454 

Ternary Jordan *-derivations in C*-ternary algebras, M. Eshaghi Gordji, S. Kaboli Gharetapeh, 
E. Rashidi, T. Karimi, M. Aghaei, 463 

On the Second Moment of Rational Bernstein Functions, Gancho T. Tachev, 47 1 

Properties of parameter-varying dynamic linear systems with parametrized perturbations. 
Applications to delayed dynamics, M. De la Sen, 480 

The Smaller Root Principle for Finding Roots of a Complex Number Function, Louis Paquette,51 1 

An algorithmic technique for the investigation of the non-negativity (or positivity) of a 
homogeneous matrix pencil, Athanasios A. Pantelous, Athanasios D. Karageorgos, Grigoris I. 
Kalogeropoulos, 526 

Oscillation of first-order impulsive difference equations with continuous arguments, B. Karpuz, 
O. Ocalan, S. Ozturk, 539 

Non-polynomial spline method of a non-linear system of second-order boundary value problems, 
Hikmet Caglar, Nazan Caglar, Canan Akkoyunlu, 544 



Volume 12, Number 3 

ISSN: 1521-1398 PRINT, 1572-9206 ONLINE 



July 2010 




Journal of 



Computational 
Analysis and 
Applications 



EUDOXUS PRESSXLC 



566 



Journal of Computational Analysis and Applications 
ISSNno.'s:1521-1398 PRINT,1572-9206 ONLINE 
SCOPE OF THE JOURNAL 
A quarterly international publication of Eudoxus Press, LLC 
Editor in Chief: George Anastassiou 
Department of Mathematical Sciences, 
University of Memphis, Memphis, TN 38152-3240, U.S.A 
ganastss @ memphis.edu 

http://www.msci.memphis.edu/~ganastss/jocaaa 
The main purpose of "J. Computational Analysis and Applications" 
is to publish high quality research articles from all subareas of 
Computational Mathematical Analysis and its many potential 
applications and connections to other areas of Mathematical 
Sciences. Any paper whose approach and proofs are computational,using 
methods from Mathematical Analysis in the broadest sense is suitable 
and welcome for consideration in our journal, except from Applied 
Numerical Analysis articles.Also plain word articles without formulas and 
proofs are excluded. The list of possibly connected 
mathematical areas with this publication includes, but is not 
restricted to: Applied Analysis, Applied Functional Analysis, 
Approximation Theory, Asymptotic Analysis, Difference Equations, 
Differential Equations, Partial Differential Equations, Fourier 
Analysis, Fractals, Fuzzy Sets, Harmonic Analysis, Inequalities, 
Integral Equations, Measure Theory, Moment Theory, Neural Networks, 
Numerical Functional Analysis, Potential Theory, Probability Theory, 
Real and Complex Analysis, Signal Analysis, Special Functions, 
Splines, Stochastic Analysis, Stochastic Processes, Summability, 
Tomography, Wavelets, any combination of the above, e.t.c. 

"J. Computational Analysis and Applications" is a 
peer-reviewed Journal. See at the end instructions for preparation and submission 
of articles to JoCAAA. 

Webmaster:Ray Clapsadle 
Journal of Computational Analysis and Applications(JoCAAA) is published by 
EUDOXUS PRESS,LLC, 1424 Beaver Trail 
Drive,Cordova,TN38016,USA,anastassioug@yahoo.com 
http//:www.eudoxuspress.com.Annual Subscription Prices:For USA and 
Canada,Institutional:Print $470,Electronic $300,Print and Electronic 
$500.Individual:Print $150,Electronic $100,Print &Electronic $200.For any other part 
of the world add $50 more to the above prices for Print.No credit card payments. 
Copyright©2010 by Eudoxus Press,LLCAll rights reserved. JoCAAA is printed in USA. 
JoCAAA is reviewed and abstracted by AMS Mathematical 
Reviews,MATHSCI,and Zentralblaat MATH. 

It is strictly prohibited the reproduction and transmission of any part of JoCAAA and in 
any form and by any means without the written permission of the publisher.lt is only 
allowed to educators to Xerox articles for educational purposes. The publisher assumes no 
responsibility for the content of published papers 



567 



Editorial Board 
Associate Editors 



1) George A. Anastassiou 

Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152, U.S. A 
Tel. 901-678-3144 
e-mail: ganastss@memphis.edu 
Approximation Theory, Real Analysis, 
Wavelets, Neural 
Networks, Probability, 
Inequalities . 

2) J. Marshall Ash 
Department of Mathematics 
De Paul University 

2219 North Kenmore Ave. 

Chicago, IL 60614-3504 

773-325-4216 

e-mail: mash@math.depaul.edu 

Real and Harmonic Analysis 

3) Mark J.Balas 

Department Head and Professor 

Electrical and Computer Engineering 

Dept . 

College of Engineering 

University of Wyoming 

1000 E. University Ave. 

Laramie, WY 82071 

307-766-5599 

e-mail: mbalas@uwyo.edu 

Control Theory, Nonlinear Systems, 

Neural Networks, Ordinary and 

Partial Differential Equations, 

Functional Analysis and Operator 

Theory 

4 ) Drumi D . Bainov 
Department of Mathematics 
Medical University of Sofia 
P.O.Box 45,1504 Sofia, Bulgaria 
e-mail : 

dbainov@mbox . pharmf ac . acad . bg 
e-mail : drumibainov@yahoo . com 
Differential Equations /Inequalities 

5) Carlo Bardaro 
Dipartimento di Matematica e 
Informatica 

Universita di Perugia 
Via Vanvitelli 1 



20) Hrushikesh N.Mhaskar 
Department Of Mathematics 
California State University 
Los Angeles, CA 90032 
626-914-7002 

e-mail: hmhaska@calstatela.edu 
Orthogonal Polynomials, 
Approximation Theory, Splines, 
Wavelets, Neural Networks 

21) M.Zuhair Nashed 
Department Of Mathematics 
University of Central Florida 
PO Box 161364 

Orlando, FL 32816-1364 
e-mail : znashed@mail . ucf . edu 
Inverse and Ill-Posed problems, 
Numerical Functional Analysis, 
Integral Equations, Optimization, 
Signal Analysis 

22) Mubenga N.Nkashama 
Department OF Mathematics 
University of Alabama at 
Birmingham 

Birmingham, AL 35294-1170 
205-934-2154 

e-mail : nkashama@math . uab . edu 
Ordinary Differential Equations, 
Partial Differential Equations 

23) Charles E.M.Pearce 
Applied Mathematics Department 
University of Adelaide 
Adelaide 5005, Australia 
e-mail : 

cpearce@maths . adelaide . edu . au 
Stochastic Processes, Probability 
Theory, Harmonic Analysis, 
Measure Theory, 
Special Functions, Inequalities 

24) Josip E. Pecaric 
Faculty of Textile Technology 
University of Zagreb 
Pierottijeva 6,10000 
Zagreb, Croatia 

e-mail: pecaric@hazu.hr 
Inequalities , Convexity 



568 



06123 Perugia, ITALY 

TEL+390755853822 

+390755855034 

FAX+390755855024 

E-mail bardaro@unipg . it 

Web site: 

http: //www. unipg.it/~bardaro/ 

Functional Analysis and 

Approximation 

Theory, Signal Analysis, Measure 

Theory, 

Real Analysis . 

6) Jerry L.Bona 
Department of Mathematics 
The University of Illinois at 
Chicago 

851 S. Morgan St. CS 24 9 
Chicago, IL 60601 
e-mail : bona@math . uic . edu 
Partial Differential Equations, 
Fluid Dynamics 

7) Luis A.Caffarelli 
Department of Mathematics 

The University of Texas at Austin 

Austin, Texas 78712-1082 

512-471-3160 

e-mail: caffarel@math.utexas.edu 

Partial Differential Equations 

8) George Cybenko 

Thayer School of Engineering 

Dartmouth College 

8000 Cummings Hall, 

Hanover, NH 03755-8000 

603-646-3843 (x 3546 

Seer. ) 

e-mail : 

george . cybenko@dartmouth . edu 

Approximation Theory and Neural 

Networks 

9) Ding-Xuan Zhou 
Department Of Mathematics 
City University of Hong Kong 
83 Tat Chee Avenue 
Kowloon,Hong Kong 

852-2788 9708, Fax: 852-2788 8561 
e-mail: mazhou@math . cityu . edu . hk 
Approximation Theory, 
Spline functions, Wavelets 

10) Sever S.Dragomir 

School of Computer Science and 
Mathematics, Victoria University, 



25) Svetlozar T.Rachev 
Department of Statistics and 
Applied Probability 
University of California at Santa 
Barbara, 

Santa Barbara, CA 93106-3110 

805-893-4869 

e-mail : rachev@pstat . ucsb . edu 

and Chair of Econometrics, 

Statistics and Mathematical 

Finance 

School of Economics and 

Business Engineering 

University of Karlsruhe 

Kollegium am Schloss, Bau 

11,20.12, R210 

Postfach 6980, D-76128, 

Karlsruhe , GERMANY . 

Tel +49-721-608-7535, 

+49-721-608-2042 (s) 

Fax +49-721-608-3811 

Zari . Rachev@wiwi . uni-karlsruhe . de 

Probability, Stochastic Processes 

and 

Statistics , Financial Mathematics , 

Mathematical Economics . 

26) Alexander G. Ramm 
Mathematics Department 
Kansas State University 
Manhattan, KS 66506-2602 
e-mail : ramm@math . ksu . edu 
Inverse and Ill-posed Problems, 
Scattering 

Theory, Operator Theory, 
Theoretical Numerical 
Analysis, Wave Propagation, 
Signal Processing and 
Tomography 

27) Ervin Y.Rodin 

Department of Systems Science and 

Applied Mathematics 

Washington University, Campus Box 

1040 

One Brookings Dr . , St .Louis, MO 

63130-4899 

314-935-6007 

e-mail: rodin@rodin.wustl.edu 

Systems Theory, Semantic 

Control, 

Partial Differential Equations, 

Calculus of 

Variations , Optimization and 



569 



PO Box 14428, 
Melbourne City, 
MC 8001, AUSTRALIA 
Tel. +61 3 9688 4437 

Fax +61 3 9688 4050 
sever@csm.vu . edu . au 
Inequalities, Functional Analysis, 
Numerical Analysis, Approximations, 
Information Theory, Stochastics . 

11) Saber N.Elaydi 
Department Of Mathematics 
Trinity University 

715 Stadium Dr. 

San Antonio, TX 78212-7200 

210-736-8246 

e-mail: selaydi@trinity.edu 

Ordinary Differential Equations, 

Difference Equations 

12) Augustine O.Esogbue 

School of Industrial and Systems 

Engineering 

Georgia Institute of Technology 

Atlanta, GA 30332 

404-894-2323 

e-mail : 

augustine . esogbue@isye . gatech . edu 

Control Theory, Fuzzy sets, 

Mathematical Programming, 

Dynamic Programming, Optimization 

13) Christodoulos A.Floudas 
Department of Chemical Engineering 
Princeton University 
Princeton, NJ 08544-5263 
609-258-4595 (x4619 
assistant) 

e-mail : f loudas@titan . princeton . edu 
Opt imizationTheory&Applicat ions, 
Global Optimization 

14) J.A.Goldstein 

Department of Mathematical Sciences 

The University of Memphis 

Memphis, TN 38152 

901-678-3130 

e-mail : jgoldste@memphis . edu 

Partial Differential Equations, 

Semigroups of Operators 

15) H.H.Gonska 
Department of Mathematics 
University of Duisburg 
Duisburg, D-47048 



Artificial Intelligence, 
Operations Research, 
Math . Programming 

28) T. E. Simos 
Department of Computer 
Science and Technology 
Faculty of Sciences and 
Technology 

University of Peloponnese 
GR-221 00 Tripolis, Greece 
Postal Address : 
26 Menelaou St. 
Anfithea - Paleon Faliron 
GR-175 64 Athens, Greece 
tsimos@mail . ariadne-t . gr 
Numerical Analysis 

29) I. P. Stavroulakis 
Department of Mathematics 
University of Ioannina 
451-10 Ioannina, Greece 
ipstav@uoi . gr 
Differential Equations 
Phone +3 0651098283 

30) Manfred Tasche 
Department of Mathematics 
University of Rostock 
D-18051 Rostock, Germany 

manf red . tasche@mathematik . uni- 

rostock . de 

Numerical Fourier 

Analysis, Fourier Analysis, 

Harmonic Analysis, Signal 

Analysis, 

Spectral 

Methods , Wavelets , Splines , 

Approximation Theory 

31) Gilbert G.Walter 
Department Of Mathematical 
Sciences 

University of Wisconsin- 
Milwaukee, Box 413, 
Milwaukee, WI 53201-0413 
414-229-5077 
e-mail: ggw@csd.uwm.edu 
Distribution 

Functions, Generalised Functions, 
Wavelets 

32) Halbert White 
Department of Economics 
University of California at San 
Diego 



570 



Germany 

011-49-203-37 9-3542 

e-mail : 

gonska@mathematik . uni-duisburg . de 

Approximation Theory, 

Computer Aided Geometric Design 

16) Weimin Han 

Department of Mathematics 

University of Iowa 
Iowa City, IA 52242-1419 
319-335-0770 

e-mail: whan@math.uiowa.edu 
Numerical analysis, Finite element 
method, 

Numerical PDE, Variational 
inequalities , 
Computational mechanics 

17) Christian Houdre 
School of Mathematics 
Georgia Institute of Technology 
Atlanta, Georgia 30332 
404-894-4398 

e-mail: houdre@math.gatech.edu 
Probability , Mathematical 
Statistics , Wavelets 

18) V. Lakshmikantham 

Department of Mathematical Sciences 

Florida Institute of Technology 

Melbourne, FL 32901 

e-mail: lakshmik@fit.edu 

Ordinary and Partial Differential 

Equations, 

Hybrid Systems, Nonlinear Analysis 

19) Burkhard Lenze 
Fachbereich Informatik 
Fachhochschule Dortmund 
University of Applied Sciences 
Postfach 105018 

D-44047 Dortmund, Germany 

e-mail: lenze@fh-dortmund.de 

Real Networks , 

Fourier Analysis, Approximation 

Theory 

36) Ahmed I. Zayed 
Department Of Mathematical Sciences 
DePaul University 
2320 N. Kenmore Ave. 
Chicago, IL 60614-3250 
773-325-7808 
e-mail: azayed@condor.depaul.edu 



La Jolla,CA 92093-0508 

619-534-3502 

e-mail: hwhite@econ.ucsd.edu 

Econometric Theory, Approximation 

Theory, 

Neural Networks 

33) Xin-long Zhou 
Fachbereich 

Mathematik, Fachgebiet Informatik 

Gerhard-Mercator-Universitat 

Duisburg 

Lotharstr . 65 , D-47048 

Duisburg, Germany 

e-mail : 

Xzhou@mathematik . uni-duisburg . de 

Fourier Analysis, Computer-Aided 

Geometric Design, 

Computational Complexity, 

Multivariate Approximation Theory, 

Approximation and Interpolation 

Theory 

34) Xiang Ming Yu 

Department of Mathematical Sciences 

Southwest Missouri State University 

Springfield, MO 65804-0094 

417-836-5931 

e-mail: xmy944f@missouristate.edu 

Classical Approximation 

Theory, Wavelets 

35) Lotfi A. Zadeh 

Professor in the Graduate School and 

Director, 

Computer Initiative, Soft Computing 

(BISC) 

Computer Science Division 

University of California at Berkeley 

Berkeley, CA 94720 

Office: 510-642-4959 

Sec: 510-642-8271 

Home: 510-526-2569 

FAX: 510-642-1712 

e-mail: zadeh@cs.berkeley.edu 

Fuzzyness, Artificial Intelligence, 

Natural language processing, Fuzzy 

logic 



Shannon sampling theory, Harmonic 

analysis 

and wavelets, Special functions and 

orthogonal 

polynomials, Integral transforms. 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL.12, NO. 3, 571-580,2010, COPYRIGHT 2010 EUDOXUS PRESS, LLC 



GENERALIZED HYERS-ULAM STABILITY OF 
MULTI-DIMENSIONAL QUADRATIC EQUATIONS « 

HARK-MAHN KIM*, EUNYOUNG SON**, AND JIAE SON*** 

Abstract. For any fixed n € N with n > 2, we are going to investigate the 
general solution of the equation 

n n 

2/(2 Xi ) + 2 f{xi -xj) = 2n 2 /(»<)- 

z— 1 i^j i—1 

in the class of all functions between quasi-/3-normed spaces, and then we are to 
prove the generalized Hycrs-Ulam stability of the equation by using direct method. 



1. Introduction 

In 1940 and in 1964 S.M. Ulam [22] proposed the famous Ulam stability problem: 
"When is it true that by changing a little the hypotheses of a theorem one can 
still assert that the thesis of the theorem remains true or approximately true?" For 
very general functional equations, the concept of stability for a functional equation 
arises when we replace the functional equation by an inequality which acts as a 
perturbation of the equation. Thus the stability question of functional equations is 
that how do the solutions of the inequality differ from those of the given functional 
equation? If the answer is affirmative, we would say that the equation is stable. 

In 1941, the first result concerning the stability of functional equations was pre- 
sented by D.H. Hyers [9]. He has answered the question of Ulam for the case where 
G\ and G 2 are Banach spaces. In 1978, Th.M. Rassias [18] provided a generalization 
of Hyers' Theorem for approximately linear mappings by considering Cauchy differ- 
ence to be unbounded. P. Gavruta [8] has generalized the Th.M. Rassias theorem 
by a general control function of the Cauchy difference. 

Let E\ and E 2 be vector spaces. A function / : E\ — > E 2 is called a quadratic 
function if and only if / is a solution function of the quadratic functional equation 

(1.1) f(x + y) + f(x -y) = 2f(x) + 2f(y). 

It is well known that a function / between real vector spaces is quadratic if and 
only if there exists a unique symmetric biadditive function B such that f(x) = 
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B(x,x) for all x, where the mapping B is given by B(x,y) = \(f(x + y) — f(x — y)). 
See [1, 11] for the details. 

The Hyers-Ulam stability of the quadratic functional equation (1.1) was first 
proved by F. Skof [20] for functions / : E\ — > E 2 , where E\ is a normed space and 
E 2 is a Banach space. P.W. Cholewa [4] demonstrated that Skof's theorem is also 
valid if E\ is replaced by an abelian group. S. Czerwik [5] proved the Hyers-Ulam- 
Rassias stability of quadratic functional equation (1.1). 

Theorem 1.1. Let E\ and E 2 be a real normed space and a real Banach space, 
respectively, and let r ^ 2 be a positive constant. If a function f : E\ — *• E 2 satisfies 
the inequality 

\\f(x + y) + f{x -y)- 2f(x) - 2f(y)\\ < e(\\x\\ r + \\y\\ r ) 

for some e > and for all x,y G E\, then there exists a unique quadratic function 
q : Ei — >■ E 2 such that 

n/w-^)ii<^^ikir 

for all x G E\. 

Furthermore, according to the theorem of C. Borelli and G.L. Forti [3], we know 
the following generalization of stability theorem for quadratic functional equation. 

Theorem 1.2. Let G be an abelian group and E a Banach space, let f : G — *• E be 
a mapping with /(0) = satisfying the inequality 

11/(3 + y ) + f( x - y )- 2 f(x) - 2/(y)|| < tp(x,y) 
for all x,y G G. Assume that one of the series 

±^<p(2 k x, 2 k y) < 00 




then there exists a unique quadratic function Q : G — > E such that 

\\f(x)-Q(x)\\<$(x,x) 
for all x G G. 

During the last two decades a number of papers and research monographs have 
been published on various generalizations and applications of the generalized Hyers- 
Ulam stability to a number of functional equations (see [6, 10, 11, 12, 13]). 

Now, we consider some basic concepts concerning quasi- /5-normed spaces and some 
preliminary results. We fix a real number (3 with < (3 < 1 and let IK denote either 
R or C. Let X be a linear space over K. A quasi-fi-norm || • || is a real-valued 
function on X satisfying the following: 

(1) IMI > for all x G X and ||x|| = if and only if x = 0. 

(2) j|Aa:|| = |A|^ • ||x|| for all A G K and all x G X. 

(3) There is a constant K > 1 such that ||a; + j/|| < iT(||a;|| + \\y\\) for all x,y G X. 
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The pair (X, || ■ ||) is called a quasi-/3-normed space if || ■ || is a quasi-/3-norm on 
X. The smallest possible K is called the modulus of concavity of || • ||. A quasi-/3- 
Banach space is a complete quasi- /3-normed space. A quasi- /3-norm || • || is called a 
(fi,p)-norm (0 < p < 1) if 



||x + 2/|| p < ||:r|| p + ||y| 



i> 



n 




XjJ 


n 

= 2n£/(a;. 



for all x,y G X. In this case, a quasi-/5-Banach space is called a (/3,p)-Banach 
space. We can refer to ([2, 19]) for the concept of quasi-normed spaces and p- 
Banach spaces. Given a p-norm, the formula d(x, y) := \\x— y \\ p gives us a translation 
invariant metric on X. By the Aoki-Rolewicz theorem [19] (see also [2]), each quasi- 
norm is equivalent to some p-norm. In [21], J. Tabor has investigated a version of 
the D.H. Hyers, Th.M. Rassias, Z. Gajda theorem (see [7, 18]) in quasi-Banach 
spaces. Recently, S. Lee and C. Park [14] have obtained stability results of isometric 
homomorphisms in quasi-Banach algebras and J. Rassias and H. Kim [17] have 
obtained stability results of general additive equations in quasi-/9-normed spaces. 

Concerning the stability of quadratic equation in quasi-/9-normed spaces, we in- 
troduce a new quadratic functional equation 

(1.2) 

for any fixed nsN with n > 2. In this paper, we are going to investigate the general 
solution of the equation (1.2) and then we are to prove the generalized Hyers-Ulam 
stability of the equation (1.2) for mappings from quasi-a-normed spaces to {/3,p)- 
Banach spaces by using direct method. 

2. Generalized Hyers-Ulam Stability of Equation (1.2) 

First, we present the general solution of equation (1.2) in the class of all functions 
between vector spaces. 

Lemma 2.1. If vector spaces X and Y are common domain and range of the func- 
tions f in both the functional equations (1-1) and (1.2), then the functional equation 
(1-2) is equivalent to the functional equation (1.1). 

Proof. Suppose that a function / : X — *■ Y satisfies the equation (1.2) for all 
Xi, • ■ • , x n G X. If we replace x±, • • • ,x n in (1.2) by 0, then we have 

2f(0)+n(n-l)f(0) = 2n 2 f(0). 

Since n > 2, /(0) = 0. Let x± — x and x^ = 0(k = 2, • • • ,n). Then 

2f(x) + (n- l)f(x) + (n- l)f(-x) = 2nf(x). 

Thus f(x) = f(—x) for all x G X. Letting X\ = x, x 2 = y and x^ = for all 
k — 3, • • • ,n, we have 

2/(s + V) + fix -y) + (n- 2) f{x) + f(y -x) + (n- 2)f{y) 
+f(-x)(n - 2) + f(-y)(n - 2) = 2nf(x) + 2nf(y) 
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for all x, y G X. By the evenness of /, we may conclude that 

f( x + y ) + f( x -y) = 2f(x) + 2f(y). 

Thus / is quadratic. Conversely, if / is quadratic, then it is obvious that / satisfies 
the equation (1.2). □ 

Throughout this paper, let X be a quasi-a-normed space and let Y be a (f3,p)- 
Banach space unless we give any specific reference. For notational convenience, 
given a mapping / : X — ► Y, we define the difference operator Df : X n — > Y of the 
equation (1.2) by 

n n 

Df(x ir -- ,x n ) :=2/(^^) + ^/(^-^)-2n^/(^), n>2 

i=l i^=j i=l 

for all x±, • • • , x n G X, which is called the approximate remainder of the functional 
equation (1.2) and acts as a perturbation of the equation. Let (p : X n — > R + : = 
[0, oo) be a mapping satisfying one of the conditions 

(a) $i(xi,--- ,x n ) := ^^^(y^ 1 '"' ,nJXn ) <00, 

3=0 n 

oo 

(b) $ 2 (x 1 ,---,x n ):=^n 2 ^(|,---,|) P <oo 

3=1 

for all Xi, • • • , x n G X. Now, we are ready to investigate the generalized Hyers-Ulam 
stability problem for the functional equation (1.2). 

Theorem 2.2. Assume that a function / : X — > Y satisfies 

(2.1) ||D/(a;i, • • • ,x„)|| < <p(x 1: ■ ■ ■ ,x n ) 

for all x±, ■ ■ ■ ,x n G X and Lp satisfies the condition (a). Then there exists a unique 
quadratic function Q : X — > Y satisfying 

( 2 - 2 ) ll/(*) - 2^1) - QWW * 2^^i(^-^) 

for all x G X, where ||/(0)|| < .^-,^7 ' L^ . T/ie function Q is given by 

f(n k x) 



Q(x) = lim 
for all x G X. 



fe^oo n 2fc 



Proo/. Letting m, •• • ,x„ by in (2.1), we get ||(n- l)(ra + 2)/(0)|| < <p(0, ■ ■ ■ ,0), 
and so ||/(0)|| < {n ^'^ 2)P ■ Replacing x k by x for all k = 1, • • • ,n in (2.1), we 
obtain 

(2.3) ||2/(nx) + n(n - l)/(0) - 2n 2 /(x)|| < tp(x, ■■■ ,x) 
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for x G X. Dividing (2.3) by ^2/3, we get 

(2-4) ||l/M-/»||<^^,-..,x) 

for x G X where f(x) = f(x) — 2 , " 1 - ) /(0) for 16I. Thus using the formula (2.4) 
and triangle inequality we prove by induction that 

( 2 -5) II ^f(n k x) - f(xW < E wJj+w rtn'*, 

3=0 

for x G X and for all k G N. Therefore we prove from the inequality (2.5) that for 
any integers m, k with m > k > 

(2-6) \^K^x)-^J{n k x) 

-. m—k—1 1 

< V^ m(n j+k x ■ ■ ■ n j+k x) p 

3=0 



,n J x) p 



1 m_1 1 
2P/3 n 2 P /3 2_> 2Pf i ri 2 iPP 

j=k 



n?x, ■ ■ ■ ,n 3 x) p . 



Since the right hand side of (2.6) tends to zero as k — ► 00, the sequence < ^kf(n k x) > 

is Cauchy for all x G X and thus converges by the completeness of Y. Define 
Q : X -> Y by 

= Mm «£> , X e X. 

k— >oo n 

Then, letting a^ := n k Xi for alii = 1, • • • , n in (2.1), respectively, dividing both sides 
by n 2kpl3 and after then taking the limit as k — *• 00 in the resulting inequality, we 
have 

Wb-.^ir = lim ||4fe^/(n A! a; 1 ,---,n fe x n )|| p 
which implies that 

ra n 

and so the function Q is quadratic by Lemma 2.1. Taking the limit in (2.5) as 
k — > 00, we obtain the approximation (2.2) of / by the quadratic mapping Q. 

To prove the uniqueness of the quadratic function Q subject to (2.2), let us assume 
that there exists a quadratic function Q' : X — > F which satisfies the inequality (2.2). 
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Obviously, we obtain that 

Q( x ) = n ~ 2k Q{n k x), Q\x) = n~ 2k Q\n k x) 
for all x G X. Hence it follows from (2.2) that 

Q(x)-Q'(x)\\ P 

' Q{n k x)-Q'{n k x) '' 



< 



< 



n 2kpf3 

1 
n 2kp(3 

1 



Q(n k x) - f{n k x) + 



n/(0) 



2(n + l) 



f{n k x) - 



nf(0) 
2(n+l) 



Q'(n k x) 



oo _ 



n 2kpf3 2P/3 n 2pl3 Z-^ n 2jp/3 
3=0 



n J+k x, • • • , n 3+k x) 



j+k \p 



oo -. 



2P%2p/3 Z^ n 2jpf3 
j=k 



n J x, • • • , n 3 x) p 



for all fc G N. Therefore letting k — > oo, one has Q(x) — Q'(x) = for all x G X, 
completing the proof of uniqueness. □ 

Theorem 2.3. Assume that a function f : X — *• Y satisfies 

\\Df(x 1: --- ,x n )\\ < <p(xi,--- ,x n ) 

for all Xi, • • • ,x n & X and ip satisfies the condition (b). Then there exists a unique 
quadratic function Q : X — ► Y satisfying 



(2.7) 



\\f(x) - Q(x)\\ < ^^> 2 (x, •••,*) 



for all x & X. The function Q is given by 

Q{x)= lim n 2k f( 
for all x G X. 



Proof. Since Y^jLo 71 ¥>(0, • • • ,0) < oo by assumption and so </?(0, • • • , 0) = 0, we 
get /(0) = in this case. Replacing x by - in (2.3) , we obtain 

(2-8) ll/W-n 2 /(-)ll<^(-, ■■-,-) 

n I 13 n n 

for x G X. 

An induction argument together with (2.8) implies that 



(2.9) 



f(x) - n«f 



\n h ) -2p% 2 ^^ ^V? 



2jpi3 I *^ X \" 



for a; G X and for all fc G N. 
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Therefore we prove from inequality (2.9) that for any integers m, k with m > k > 



(2.10) 



n 2kpl3 I 2(m-fc). 



\n m ) \n k ) 



< 



n 



2kpf3 



m—k 



2P/3 n 2p/3 



J2n 2jp ^ 



X 



X \P 



i=i 



n? 



+k : 



1 *~^ 2JP0, t X 



2p%2 P /3 Z^ ^Vn^ 

i=fc+l 



' n J + fc 

a: \p 



for all x G X. Since the right hand side of (2.10) tends to zero as k — > oo, the se- 
quence {^ 2fc /(^)} is Cauchy for all xel, and thus converges by the completeness 
of Y. Define Q™: X -»■ F by 



Q(x) = limn 2 Vf 



for all x G X. Replacing xi, • • • , x n in (2.1) by nh • • • , ^, respectively, and multi- 
plying both sides by n 2fcp/3 and after then taking the limit as k — > oo in the resulting 
inequality, we have 



H/X^i,--- ,x r , 



lim \\n 2K Df( 



2kr\-C( Xl Xn \\\P 



fc^oo " ' v n fc ' ' n fc ' 



< lim n 2fep/ V( 



Xl 



n k 



0, 



which implies that the function Q is quadratic by Lemma 2.1. Taking the limit in 
(2.9) as k — > oo, we obtain the estimation (2.7) of / by the quadratic mapping Q. 

To prove the uniqueness, let Q' be another quadratic function satisfying (2.7). 
Then it is easy to see that the following identities Q(x) = n 2k Q{\) and Q' 
n 2k Q'(^) hold for all x G X. Thus we have 



x] 



\\Q(x)-Q'(xW = n^(\Q(^)-f(^) \ /(4)-Q'(4) P ) 

VII \n / \n / \n / \n / J 



< 



< 



rr 
x 



2n 2k P p ~ x x y 



1 



2P/3 n 2p/3 



^ n 2 ^ 



j=fc+i 



X 



X \P 



ni ' ' n J 



for all x G X and all k G N. Therefore letting fc — > oo, one has Q(x) — QX 3 -) = 
for all x G X. □ 

As applications, we obtain the following corollaries concerning the stability of the 
equation (1.2). 
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n— times 



Corollary 2.4. Let r be a real number with n 213 7^ n ra and let H : R + x • • • x M + — > 
M + be a function such that H(txi, • • • , ton) < t r H(xi, • • • , x n ) /or allt,x±,- ■ ■ ,x n £ 
K + . Suppose that a function f : X — > Y satisfies the inequality 

(2.11) ||zv(^--,<)||<#(INI,---,IWI) 

/or all Xi,- ■ ■ ,x n G X. T/ien t/iere exists a unique quadratic function Q : X — »■ Y 
which satisfies the inequality 

( H(l,- ,l)\\x\\ r if n 2f3 > n ra 

•f( g ) ~ O^ -L. "H ~ ^W - ^ g(lr-,l)INir ■/ 2/3/ ro 

2(n+l) — v ; ; " " =, «r n p <n 

/or all x £ X . The function Q is given by 

{lim^oon 2 */^), 2/ n 2 ^<n™ 

/or a// x G X ; where /(0) =0 i/r>0. 

Proof. If r > 0, we put xi, • • • ,x n by in (2.11) and we get /(0) = according to 
H(0, ■■■ ,0) = 0. Letting (p(x 1 ,--- ,x n ) := H(\\xi\\, ■ ■ ■ , \\x n \\) for all x 1 ,--- ,x n G X 
and then applying Theorem 2.2 and Theorem 2.3 we obtain easily the results. □ 

In the following corollary, we have a stability result of the equation (1.2) in the 
sense of Th. M. Rassias [18]. 

Corollary 2.5. Let r,e be real numbers such that e > ; n 2f3 7^ n ra . Assume that a 
function f : X — > Y satisfies the inequality 

(2.12) \\Df(x u ■■■ ,x n )\\< e(||a;i|| r + ' " ' + \M\ r ) 

for all x±, ■ ■ ■ ,x n G X and X \ {0} if r < 0. Then there exists a unique quadratic 
function Q : X — > Y which satisfies the inequality 

{ ne||a|| r • e ^2/3 ^ ra 
V HNr ■ , 2/3 / ra 
, " " , % 1 n ' < n 
2 /3^/ n r pa _ n 2p/3' 

/or all x £ X and X \ {0} if r < 0. The function Q is given by 

fli m , ^ nkx ) jf „2/3 > ™ 

[lim^oon^/l^), i/ n 2f3 <n ra 

for all x G X and X \ {0} ifr<0, where /(0) =0 ifr>0. 

Proof. If r > 0, we put x±,--- ,x n by in (2.12) and we get /(0) = 0. Letting 
(p(xi, • • • , x n ) := e(||a;i|| r + ■ • • + ||x„|| r ) for all x±, • • • ,x n G X and then applying 
Theorem 2.2 and Theorem 2.3 we obtain easily the results. □ 

In the next corollary, we get a stability result of the equation (1.2) in the sense of 
J. M. Rassias [15, 16]. 
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Corollary 2.6. Let e, n, • • • , r n be real numbers such that e > 0, n 2/3 ^ n ra , where 
r := E"rj. Suppose that a function f : X —*Y satisfies 

||£>/(xi,--- ,x n )\\ <e||xi|| ri ||x 2 || r " 2 ---||x n || r "" 

for all x±, ■ ■ ■ , x n G X and X \ {0} if r±, ■ ■ ■ ,r n < 0. Then there exists a unique 
quadratic function Q : X ^Y which satisfies the inequality 

{ A\" x \\ r A f n 2/3 ^ ra 
2/3P/„2 P/ 3_ n r pa ' 
^ e\\x\\r -f 2/3/ ra 
, " " , it n p <n 
2 /3^/ ra r pQ _ n 2 P /3' J 

for all x G X and X \ {0} if ?r, • • • ,r n < 0, where /(0) = if r\,- ■ ■ ,r n > 0. 

Proof. We remark that y^i, • • • ,x n ) := e||a;i|| ri ||a;2|| r2 • • • ||^n|| rn satisfies the condi- 
tion (a) or (b) for all x±, ■ ■ ■ ,x n (zX. By Theorem 2.2 and Theorem 2.3, we get the 
results. □ 

As a result, we obtain the following Hyers-Ulam stability result of the equation 
(1.2). 

Corollary 2.7. Assume that for some 9 > a function f : X — *• Y satisfies the 
inequality 

\\Df( Xl ,--- ,x n )\\<e 

for all Xi, • • • ,x n G X. Then there exists a unique quadratic function Q : X — > Y 
which satisfies the inequality 

n 6 

\\m-7^—rJ(n)-Q(x)\\< 



2(n+l) JV/ v '" ~ 2^n 2 PP-l 
for all x G X . 

Proof. If we put (p(xi, • • • , x n ) := 9, then if satisfies the condition (a) and so we get 
the desired result. □ 
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A note on generalized absolute Cesaro summability 

Hikmet Seyhan OZARSLAN 

Department of Mathematics, Erciyes University, 38039 Kayseri, Turkey 

E-mail: seyhan@erciyes. edu.tr ; hseyhan38 @gmail.com 

Abstract 

In this paper, a general theorem concerning the f~\ C,a \ k summability 
factors of infinite series, has been proved. 

1 Introduction 

Let (<p n ) be a sequence of positive real numbers and let J2 a n be a given 
infinite series with the sequence of partial sums (s n ). We denote by t" n-th 
Cesaro means of order a, with a > — 1, of the sequence (na n ), i.e., 

1 n 
^n = ^XT* 2-~i A n - V va v , (1) 

n v= i 

where 

A% = 0{n a ), a>-l, A% = 1 and At n = for n > 0. (2) 

2000 AMS Subject Classification: 40D15, 40F05, 40G05. 
Keywords and phrases: Summability factors, infinite series. 
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The series J2 a n is said to be summable | C, a \ k , k > 1 and a > — 1, if 

(see [1]) 

OO -i 

E - 1 £ i fc < «). ( 3 ) 

n=l 

and it is said to be summable </? — | C, a L, A; > 1 and a > — 1, if (see [3]) 

oo fe-1 

Ern I .a ifc - ^^ /^ 

-^T I f n I < OO- I 4 ) 

n=l 

If we take a = 1 , then <p — \ C,a \ k summability reduces to (p — \ C, 1 | k 

summability. 

Ozarslan [2] has proved the following theorem for (p — \ C, 1 L summability 

factors of infinite series. 

Theorem A([2]). Let (<p n ) be a sequence of positive real numbers. If 

A m = o(l) as m — ► oo, (5) 

m 

J^nlogn \ A 2 X n | = 0(1), (6) 

n=l 
m fc-1 

2J u fc | ii) | = 0(logm) as m — ► oo, (7) 

E^T = <^)> < 8 > 

then the series J2 a n \ n is summable <p — \ C, 1 \ k , k > 1. 
2. The main result. The aim of this paper is to generalize Theorem A 
for ip — | C, a \ k summability. We shall prove the following theorem. 
Theorem. Let {<p n ) be a sequence of positive real numbers and the condi- 
tions (5)-(6) of Theorem A are satisfied. If 

m fc-l 

E ^T I f v \ k = Oilogm) as m -> oo, (9) 

v=l 

m+1 fc-1 ..fe-1 

n=v 
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then the series Yl a nA n is summable cp — \ C,a \ k , k > 1 and < a < 1. 
It should be noted that if we take a = 1 in this theorem, then we get 
Theorem A. In this case condition (9) reduces to condition (7) and condition 
(10) reduces to condition (8). 

Proof of the Theorem. Let T° be the n-th (C, a) means of the sequence 
(na n A n ), with < a < 1. Then by (1), we have 

1 n 
T: = —Y. A n-lva v \ v . (11) 

Applying Abel's transformation, we get that 

1 n— 1 v \ n 

n = ~Ku z^ v z^ A n -pP a p + ^a z^, A n ~ v va v 

n v=l p=l n v=l 

1 n— 1 

= ~i^ E A^AA^t" + A n t" 

n v= i 

= T nl + T n2 , say. 



Since 



K, + T« 2 \ k < 2 fc (|T n M fc + | TZ 



2 i ;> 



to complete the proof of the Theorem, by (4)it is enough to show that 

oo fc-1 

E ^V I Kr \ k < °°> M ^=1,2. (12) 

n=l 

Now, when k > 1, applying Holder's inequality with indices k and k', where 
| + p = 1, we get that 
m ,-fc-l m , fe-l i ra-1 

E^i^,ii fc = E^H^Eaax^i* 

n=2 " n=2 '* ^™ u=l 

m k—1 re— 1 

= o(i)E|^{E^i A ^iici} fc 

n=2 v=l 
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m k—1 Ti—1 71— 1 

°(!) E |^(E - a i A ^ 1 1 £ i fc xiE - a I A ^ I)"" 1 

n=2 «=1 d=1 

■m ,_fe-l ra 

owE^iE^iAAjicm 

n=2 i)=l 

m m fe— 1 

o(i)E- a i^nci fc E^ 

v=l n=v 

m fc— 1 

0(l)^HAA„|^V|C| fc 

77J-1 U ,„fc-l "I fe-1 

0(1) £ I A( V I AA, |) | £ ^- | £ |* +m | AA m | x: ^ I *? I fc 

D=l r=l r=l 

771—1 77!.— 1 

0(1) YJ I AAt, | Zo^v + YJ w | A X v | Zogv + m | AA m | logm 

v=l v=l 

0(1) as m — ► oo, 



by virtue of hypotheses of the Theorem. Finally, 

m fc-l m fe-l 

E rn I ^a ifc _ V^ yn I \ -a ifc 

A- \ 1 n,2 \ — 7. J. A « l n 

n=l n=l 



m, fc_i oo 

n=l «=n 

oo v fc_i 

O(l) £ I AA„ | £ ^ K |* 

■y=l n=l 

oo 

0(1) J2 I AA « I /o S w 

v=l 

0(1) as ?n — ► oo, 



by virtue of hypotheses of the Theorem. Therefore we get that 
00 ,Jfc-i 



]T ^1- | T« r | fc = 0(1) as m^oo, /or r = l,2. 



n=l 

This completes the proof of the Theorem. 
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SOME EXTENSIONS OF OPTIMAL HARDY'S INEQUALITY 
USING ESTIMATES OF P-LAPLACIAN 

AURELIA FLOREA AND IONEL ROVENTA 



Abstract. In this paper we establish some extensions of the Hardy's type in- 
equalities using estimates of p — Laplacian. We use also Landau's inequalities. 



1. Preliminaries 
Recall here the classical Hardy inequality, which asserts that 

(li) £ {wiC fw '*)""■* s fe)7_> <*>*• i<p< ™ 

for each positive function / defined on (— oo, oo) . 
N. Lcvinson in [8] proved: 

Theorem 1. Let A be a nonnegative function, f G C 2 (0,oo). If A satisfies the 
condition 

(1.2) A (t) A" (t) > (l - ±) (A' (t)f , p > 1, t e (0, oo) 
then 

(1.3) I A(-/ o / W ^<(^) ^ A (/(,))„, 

for f >0 unless A (/) = 0. 

Example 1. Different choices of A may lead to interesting variants of the Hardy 
inequality. We present here three special cases. 

(a) The function A(t) — t p ,p > 1, satisfies (1.2). In this case, (1.3) is the classical 
Hardy inequality (1.1). 

(b) The function A(i) = t~ q with q > 0, satisfies (1.2) for every p > 1. Hence 

(1.3) has the form 

that is, the classical Hardy inequality still works for negative exponents. 

(c) The function A(t) = e* with < a < 1, satisfies (1.2), and thus we have 

(1.4) J°° cxp ( ±- J* f(t)dt) dx<(-^\ J°° c^(f a (x))dx. 
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For a = 1, / replaced by In/ and p —> oo, the inequality (1.4) becomes the 
well-known Carleman-Knopp inequality 

(1.5) J cxp ( - J In f(t)dt\ dx< e f f (x) dx; 

(1.5) can be considered as the limiting case, for p tending to infinity, of the classical 
Hardy inequality for / 1 ' p , 



Indeed, the geometrical mean of /, 

exp ( - / In / (t) dt 

\ x Jo J 



satisfies 

(see [5], p. 139). 

Remark 1. We should easy infer that the function A from Theorem 1 is in fact 
convex. For some interesting estimates about such functions, see [9]. Moreover, a 
generalization of Nash equilibrium, an g — equilibrium has obtained in [10] . 

2. Main result 

Our aim is to obtain a Hardy Littlewood type inequality, using some estimates 
of p — Laplacian. As a consequence, we obtain a more general result than Theorem 
1. 

Consider the natural maximal domain for p — Laplacian in the Banach space 
i p (0,oo). This is 

D p := {/ : [0, oo) - C|/, l/TY G AC[0, oo), / G L p (0, oo), A p f G L«(0, oo)}, p > 1, 

where A p w := div (|Vw(x)| p-2 Vu(x)) and AC denotes the family of absolute con- 
tinuous functions. In particular for p = 2, D 2 is the standard maximal domain of 
/" in the Hilbert space L 2 (0,oo). 

An interesting result for [1] take into account the following Hardy-Littlewood- 
type inequality. 

Theorem 2. For every f G D p , there exists a constant K > such that 
\\f'\\l < K\\f\\ p \\A p f\\ q , where - + - = l,p,q>l. 

The inequality from Theorem 2 gives an estimate of the derivative /' in L p (0, oo). 
As in the case of Hardy-Littlewood inequality an essential first step in establishing 
the inequality is showing that /' is indeed an element of this space. In the present 
case the required information is provided by the following lemma. 

Lemma 1. Let f G D p . Then f G L p (0,oo); moreover, lim :E „> 00 (|/'| p-2 /'/)(a:) = 
0. 

Proof. See [1]. □ 

It is easy to infer the next two additional lemmas. For more details, see [1]. 
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Lemma 2. Let g : [0,oo) — > C be a locally absolutely continuous function and 
k > 1. Then \g\ k : [0,oo) — > [0, oo) is locally absolutely continuous, and (\g\ k )' — 
k\g\ k - 2 Re{gg'). 

Lemma 3. Let p > 1, k > 0. If a,b > satisfy dP < k(a + fyW^ 1 , then a < cb, 
where - is the unique zero of 

f(x) :=kx p - l (x+l)-l,(x>0). 

Proof of Theorem 2. 

Consider / <= D p . By Lemma 1, /' <= LP(0,oo) and ]3m x ^ 00 (\f'\P-' 2 f'J)(x) = 0. 
Hence using the integration by parts we infer 

\\f% = -d/r- 2 /7)(o) - f°(A P /)7 < ifmr'mi + iia p /ui/u p . 

Jo 
Thus we need only to estimate the first term on the right-hand side in terms of 
the second. By Lemma 2, we have, for x > 0, 

|/(0)|* - \f(x)\ p < P f \f\ p - 2 Re(7f) < P T 1/rVl 
Jo Jo 



< P (l \f\ (p - i)q ) q (j o i/r) "^Pii/iir'ii/'iip. 

using Holder's inequality and (p—l)q = p. Considering that ]im.inf x — >00 \f(x)\ p = 0, 
we conclude that 

I/WI^pII/ii^h/v 

Similarly, by Lemma 2, 

i/'(o)i* - \f(x)f = J x A ( || /r -2 /T) < q j x n/'rvr-'i^d/'r 2 /^/)! 
q r | r | ( p-i) (g -2) + p-i |Ap/| = q r l/1|Ap/l < g ||/'|| g ||A p /ii g , 

Jo Jo 

and as limm/ a; ^ 00 |/'(x)| p — we conclude that 

\f'(o)\*>< q \\f'\\ p \\A p f\\ q . 

Therefore 

(i/ , (o)i p - i i/(o)D" < Pii/nr'ii/'iip^- 1 !!/' uri^/iir 1 

<^- 1 ||/||^ 1 ||A p /||P- 1 (|/'(0)r 1 |/(0)| + ||A p /|| g ||/|| p ). 

Now apply Lemma 3 with a = |/'(0)r ^/Wl, & = ||A p /|| 9 ||/|| p and k = pqP~\ 
to obtain the desired inequality with K = c + 1. 
The main result of this paper is in the following: 

Theorem 3. Let A G Di be a nonnegative real valued function. Then there exists 
some po > 1 such that for all p > po we have 

(2.1) ^°° AQjf f(t)dt\dx< (-ILX J~A(f( x ))dx, 

for f > tm/ess A (/) = 0. 
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Proof. The result from Theorem 2, in the case p = 2, asserts that J Q (f'(t)) 2 dt < 
oo. In fact, we should infer that inequality 1.2 is satisfied for a suitable p — K > 0. 
If not, we obtain a contradiction with Theorem 2 and with the fact that /' G 
i 2 (0,oo). 

Choosing pq = K _ 1 , the function / satisfies the condition 1.2 for all p > pq. In 
conclusion we should apply Theorem 1 and the proof is done. □ 

3. Further results 

Let us denote, for x G R N , by B (x) the ball {?/€«": \y\ < \x\} and by \B (x)\ 
its volume. In [2], it is shown that the iV-dimensional Hardy operator, Ti^ defined 

by 

{n N f) (x) = —^— / / (y) dy, xeR N 

\ B (X)\ Jb(x) 

satisfies 

(3.1) I \(H N f)(x)\ p dx<(^-Y [ \f(x)\ p dx, Kp< oo 



the constant f -£y j being again the best possible. 

If we shall considered the bounded intervals, then the Hardy's inequality can be 
deduced from the following lemma (see [9]): 



Lemma 4. Let < b < oo and — oo < a < c < oo. If ' u is a positive convex function 
on (a, c) , then 

rb ,i rx N j_ ,6 .., ^ 

X 

for all integrable and positive functions h : (0, b) — > (a, c) . 



(3.2) f u(- f X h (t) dt\ — < I u{h (x)) (l - |) 



Corollary 1. For u(;r) = x p , the result of Lemma 1 can be put in the following 
form: 

where a = b p ' p 1 and f(x) = h [x 1 l ' p j x 1 ' p . This yields an analogue of Hardy's 
inequality for functions f G L p (0, a) , where < a < oo, from which Hardy's 
inequality follows by letting a — ► oo. 

We prove now a generalization of Hardy's inequality considered on the bounded 
intervals: 

Theorem 4. Let A be a nonnegative function, f G C 2 (0,oo). If A satisfies the 
condition 

(3.4) A (t) A" (t) > (l - -} (A' (£)) 2 , p>lte(0,oo) 

(3.5) [ ^{^[ f (*) di ) ^ < (p^r) " /" A (/ (*)) (l " (3 (P_1)/P ) <**> 
/or a > 0, / > Mfi/ess A (/) = 0. 
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Proof. If we denote F (t) = (A (t)) 1/p , then by (3.4) F" (t) > and thus F (t) is 
convex. By Jensen's inequality 

(3.6) f(- I }(t)dt] <- f F(f(t))dt. 



which yields 



x Jo / x Jo 



if \ . r n 



!• 



r p [- (f(t))dt)dx< -/ F(f(t))dt) dx. 

o \ x Jo / Jo \ x Jo J 

By Hardy's inequality (3.3) applied to F (/ (x)) we have 

Now, (3.5) follows from (3.6) and (3.7) inequalities since A = F p '■ □ 

Remark 2. The following Landau inequality is well known: 



(3-8) l|A'|| co <2 v /||A|| co ||A"|| co , 

where A is a real function twice differ entiable on I, m(I) > 2^||A|| / ||A" || , (||A|| 
sup xeI |A(x)| and m(I) is the length of I). The constant 2 in the right-hand side 
of inequality (3.8) is the best possible. 

Remark 3. If A : M. — > K is a twice differentiable function on K, then (3.8) should 
be replaced by 



A'll < A /2 IIAII MA'- 



loo ii ii oo 



Remark 4. Let A : (0, oo) — > R be a twice differentiable nonnegative function such 
that 

(3.9) A(i)A"(t)>(l-£)(A'(i)) 2 , 

for some p > 1. Then 

l|A'|| co <y^ T V / |l A ll-ll A "H- 

and Landau's inequality shows that (3.9) holds true at least for p G (1,4/3]. 

The last remarks allow us to refer to the min-max inequalities, especially Ky- 
Fan's type inequalities. For, interesting extensions of Ky-Fan inequalities, see [10] 
and [11]. 

Proposition 1. If p £ (1,4/3], then for every function twice differentiable defined 
on (0, oo) with || A|| 00 , 1 1 A." 1 1 0O < oo, we have 

/•OO / -I r-X \ / \ p />oo 

J^ a(-J^ f(t)dt\dx<{-^\ J^ A(f(x))dx, 
for f > unless A (/) = 0. 
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Theorem 5. Let A : R — > R 6e a iwice differentiable nonnegative function, wich 
satisfies the condition (3.9) for some p > 1. TVien 

(3 - io) Ofe/vH*- (^i)'£ A(/(x)) *- 

Proof. If wc denote F (£) = (A (t)) 1/p , then by (3.4) F" (t) > and hence F (t) is 
convex. Thus by Jensen's inequality 

(3.11) / (— / /(/),// | < — /"' / (7(7)),//. 
and then 

(3.12) / l"[ — l_ f(t)dt)dx<J_ l^y_ /i/i0.w//| ./.»■• 
If we write the inequality (1.1) for F (/ (a;)) we have 

(3 ' i3) £ {w\C/ {m)d )" b - (^r)'£ r ' (/w)<b - 

Now, (3.10) follows from (3.12) and (3.13) inequalities since A = F p '. □ 

Proposition 2. //p G (1,2], then for every twice differentiable function A defined 
on R wii/i IIAH^ , HA"!!^ < oo, we Ziave 

(3 - i4) £ A (»H/.'i!l l / H*- (^)'£ A(/(x)) *- 

/or / > defined on (— oo, oo) , unless A (/) = 0. 

Proof. We shall used Remark 3 and the theorem above. □ 
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GENERALIZED DERIVATIONS AND ITS STABILITY 

SHEON- YOUNG KANG AND ICK-SOON CHANG 

Abstract. In this article, we are going to examine the generalized Hyers-Ulam stabil- 
ity and the superstability of generalized derivations corresponding to the Jensen type 
functional equation. 



1. Introduction 

The concept of stability for a functional equation arises when we replace the functional 
equation by an inequality which acts as a perturbation of the equation. The first study of 
stability problems had been formulated by S.M. Ulam [20] during a talk in 1940 : Under 
what condition does there exists a homomorphism near an approximate homomorphism ? 
In the following year 1941, D.H. Hyers [8] was answered affirmatively the question of Ulam 
for Banach spaces, which states that if e > and f : X — > y is a mapping with X a 
normed space, y a Banach space such that 

\\f(x + y)-f(x)-f(y)\\<e (1.1) 

for all x, y G X, then there exists a unique additive mapping L : X — > y such that 

\\f(x)-L(x)\\<e 

for all x £ X. This stability phenomenon is called the Hyers- Ulam stability of the additive 
functional equation f(x + y) = f{x) + f(y). A generalized version of the theorem of Hyers 
for approximately additive mappings was given by T. Aoki [1] and for approximately linear 
mappings was presented by Th.M. Rassias [15] in 1978 by considering the case when the 
inequality (1.1) is unbounded. Due to that fact, the additive functional equation is said 
to have the generalized Hyers- Ulam stability or the Hyers- Ulam-Rassias stability property. 
Since then, a great deal of work has been done by a number of authors and the problems 
concerned with the generalizations and the applications of the stability to a number of 
functional equations have been developed as well. The first result on the stability of the 
Jensen functional equation 2/(2^) = f{x) + f{y) was given by Z. Kominek [12]. 

A linear mapping d from an algebra A into itself is called a generalized derivation if 
the functional equation d(xyz) = d{xy)z — xd{y)z + xd{yz) is valid for all x,y,z £ A. 
In addition, if A has a unit element and y is a unit, then we will say that d is just an 
extended derivation. In fact, a generalized derivation on an algebra A with unit is an 
extended derivation. A linear mapping T from a unital normed algebra A into itself is 
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said to be spectrally bounded if there exists a constant M > such that r{T{x)) < Mr(a;) 
for all x G „4, where r(.) stands for the spectral radius. 

The main aim of the present article is to take account of the stability problem for 
generalized derivations on Banach algebras corresponding to the following Jensen type 
functional equation 

t( x + y \ = ■/ , ( x ) , f(y) 



k J k k 

where k is an integer greater than 1. This functional equation is introduced in [2]. 

2. Main Results 

Throughout this article, the element e of an algebra A will denote a unit. We first 
establish the generalized Hyers-Ulam stability of additive generalized derivations. 

Theorem 2.1. Let A be a Banach algebra. Suppose that f : A — > A is a mapping with 
/(0) = for which there exists a function if : A 5 — ► [0, oo) such that 



<p(0,0,k n z,w,u) = 
k n 



n— >oo 

oc 



y ._ 1 ip(k 3 x, k 3 y, k? z, k 3 w, k 3 u) < 



oo, 



i=i 



l'( 



x + y 
jfe 



+ zwm 



/(*) /(y) 



A: 



A: 



f(zw)u + zf(w)u — zf(wu) 



(2.1) 
(2.2) 

(2.3) 



< (p(x,y,z,w,u) 



for all x, y, z,w,u G „4. TTien t/iere exists a unique additive generalized derivation d : A 
A satisfying 



oo ^ 

||/(x) - d(x)\\ < J2 T^i<f( kix > °> °. °. °) 

/or a// j;£ A Moreover, 



3=1 



x{f{y) - d{y)}z = 
for all x,y,z £ „4. 

Proof. Substituting z = w = u = 0in (2.3), we get 

'z + y\ /(x) /(y) 



(2.4) 



(2.5) 



<<p(x,y, 0,0,0) 



(2.6) 



k ) k k 

for all x,|/€ A Let us take y = and replace x by A;x in the above relation. Then it 
follows that 

f(kx) 



f(x) 



A: 



< ip(kx,0,0,0,0) 



for all x £ A. An induction implies that 

' /(/ '" r) -/(*)||<E 7^1^^,0,0, 0,0) 



A:'' 



3=1 



(2.7) 
(2.8) 
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for all x € A- By virtue of (2.8), one can easily check that for all integers n > m > 0, 



f(k n x) f{k m x) 



k T ' 



k< 



1 



f(k 



n—m i,m 



k m x) 



k n - 



f(k m x) 



1 

j=m+l 
for all x G A. It follows that the sequence {f(k n x)/k n } is a Cauchy and so it is convergent, 



f(k n x) 



for 



since A is complete. Let d : A — ► .4 be a mapping defined by d(x) := lim n ^oo — /Tr- 
ail xGi. Sending n — > oo in (2.8), we arrive at (2.5). 

Now, we assert that d is additive. Replacing x and y by k n x and fc™y in (2.6), respec- 
tively, and then dividing both sides by k n , we have 



1 /k n x + k n y 
k"f\ k 



1 f(k n x) 1 f(k n y) 



k k n 
Taking the limit as n — > oo, we obtain 



k k r ' 



<±-cp(k n x,k n y,0,0,0). 



d{x) d{y) 



(2.9) 



k ' k k 

Letting y = in (2.9) yields d{x/k) = d(x)/k. Thus we get d(x + y) = d{x) + d{y) for all 
x,y € A. 

To verify the uniqueness of the additive mapping d subject to (2.4), assume that 
there exists another additive mapping D : A — ► A satisfying the inequality (2.4). Since 
D(k n x) = k n D(x) and d(k n x) = k n d(x), we see that 

d(x)\\ = ^\\D(k n x)-d(k n x)\\ 

< JL[ p(*»x) - /(fc"x)|| + ||/(^) - d(k n x)\\ ] 



D(x) 



E 



- 1- 7yZTPC- J *.M,0,0), 

j=n+l 

which tends to zero as n — ► oo for all x G .4. So that D = d. 
Next, we are in the position to prove that 

d(zwu) = d(zw)u — zd{w)u + zd(wu) 

for all z,w,u £ A. If we take x = y = in (2.3), we have 

\\f(zwu) — f(zw)u + zf(w)u — zf(wu) || < (/?(0, 0, z, w, u) 



(2.10) 



(2.11) 



for all z,w,u G A. If we replace z,w and u with k n z, k n w and /c n u in (2.11), respectively, 
and then divide both sides by fe 3n , we get 

f{k 2n wu) 



f(k 3n zwu) f(k 2n zw) f(k n w) 

u + z — — — u — z- 



<^(0,0,k n z,k n w,k n u). 



h3n k 2n k n k 2n 

Letting n — > oo, we obtain the desired result (2.10). 

We finally need to show that the formula (2.5) holds. Let A : .A 3 — ► A be a mapping 
defined by 

A(z, w, u) = f(zwu) — f(zw)u + zf(w)u — zf(wu) 
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for all z,w,u £ A. Since / satisfies the inequality given in (2.11), we have by (2.1) 

lim ^W) = o 

n— »oo k n 

for all z,w,u £ .4. We note that 

d(z«m) = Hm /(fc "^" } = lim ffi^H (2 . 12) 

n-^oo K 71 n— +oo K n 

f(k n zw)u — k n zf(w)u + k n zf(wu) + A(k n z, w, u) 



n^oo 



k" 



lim 

n— >oo 



cf(k n zw) \ A(k n z,w,u) 

1 "Ifc* - " " Zf{w)U + Zf{WU) I + ™ fcS 

= d(zw)u — zf{w)u + zf{wu) 
for all z,w,u £ A. Since d is additive, we can rewrite (2.12) as 

k n d{zw)u - k n zf(w)u + k n zf(wu) 
= d{{k n z)wu) = d{z{k n w)u) 
= k n d{zw)u - zf{k n w)u + zf{k n wu), 
which implies that 

f , , , f , , f^ w ) , f(k n wu) 

— ZJ[W)U + ZJ{WU) = —z — u + z- 



k n k n 

Letting n — ► oo, we obtain 

—zf(w)u + zf(wu) = —zd(w)u + zd(wu) 

for all z,w,u £ A. Replace u by k n u in the previous part and then divide both sides by 

k n to find 

.. . f(k n wu) 
—zj{w)u + z — = —zd[w)u + zd[wu). 

Passing the limit asn-> oo, we get (2.5). This completes the proof of the theorem. □ 
Using the same method as in the proof of Theorem 2.1, we get the following. 

Theorem 2.2. Let A be a Banach algebra and let ip : A 5 —> [0,oo) be a function such 
that 

lim k n ip(o,0,-?-,w,u) =0, (2.13) 

n— >oo \ K / 

oo 

E,- u /xyzwu\ , 

*'<kF-^W-^-k^) < ™ < 2 - 14) 

for all x,y,z,w,u £ A. Assume that a mapping f : A — > A with /(0) = satisfies (2.3). 
Then there exists a unique additive generalized derivation d : A ^ A satisfying 

oo 

||/(x)-d(aO||<X>Mi,0,0,0,o) 

i=i 
for all x £ A and (2.5) holds. 

From now on, we assume that A is a unital Banach algebra. We also obtain the 
superst ability of additive generalized derivations. 
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Corollary 2.3. Suppose that f : A — > A is a mapping with /(0) = for which there 
exists a function <p : A 5 — ► [0, oo) satisfying (2.1), (2.2) and (2.3). TTien / is an additive 
generalized derivation. 

Proof. Letting x = z = e in (2.5) implies f = d, which completes the proof of the 
corollary. □ 

Corollary 2.4. Suppose that f : A — > A is a mapping with /(0) = for which there 
exists a function p> : A 5 — ► [0, oo) satisfying (2.13), (2.14) and (2.3). Then f is an additive 
generalized derivation. 

Proof. The proof is similar to the proof of the corollary 2.3. □ 

By the same way as in the proof of Theorem 2.1 and Corollary 2.3, we lead to the 
following. 

Corollary 2.5. Suppose that f : A — > A is a mapping with /(0) = for which there exists 
a function ip : A 4 — ► [0, oo) such that 

lim*^M^) =0 , (2 . 15) 

n— »oo k n 

oo ^ 

> Y^—^-ip(k :, x, k 3 y, k° z, k 3 w) < oo, (2.16) 

IK^ + H " ^ " ^ -/(*)w + */(e)t/;-z/M| < <p(x,y,z,w) (2.17) 

/or aW x, y,z,w € A. Then f is an additive extended derivation. 

Employing the same fashion as in the proof of Theorem 2.1 and Corollary 2.4, we obtain 
the following. 

Corollary 2.6. Let ip : A 4 — ► [0, oo) be a function such that 

limk n ip(0,0,^ n ,w)=0, (2.18) 

OO 

/or a// x,y,z,w G ^4. Assume that a mapping f : A ^ A with /(0) = satisfies (2.17). 
T/ien / is an additive extended derivation. 

We now denote byU := {z G C : \z\ = 1}. The following theorem is a result for 
the superst ability of functional equation stemming from spectrally bounded generalized 
derivations. 

Theorem 2.7. Let f : A —> A be a mapping with /(0) = for which there exists a 
constant M > such that r(f(x)) < Mr(x) for all x £ A- Suppose that ip : A 5 — ► [0,oo) 
is a function satisfying (2.1), (2.2) and the inequality 

fax + Py \ f(x) f{y) 
j I h zwuj — a— p— j{zw)u + zf[w)u — zf[wu) (2.20) 

< ip(x,y,z,w,u) 
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for all x,y,z,w,u £ „4 and a// a,/? £ U. Then f = £/r e ) + 6, where £/( e ) is a left 
multiplication by /(e) and 5 is a derivation. In this case, both Lf( e ) an d & are spectrally 
bounded. 

Proof. We consider a = /3 = 1 G U in (2.20) and then / satisfies the inequality (2.3). It 
follows from the corollary 2.3 that / is an additive generalized derivation, where f{x) : = 



f(k n x) 



illlljj— too fon 

Letting z 



for all x £ A. 



w 



in (2.20), we have 



/( 



ax + (3y 
k 



a- 



f(x) J(y) 



(p 



k 



<<p(x,y, 0,0,0) 



(2.21) 



for all x,y £ A and all a, (3 £ U. If we replace x and y with k n x and /c™y in (2.21) 
respectively, and then divide both sides by k n , we see that 



-H 
k nJ \ 



ak n x + f3k n y 
k nJ V k 

which tends to zero as n - 



lf(k n x) Af(k n y) 



— a- 

k k n 

co. So we get 
/ (xr + 0y \ ^ 



P 



k k n 



<^(k n x,k n y,0,0,0), 



f(x) f(y) 

a — ; h p- 



k ) k k 

for all x,y £ A and all a, (3 £\J. From the additivity of /, we find that 

f(ax + 0y) = a f{x) + (3f(y) 

for all x, y £ A and all a, (3 £ U. As we did in the proof of [10, Theorem 2.3](or [11, Theorem 
3.1]), we have that /(Ax) = A/(x) for all x £ A. Also, it is obvious that /(Ox) = = 0f(x) 
for all x £ A, that is, / is linear. Therefore / is a generalized derivation. So / is an 
extended derivation and a spectrally bounded generalized derivation. 

We now define a mapping 5 : A — ► A by S(x) := f(x) — xf(e) for all x £ A- So <5 is 
linear. Note that 

K x v) = f(. x v) ~ x vfi. e ) = x if{y) - J//(e)) + (/(») - xf(e))y = x5(y) + <5(x)y 

for all x,y £ A. Thus <5 is a derivation. In particular, setting Lft e \{x) := xf(e) for all 
x £ A, we obtain / = £/( e ) + 5- According to the Bresar and and M. Mathieu's result [7], 
both Ltr e \ and 5 are spectrally bounded. The proof of the theorem is ended. □ 

Now, we compare the following corollary with some results of [2]. 

Corollary 2.8. Let f : A — ► A be a mapping with /(0) = for which there exists a 
function (p : A 4 — ► [0, oo) satisfying (2.15), (2.16) and the inequality 



ax + f3y 
J I ; f zw 



a- 



.tt*\ _ pM 



f(z)w + zf(e)w-zf(w) 



(2.22) 



< <p(x,y,z,w) 

for all x,y,z,w £ A and all a, (3 £ U. Then f is an extended derivation. 

Proof. By the same reasoning described in the proof of Theorem 2.7, we find that / is an 
extended derivation. The proof of the corollary is complete. □ 
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Theorem 2.9. Let f : A — ► A be a mapping with /(0) = for which there exists a 
constant M > such that r(f(x)) < Mr{x) for all x £ A. Suppose that ip : A 5 — ► [0,oo) 
is a function satisfying (2.1), (2.2) and the inequality (2.20) for all x,y,z,w,u £ A and 
all a, (5 = l,i. If, in addition, f{tx) is continuous in t £ M. for each fixed x in A, then 
f = Lfr e \ + 5, where £/( e ) is a left multiplication by /(e) and 5 is a derivation. In this 
case, both Lf( e ) an d & are spectrally bounded. 

Proof. Let a = (3 = 1 in (2.1). Due to the corollary 2.3, we see that / is an additive 
generalized derivation /, where f(x) := lim ra ^ 00 fcn for all x € A. Employing the same 
method as in the proof of the main theorem of [15], we see that d is R-linear. 
Considering a = i and y = z = w = u = 0m (2.20), we get 



ix\ .f(x) 



f(j) 



k 



< <p(x,0,0,0,0) 



for all x € A- Replacing x by k n+1 x in the previous part and then dividing k n on both 
sides, we have 



f(k n ix) J(k n+1 x) 



k n k n+1 

The right-hand side goes to zero as n — 

f{k n \x) 



< ^{k n+l x, 0,0,0,0). 



/(ice 
for all x & A- Then for all A 



lim 

n— >oo 



oo, so that 

J(k n+1 i 



k r 



lim i ; 

n— >oo 



i/(s) 



k n+l 

a + ib with a, b £ R, one notes 

f(Xx) = f(ax + ibx) = af(x) + bf(ix) 

= af(x) + bif(x) = (a + 6i)/(x) = A/(x). 

Thus / is linear. 

The remaining part of the theorem is similar to the proof of Theorem 2.7. 



□ 



Corollary 2.10. Let / : A — > A be a mapping with /(0) = for which there exists a func- 
tion if : A A — ► [0, oo) satisfying (2.15), (2.16) and the inequality (2.22) for all x,y, z,w G A 
and all a, (3 = 1, i. //, in addition, f{tx) is continuous in t el for each fixed x in A, then 
f is an extended derivation. 



Proof. The proof is similar to the proof of Theorem 2.9. 



□ 



Remark. Even though, in Theorem 2.7 and Theorem 2.9, we replace (2.1) and (2.2) by 
(2.13) and (2.14), the conclusions of Theorem 2.7 and Theorem 2.9 are still true. On the 
other hand, in Corollary 2.8 and Corollary 2.10, if we replace (2.15) and (2.16) with (2.18) 
and (2.19), then the results of Corollary 2.8 and Corollary 2.10 also hold. Furthermore, 
we can remove the assumption /(0) = in the previous facts as just mentioned. Indeed, 
we note that 



(k - 2i) 



k 



/(0) < (^(0,0,0,0,0), 



(k - 2i) 



So, by the assumption of <p, we get /(0) 



k 
0. 



/(0) < <p(0, 0, 0, 0) , respectively 
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Abstract. In this paper, we introduce and study a new system of generalized mixed varia- 
tional inequality problems with nonlinear mappings in Hilbert spaces. We prove the existence 
of the solutions and the convergence of iterative sequences generated by the algorithm for 
the system. The results presented in this paper are the generalization and improvement of 
recent results. 



1. Introduction 

It is known variational inequality theory and complementarity problem are 
very powerful tools of the current mathematical technology. In recent years, 
classical variational inequalities and complementarity problems have been ex- 
tended and generalized to study a large variety of problems arising in mechan- 
ics, physics, optimization and control, nonlinear programming, economics and 
transportation equilibrium and engineering sciences, etc. Standard variational 
inequality theory was introduced by Stampacchia [12] in 1964. In 1988, Noor 
[10] introduced and studied some new class of general variational inequality. 
Also, in 1998, he [11] introduced and studied some new class of variational 
inequality. The solvability of the variational inequalities based on some sort of 
iterative algorithm much depends on the suitable choice of the mappings and 
the proper space setting, as has been the case in most of the computational 
analysis. 
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°Keywords: New system of generalized mixed variational inequality problem, relaxed 
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Recently, Chang et al. [2], Ding et al. [3], Kim-Kim [6], Kim-Kim ([7], [8]) 
and Verma ([13]-[17]) introduced some systems of nonlinear strongly mono- 
tone variational inequalities and studied the approximate solvability of there 
systems based on a system of projection methods. 

The purpose of this paper is to consider, based on the resolvent method, the 
existence of solutions and approximation solvability of a class of new system of 
generalized nonlinear mixed variational inequalities with nonlinear mappings 
in Hilbert spaces. The results pretended in this paper generalize, improve and 
unify the corresponding results of Chang et al. [2] , Ding et al. [3] , Kim-Kim 
[6], Kim-Kim ([7], [8]), Noor ([10], [11]) and Verma ([13]-[17]). 

2. Preliminaries 

Throughout this paper, let H be a real Hilbert space with the inner product 
(-, •) and the norm || • || and CB{H) be the family of all bounded closed convex 
subset of H. Let U, V : H -► CB(H), F,G : H x H x H -► H, gi ,g 2 : H -► H 
be mappings, (pi,4>2 '■ fl"->RU {+°°} be proper convex lower semicontinuous 
functions, and H(-, •) be the Hausdorff metric on CB{H) defined by 

H(A, B) = max j sup D(x,B), sup D(A, y) j . 

*- xeA y&B ' 

We consider the following new systems of generalized nonlinear mixed vari- 
ational inequality problem: 

Find elements x,y G H, u G U(x) and v £ V{y) such that gi(x),g2(y) £ H 
and 

pF(x,u,y),z-g 1 (x)) > p<f>i(gi(x)) - p4>i{z), 

) ( (2-1) 

^/G(x, v,y),z- g 2 (y)J > 702(52(y)) - lM z ) 

for all z £ H and p > 0, 7 > are two constants. 

Special Cases 

(I) If 4>i(x) = <5k-0i {%), <f>2(u) = 8k 2 (u), where 5^ is the indicator function 
of a nonempty closed convex subset Ki for i = 1,2, then the problem 
(2.1) reduce to finding x,y £ H, u £ U{x) and v £ V{y) such that 
gi(x) £ Ki for i = 1, 2 and 

pF(x,u,y),z- gi(x)) > 0, VzeiiTi, 

) ( (2-2) 

^G(x,v,y),z-g 2 (y)J>0, V z £ K 2 , 

where /? > 0, 7 > are two constants, which is called the new; systems 
of generalized nonlinear variational inequality problem which was con- 
sidered by Ding et al. [3]. 
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(II) IfF(x,u,y)=T(y,x) + l gi (x)-lg 2 (y),G(x,v,y)=S(x,y) + ±g 2 (y)- 
-gi(x), for all x, y,u,v £ H, then the problem (2.1) reduced to finding 
x,y £ H such that gi(x),g2(y) £ H and 

pT(y,x) +gi(x) - g 2 (y),z- gi(x)) > p((/>i(gi(x)) -<f>i(z)), 

) ( (2-3) 

lS(x,y) + g 2 {y) -gi{x),z-g 2 (y)J > -/4> 2 {g 2 {y)) ~4> 2 (z)), 

for all z £ H, which was considered in Kim- Kim [7]. 

(III) If faix) = S Kl (x), <h(u) = s kM, K 1 = K 2 = K, gi= g 2 = /(: 

identity mapping), F(x,u,y) = T(y, x) + ±x-- p y, G(x, v, y) = T(x,y)+ 

-y — -x for all x, y,u,v £ H, then the problem (2.1) reduces to finding 
x,y £ K such that 

pT(y, x) + x — y,z — x) > 0, VzGK, 
) ( (2-4) 

7T(x, y) + y - x, z - y j > 0, V z € K, 

where p > 0, 7 > are two constants, which is called the system of non- 
linear variational inequality problem considered by Verma [17]. The 
special case of problem (2.4) was studied by Verma ([13], [16]). 

(IV) If 4>i (x) = 5 Kl (x), (f) 2 (u) = Sk 2 (u), g\ = g 2 = I(: identity mapping), 
F(x, u, y) = S(x, y), G(x, v, y) = T(x, y) for all x, y,u,v £ H, then the 
problem (2.1) reduce to finding x £ K±, y £ K 2 such that 



pS(x, y),z — x } > 0, V 2; £ if 1 , 

> ( (2-5) 

jT(x,y),z-y) > 0, Vz£if 2 , 



which is just the problem considered in [5] with S 1 , T being single- valued 
mappings. 

In the sequel, we give some definitions and lemmas. 

Definition 2.1. Let T : H — > ii be mapping. 

(1) The mapping T is said to be monotone if 

(T(x)-T(y),x-y)>0, V x,y £ ff. 

(2) The mapping T is said to be r-strongly monotone if there exists r > 
such that 

(T(x) — T(y),x — y) > r\\x — y|| 2 , V x,y £ H. 

This implies that 

\\T(x) -T(y)\\ > r\\x-y\\, 

that is, T is r-expansive and, when r = 1, it is expansive. 
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(3) The mapping T is said to be s-Lipschitz continuous (or Lipschitzian) 
if there exists a constant s > such that 

\\T(x) -T(y)\\ < s\\x-y\\, V x,y G H. 

(4) The mapping T is said to be /i-cocoercive ([4], [13], [16]) if there exists 
a constant [i > such that 

(T(x)-T(y),x-y)>fi\\T(x)-T(y)\\ 2 , V x,y G ff. 

Clearly, every ^-cocoercive mapping T is — Lipschitz continuous. 

(5) The mapping T is said to be relaxed j-cocoercive if there exists a 
constant 7 > such that 

(T(x) - T(y),x- y) > (- 7 )||T(s) - T(y)|| 2 , V x,y G H. 

(6) The mapping T is said to be relaxed (■j,r)-cocoercive if there exist 
constants 7, r > such that 

(T(x) - T(y),x -y)> (—y)||r(ar) - T(y)f + r\\x - yf, 

for all x, y G H. For 7 = 0, T is r-strongly monotone, and for r = 0, T 
is relaxed 7-cocoercive. This class of mappings is more general than 
the class of strongly monotone mappings. 

Remark 2.1. We have the following implications: 

the strong monotonicity =^~ the monotonicity, 

the strong monotonicity =^~ the expansiveness 
and 

the r-strong monotonicity =^~ the relaxed (7, r)-cocoercivity. 

Definition 2.2. Let F:IxIxI->Ibea nonlinear mapping. F is said 
to be 

(i) a-strongly monotone with respect to the first argument if there exists 
some a > such that 

(%v) ~ F(y, -,-),x-y) > a||x-y|| 2 , Vx,y G X, 

(ii) ^-Lipschitz continuous with respect to the first argument if exists a 
constant £ > such that 

\\F(x, -, ■) - F(y, ■, -)|| < elk — 2/M , V x,y € X. 

Similarly, we can define the strong monotonocity and Lipschitzian continu- 
ity with respect to the second and the third argument of F(-, ■, ■)• 
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Definition 2.3. ([9]) A mapping U : H —> CB(H) is said to be ip-Lipschitz 
continuous if there exists a constant ip > such that 

H(U(v 1 ),U(v2))<4>\\v 1 -v 2 \\, VviGH, z = 1,2, 
where H(-, •) is a Hausdorff metric on CB(H). 

Lemma 2.1. ([1], [18]) For a given u G H, the point z G H satisfies the 
following inequality 

(u — z,v — u) > p4>{u) — p<p(v) V v G H 

if and only if 

where J 9 , = (I + pdcj))^ 1 and dip denotes the subdifferential of a proper convex 
lower semicontinuous function <fi : H — ► R U {+oo}. 

Remark 2.2. It is well known that J? is nonexpansive (see [1], [18]). 

It is easy to prove that the following lemma is trivial from the Lemma 2.1. 

Lemma 2.2. For given x,y £ H, u £ U{x) and v G V(y), (x,y,u,v) is a 
solution of the problem (2.1) if and only if 

9i(x) = Jfaigiix) ~pF(x,u,y)j, 
9i{y) = Jj 2 \92{y) - lG{x, v, y)j , 
where p, 7 > are constants. 

3. Existence and Convergence 

Ln this section, we construct some iterative algorithms for the problems 
(2.1). We also give the convergence analysis of the iterative sequences gener- 
ated by the algorithm. 

Now we give the algorithm for solving the problem (2.1) as follows. 
Algorithm 3.1. For any given xo,yo £ H, we choose no £ U(xo), vq G V(yo) 
and let 

x\ = x -gi(x ) + J^ 1 \9i(xo) - pF(x ,u ,y )J, 

2/i = yo - 52(2/0) + Jj 2 (52(2/0) - lG(x , v ,yo)j ■ 
By Nadler [9] there exists u\ G U(x\) and v\ G V{y\) such that 
||«o-«i|| <(l + l)H(U(x Q ),U( Xl )), 
\\v -v 1 \\<(l + l)H(V(y ),V(y 1 )). 
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Let 

X2 = xi -gi(xi) + J^ )1 \gi(xi) - pF(xi,ui,y 1 )j, 
V2 = Vi -52(2/1) + Jfo\92(yi) ~ ifG(xi,vi, yi)J. 

By induction, we obtain the sequence {x n } and {y n } such that 



u n GU(x n ), \\u n -u n+ i\\ < (1 + 



1 + n 



H(U(x n ),U(x n+1 )), 



v n £V(y n ), \\v n -v n+ i\\< (l + — — )H(V(y n ),V(y n+ i)), 

\ 1+n/ 

x n +i = x n - gi(x n ) + J^Agi{x n ) ~ pF(x n ,U n ,y n )Y 

^ 2/n+l = ^ - 52(l/n) + ^ (^(j/n) ~ lG{x n , V n , y n )J ■ 



(3.1) 



fori = 0,1,2,- ■■ . 

Theorem 3.1. Let gi : i? — ► H be relaxed (ji,r/i)-cocoercive and ^-Lipschitz 
continuous, for i = 1,2. Let F: HxHxH^H be Ii,l2,h-Lipschitz con- 
tinuous with respect to the first, second and third arguments, respectively, and 
relaxed (5,p)-cocoercive with respect to the first argument. Let G : HxHxH — ► 
H be n\,n2,n^-Lipschitz continuous with respect to the first, second and third 
arguments, respectively, and relaxed {e,q)-cocoercive with respect to the third 
argument. Suppose U is ip-Lipschitz continuous and V is (3-Lipschitz contin- 
uous. If 



2^1 - 2 Vl + (2 7 i + 1)# + VI " 2PP + (2pS + P 2 )l{ 
+ pl 2 <p + 7 ni < 1 



(3.2) 



and 



2y/l - 2 m + (2 72 + l)e 2 2 + y/1 - 2 iq + (2 7 e + 7 2)n| 
+ 7n 2 /3 + p/ 3 < 1, 



(3-3) 



then there exist x,y £ H, u £ U{x) and v G V{y) which solve problem (2.1). 
Moreover, the iterative sequences {x n } and {y n } generated by Algorithm 3.1 
converges to x and y, respectively. 
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607 



|^n+l X r , 



< 



X n ~ 9l{x n ) + JfaigiiXn) ~ pF(x n ,U n ,y n )j 

|x„_i - gi(x n -i) + J^ ygi(x n -i) - pF(x n - 1 ,u n -i,y n - 1 )J j 
x n - x n -i - (gi{x n ) - gi(x n -i)j 

gi(Xn) - gi(Xn-l) - p(F(x n ,U n ,y n ) - F(x n -1, U n -1, Vn-l)) 



(3.4) 



We can know that 



< 



gi(x n ) - gi(x n -i) - p(F(x n ,u n ,y n ) - F(x n -i,u n -i,y n -i)) 

Xn ~ X n -1 ~ (gi(x n ) ~ gi(x n ~l)) 

n X n — i p[ r \X n , Um Vn) r [Xn— lj U n , yn) I 



(3.5) 



+ p\\F(x n -i,u n ,y n ) - F(x n - 1 ,u n -i,yn)\\ 
+ p\\F(x n -i,u n -i,y n ) - F(x n -i,Un-i,y n -i] 



Since g\ is £i-Lipschitz continuous and relaxed (7i,7/i)-cocoercive, we have 



Xn X n —1 



gi(x n ) - gi(x n -i)j 

= \\x n - x n -i\\ 2 - 2{x n - x n -i,gi{x n ) - gi{x n -i)j 

+ ||5l(^n) - gi(x n -l)\\ 2 
< \\x n -X„_l|| 2 +27i||5-i(x n ) - gi(x n -l)\\ 2 
- 2f]i\\x n ~ X n -l\\ 2 + \\gi(x n ) ~ gi(x n -i)\\ 2 

<(l- 2 Vl + (2 7l + 1)£) \\x n - s n _i|| 2 . 



(3.6) 
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And also, F is relaxed (<5,p)-cocoercive and Zi-Lipschitz continuous with re- 
spect to the first argument, we have 

Xn %n—l P\r \%ni U>m Vn) ^ \Xn— 1; U n , Un) I 
— \\Xn X n — 1 1| ^P\%n %n—li ^ \Xm U n , y n ) r [X n —\, U ni y n ) ) 

+ p 2 \\F(x n ,u n ,y n ) - F(x n ^. 1 ,u n ,y n )\\ 2 ,g ^ 

< \\x n ~ x n -i\\ 2 + 2p5\\F(x n ,u n ,y n ) - F(x n - 1 ,u ni y n )\\ 2 

- 2pp\\x n - x n _i|| 2 + p 2 \\F(x n ,u n ,y n ) - F(x n -i,u n ,y n )\\ 2 

< (l-2pp + (2/*5 + / 9 2 )/f)||x n -x n _i|| 2 . 

Since F is /2-Lipschitz continuous with respect to the second argument and U 
is </?-Lipschitz continuous, we obtain 

\\F(x n -i,u n ,y n ) - F(x n -i,u„-i,y n )\\ 

< h\\u n - u n -i\\ 

<l 2 (l + ^H{U{x n ),U{x n ^)) ( 3 - 8 ) 

< (l + -jhfWXn -X n _i||. 

Since F is l$— Lipschitz continuous with respect to the third argument, we 
obtain 



\\F(x n -i,u n - 1 ,y n ) - F(x n -i,u n -i,y n -i)\\ < l 3 \\y n - y n -i\\- 
Substituting (3.6)-(3.9) into (3.5), we have 

9i (x n ) ~ gi{x n -i) - p(F(x n ,u n ,y n ) - F(x n -i,u n - 1 ,y n - 1 )) 
<Jl- 2771 + (2 7 i + 1)£2 ||x„-X„-l|| 



(3.9) 



+ ^l-2pp+(2p5 + p 2 )l 2 ||x„-a:„_i|| 

+ pl 2 (pU + -) \\x n - X n -l\\ + phWVn - Vn-l\ 

Substituting (3.6) and (3.10) into (3.4), we have 



(3.10) 



l-Efl+l x n \ 



< (2^1 - 2 m + (2 7 i + 1)£ 2 + y/l- 2 PP + (2p6 + p 2 )l\ (3n) 

X n -l\\ + PhWVn ~ J/n-lH- 



+ pl2<P\ 1 + - I Ml-'',. 
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Similarly, we have 

\\yn+i -y n \\ 



< (2^1 - 2 m + (2 72 + 1)£ 2 + y/1 - 2jq + (2 7 e + 7 2 )n 2 (312) 



+ 7712/3(1 + -jjllyn -Vn-i\\ + r yn l \\x n ~X n -i\ 
Now, (3.11) and (3.12) imply 

\\x n +l ~ X n \\ + \\lJn+l ~ Vn\\ 



< [2J1 - 2 m + (2 7 i + IK? + a/1 - 2PP + (2 P 5 + p 2 )l\ 



+- pl 2 (f[ 1 + -j + 7771 ) \\x n - X n -} 



+ ( 2J1 - 2t/ 2 + (2 72 + 1)£ 2 2 + Jl-2 7 q + (2 7 e + 7 2 )n 2 



(3.13) 



3 



+ 777-2/3(1 + -j +p/3j||yn-yn-i| 

< n (\\x n - X„_i|| + ||y n - J/n-lH), 
where 



max 2 J I - 2t/i + (271 + 1)£ 2 + V 1 ~ 2 PP + ( 2 P 5 + P 2 ) l l 



+ pl 2 f(l + -J +7771, 



2^1 - 2t/2 + (2 7 2 + IK2 2 + V X - 2 ^ + ( 2 ^ e + ^) n i 

+ 7772/3(l + -) +/9/ 3 }. 



77 

We know that 6 n — > as 77 — ► 00, where 



= max|2^1 - 2r/i + (2 7i + 1)£ 2 + \/l - 2/9p + (2p<5 + p 2 )/ 2 

+ /^2<P + 7 n l, 



2^1 - 2t/2 + (272 + 1)£ 2 2 + V 1 - 2 ^ + ^ £ + ^ 
+ 777 2 /3 + ph j • 

It follows from (3.2) and (3.3) that < 9 < 1. Hence #„ < 1 for sufficiently 
large 77. Thus (3.13) implies that {x n } and {y n } are both Cauchy sequences 
in H, and so {x n } converges to x £ H, {y n } converges to y £ H. From (3.1), 
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1 



\Un+l -U n \\ < 1 + 



H(U(x n+1 ), U{x n )) 



1 + n, 
< ( 1 + — )<P\\X n +l ~ X n \\; 



and 



\Vn+l -Vn\\ < ( 1 + 

<d + 



1 + n 

1 

1 + n 
1 

1 + n 



iI(y(y n+1 ),V(y n )) 



|y n+ i - y r , 



Thus, {u n } and {w n } are also Cauchy sequences in H. Let {u n } converges to u 
and {v n } converges to v. Now, we prove that u £ U{x) and v £ V{y). In fact, 

D(u, U(x)) = inf \\u — z\\ 

z£U(x) 

< \\u -U n \\+ D(Un, U(x)) 

< \\u-u n \\ + H(U(x n ),U(x)) 

< \\u — u n \\ + (p\\x n — x\\. 

Letting n — ► oo, we know that D(u, U{x)) = and so u G U{x). Similarly, we 
have v €. V{y). Since g±, g 2 , J+ , JJ , F and G are all continuous, we have 

x = x - g x (x) + J^ \g x (x) - pF(x, u,y)j, 

y = y- 92{y) + Jj 2 (52(2/) - jG(x, v, y)j . 

The result follows then from Lemma 2.2. This completes the proof. □ 

Remark 3.1. Let p > 0,7 > be numbers satisfying the conditions: 

hf < h, phv < 1 — ei — 7ni, 



P + 



(5/f -p + l 2 f 



K \ 


l e l+7^lj + ({-(hip) 2 


if - (M 2 



and 



Z 2 " ( W 



n 2 /3 < n 3 , 7n 2 /3 < 1 - e 2 - p/3, 



7 + 



en| - g + n 2 /3 



«3 " ( n 2/3) 2 



< 



\ 



(e 2 + ph) 2 + 



(en|-g+ra 2 /3) 2 
n 2 -(n 2 /3) 2 



n| - (n 2 P) 2 



where 



ei = 2W1 - 2ni + (2 7l + 1)£ 2 , e 2 = 2a/1 - 2 m + (2 72 + 1)£ 



Then (3.2) and (3.3) holds. 
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Taking ji = (i = 1, 2), 5 = and e = 0, by Definition 2.1— (6), in Theorem 
3.1, we can obtain the following theorem. 

Theorem 3.2. Let gi : H ^ H be rji-strongly monotone and ^-Lipschitz 
continuous, for i = 1,2. Let F: HxHxH^H be l\, I2, l^-Lipschitz contin- 
uous with respect to the first, second and third arguments, respectively, and p- 
strongly monotone with respect to the first argument. Let G:HxHxH^>H 
be m,n2,ri3-Lipschitz continuous with respect to the first, second and third 
arguments, respectively, and q-strongly monotone with respect to the third ar- 
gument. Suppose U is (p-Lipschitz continuous and V is (3-Lipschitz continuous. 
If 



and 



2J1 - 2?/! + £? + V 1 - 2pp + p 2 l\ + phf + 7fii < 1 



2yjl - 2r/ 2 + H + ^1 - 2 iq + ^n{ + 7 n 2 /3 + pl 3 < 1, 

then there exist x,y £ H, u G U{x) and v £ V{y) which solve problem (2.1). 
Moreover, the iterative sequences {x n } and {y n } generated by Algorithm 3.1 
converges to x and y, respectively. 

Remark 3.2. 

(i) Theorem 3.1 and Theorem 3.2 are generalization of the results in 

Chang et al. [2], Ding et al. [3], Kim-Kim [6], Kim-Kim ([7], [8]), 

Noor ([10], [11]) and Verma ([15], [16]). 
(ii) If (pi = 5Ki, where Sxi is the indicator function of a nonempty closed 

convex subset K{ for i = 1,2, in Theorem 3.2, then we can obtain the 

result of Ding et al. [3] . 
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1. Introduction 

Let £ be a real Banach space and C be a nonempty closed convex subset of 
E. Recall that a mapping / : C — > C is a contraction on C if there exists a 
constant k & (0,1) such that||/(x) — f(y)\\ < k\\x — y\\, x, y G C. We use £c 
to denote the collection of mappings / verifying the above inequality. That is, 
T,q = {/ : C — > C | / is a contraction with constant k}. Note that each / E Ec has 
a unique fixed point in C. 

Now let T : C — > C be a nonexpansive mapping (recall that a mapping T : C — > C 
is nonexpansive if \\Tx — Ty\\ < \\x — y\\ x, y £ C) and F(T) denote the set of fixed 
points of T; that is, F(T) = {x e C : x = Tx}. 

Recall that a family {T(t) : t > 0} of mappings from C into itself is called a 
nonexpansive semigroup on C if it satisfies the following conditions: 

(1) T(h + t 2 )x = T(ti)T(t 2 )x for any £i, t 2 G M+ and x G C; 

(2) T(0)x = x for each x G C; 

(3) for each x G C, £ i— ► T{t)x is continuous; 

(4) ||T(t)a; - T(t)y\\ < \\x - y\\ for each t G R + and x, j/£(7. 
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Given a real number i£ (0,1), a contraction / G T,c and a nonexpasive mapping 
T, let a contraction T t :=T( : C — > C be denned by 

T t z = tf(z) + (1 - t)Tz, zeC. 

and let z t := z t € C be the unique fixed point of T t . Then z t is the unique solution 
of the fixed point equation 

Zt = tf(zt) + (l-f)Tzt. (1.1) 

A special case of (1.1) has been considered by Browder [3] in a Hilbert space as 
follows. Fix u £ C and define a contraction Gt on C by 

G t x = tu+(l- t)Tx, x E C. 

Let Xt € C be the unique fixed point of Gt- Thus 

x t = tu + (1 — t)Tx t . 

(Such a sequence {a;^} is said to be an approximating fixed point of T since it 
possesses the property that if {xt} is bounded, then limt->o \\Txt — Xt\\ = 0.) In 
1967, the strong convergence of {xt} as t — ► for a self-mapping T of a bounded 
C was proved in a Hilbert space independently by Browder [3] and Halpern [9] . In 
1980, Reich [14] extended the result of Browder [3] to a uniformly smooth Banach 
space and showed that the limit defines the (unique) sunny nonexpansive retraction 
from C onto F(T). Takahashi and Ueda [18] improved results of Reich [14] to a 
reflexive Banach space with a uniformly Gateaux diflerentiable norm (see also Ha 
and Jung [8]). 

On the other hand, to order to extend Browder's and Reich's results to the 
nonexpansive semigroup {T(t) : t > 0} case, Shioji-Takahashi [15] introduced in a 
Hilbert space the implicit iterative scheme 

x n = a n u + (l -a„)a tn (x n ), n > 1, (1.2) 

where {a n } is a sequence in (0, 1), {t n } is a sequence of positive real number diver- 
gent to oo and for each t > and x £ C, at(x) is the average given by 

1 '* 



a t (x) = - T(s)xds. 



*./o 



Under suitable conditions on the sequence {a n } , they proved the strong convergence 
of {x n } defined by (1.2) to a point in F := r] t ^F(T(t)). In 2003, Suzuki [16] 
introduced firstly in Hilbert space the following implicit iterative scheme: 

x n = a n u+ (1 - a n )T(t n )x n , n>l (1.3) 
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for the nonexpansive semigroup case and proved strong convergence of the iterative 
scheme (1.3) with appropriate conditions imposed upon sequences {a n } and {£„}. 
In 2005, Xu [20] proved that Suzuki's result holds in a uniformly convex Banach 
space with a weakly continuous duality mapping. 

In 2005, Aleyner and Reich [1] first introduced the following explicit iterative 
scheme 

x n+ i = a n u + (1 - a n )T(t n )x n , n>0 (1.4) 

in a reflexive Banach space having a uniformly Gateaux differentiable norm such 
that each nonempty, bounded, closed and convex subset of E has the fixed point 
property for nonexpansive mappings (Note that all these assumptions are fulfilled 
whenever E is uniformly smooth). Under the following conditions on {a n } and 

{tuY, 

(i) a n -> (n -* oo); J2n=o a ™ = °°5 
(") E^=o \ a n+i ~ a n\ < oo; 
(iii) t < h < t 2 < ■ ■ ■ < t n < ■ ■ ■ , lim n ^oo t n = oo, 

and the uniformly asymptotic regularity on \T(t) : t > 0}, they showed that the 
sequence {x n } defined by (1.4) converges strongly to Qu, where Q is the unique 
sunny nonexpansive retraction from C onto F := f] t>0 F(T(t)), Qu = s — lim^oo x t 
and Xt is the unique solution of the following equation: 

x t = a t u+ (1 — a t )T(t)x t , te(0,oo), 

where {at}te(o,oo) is a net in (0,1) such that lim^oo a t = 0. 

Recently, Chang and Yang [4] considered the the following composite iterative 
scheme 

Un Priori ~r V Pri)-*- Kynj^n 

x n+1 = a n u + (1 - a n )y n , ra>0 

in either a reflexive Banach space having a uniformly Gateaux differentiable norm 
or a uniformly convex Banach space having a weakly sequentially continuous duality 
mapping, where {a n } and {t n } C IR + satisfy the conditions (i)-(iii) and {/3 n } C 
[0, a), for some constant a £ (0, 1), satisfies the following condition 

( iv ) E^Lol/W ~0n\ < OO. 

On the another hand, the viscosity approximation method of selecting a partic- 
ular fixed point of a given nonexpansive mapping was proposed by Moudafi [12]. 
In 2004, in order to extend Theorem 2.2 of Moudafi [12] to a Banach space set- 
ting, Xu [19] consider the the following explicit iterative scheme: for T : C —> C 
nonexpansive mapping, / 6 Sc and a n £ (0, 1), 

x n+ i = a n f(x n ) + (1 - a n )Tx n , n > 0. 

Moreover, in [19], he also studied the strong convergence of Xt defined by (1.1) as 
t — ► in either a Hilbert space or a uniformly smooth Banach space and showed 
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that the strong lim t ^o z t is the unique solution of certain variational inequality. 
This result of Xu [19] also improved Theorem 2.1 of Moudafi [12] as the continuous 
version. 

In this paper, motivated by above-mentioned results, we consider two iterative 
schemes as the viscosity approximation method for nonexpansive semigroup \T{t) : 
t > 0} on C; for / 6 S c , 

z t = X t f(z t ) + (1 - X t )T(t)z t , te(0,oo) (1.5) 

where {M}te(o,oo) is a ne ^ in (0,1) such that lim^oo At = 0, and 

Vn Priori \ \± ~ Pnjl \tn)%n ,_. „^ 

x n+1 = a n f(x n ) + (1 - a n )y n , n > 0. 

where {a n }, {/? n } C (0, 1) and {t n } C IR + . First, by using the uniform asymptotic 
regularity on {T(t) : t > 0}, we establish a strong convergence theorem for the 
sequence {zt} defined by (1.5) in a reflexive and strictly convex Banach space having 
a uniformly Gateaux differentiable norm. Then, under certain different control 
conditions on {a n } and {/3 n } and the uniform asymptotic regularity on {T(t) : 
t > 0}, we prove in the same Banach space that the sequence {x n } generated by 
(1.6) converges strongly to a common fixed point of {T(t) : t > 0} which is a 
solution of a certain variational inequality. The main results improve and develop 
the corresponding results of Aleyner and Reich [1], Chang and Yang [4], Shioji- 
Takahashi [15], Suzuki [16] and Xu [21]. 



2. Preliminaries and Lemmas 

Let E be a real Banach space with norm || • || and let E* be its dual. The value 
of / 6 E* at x £ E will be denoted by (x, /). When {x n } is a sequence in E, then 
x n — > x will denote strong convergence of the sequence {x n } 

A Banach space E is called strictly convex if its unit sphere U = {x G E : ||x|| = 
1} does not contain any linear segment ([6,7]) . This condition is equivalent to the 
following: 

x + y 



Ml = 1, X ^ y 



< 1. 



The {normalized) duality mapping J from E into the family of nonempty (by 
Hahn-Banach theorem) weak-star compact subsets of its dual E* is defined by 

J(x) = {/ Gj E;*:(x,/) = ||x|| 2 = ||/|| 2 } 

for each x G E. 
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The norm of E is said to be Gateaux differentiable (and E is said to be smooth) 
if 

lim I|X + ^ IMNI (2.1) 

exists for each x, y in its unit sphere U = {x € E : \\x\\ = 1}. It is said to 
be uniformly Gateaux differentiable if for y 6 U, the limit is attained uniformly 
for x € U. The space E is said to have a uniformly Frechet differentiable norm 
(and 2? is said to be uniformly smooth) if the limit in (2.1) is attained uniformly for 
(x, y) £ U xU. It is known that E is smooth if and only if each duality mapping J is 
single- valued. It is also well-known that if E has a uniformly Gateaux differentiable 
norm, J is uniformly norm to weak* continuous on each bounded subsets of E ([5]). 
Let C be a nonempty closed convex subset of E. C is said to have the fixed point 
property for nonexpansive mappings if every nonexpansive mapping of a bounded 
closed convex subset D of C has a fixed point in D ([6]). Let Dbea subset of C. 
Then a mapping Q : C — > D is said to be a retraction from C onto D if Qx = x for 
all x £ D. A retraction Q : C — > D is said to be sunny if Q(Qx + i(x — Qx)) = Qx 
for all x G C and t > with Qx + t(x — Qx) £ C. A subset D of C is said to be a 
sunny nonexpansive retract of C if there exists a sunny nonexpansive retraction of 
C onto D. In a smooth Banach space E, it is well-known ([7, p. 48]) that Q is a 
sunny nonexpansive retraction from C onto D if and only if the following condition 
holds: 

(x - Qx, J(z - Qx)) < 0, x£C, z£ D. (2.2) 

Let LIM be a continuous linear functional on l°° . According to time and cir- 
cumstances, we LIM(a n ) instead of LIM(a) for a = {a n } E l°°. LIM is said to be 
Banach limit if 

LIM(a n ) = LIM(a n+1 ) 

for every a = {a n } £ l°°. Using the Hahn-Banach theorem, or the Tychonoff fixed 
point theorem, we can prove the existence of a Banach limit. We know that if LIM 
is a Banach limit, then 

liminf a n < LIM(a n ) < lim sup a n 

n >oo n — >OQ 

for all a = {a n } € l°°. 

We need the following lemmas for the proof of our main results. (Lemma 2.1 
was also given in [13]. Lemma 2.2 is Lemma 2 of [17] and Lemma 2.3 is essentially 
Lemma 2 in [11] (also see [19]). Lemma 2.4 was given in [8, 18], which is essentially 
a variant of Lemma 1.2 in [13]). We refer also [5, 6, 7] for Lemmas 2.5 and 2.6. 

Lemma 2.1. Let E be a real Banach space and J be the duality mapping. Then, 
for any given x, y € E, one has 

||x + y|| 2 < ||x|| 2 + 2(y,j(x + y)) 

for all j(x + y) £ J(x + y). 
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Lemma 2.2. Let {x n } and {z n } be bounded sequences in a Banach space E and 
1st {7 n } be a sequence in [0, 1] which satisfies the following condition: 

< lim inf 7„ < lim sup j n < 1 . 



Suppose that 
and 



X n +1 =lnXn + (1 ~ 7n)z„, U > 0, 

limsup(||2; n+ i - z n \\ - \\x n+1 - x n \\) < 0. 



Then \\z n — x n \\ = 0. 

Lemma 2.3. Let {s n } be a sequence of non-negative real numbers satisfying 

s n +i < (1 - A n )s n + X n (3 n + 7„, n > 0, 

where {A n }, {/3 n } and {^ n } satisfy the following conditions: 

(i) {A n } C [0, 1] and J]^Lo ^ = °° or ' equivalently, ]l^Lo( 1 ~ ^«) = 0; 
(ii) limsup,^^ /3 n < or X^=i An/3 n < oo; 
(iii) In > (n > 0), E^o^™ < °°- 
Then linin^oo s„ = 0. 

Lemma 2.4. Let C be a nonempty closed convex subset of a Banach space E having 
a uniformly Gateaux differ entiable norm and {x n } be a bounded sequence in E. Let 
LIM be a Banach limit on l°° and q £ C. Then 

LIM\\x n — q\\ = minLIM||x n — yll 

y€C 

if and only if 

LlM{x-q,J(x n -q)) < 

for all x £ C, where J is the duality mapping of E. 

Lemma 2.5. Let C be a closed convex of a reflexive and strictly convex Banach 
space E. Then C° = {x £ E : ||x|| = inf{||y|| : y £ C}} is a singleton. 

Lemma 2.6. Let E be a smooth Banach space, C a nonempty closed convex subset 
of E and T : C — > C a nonexpansive mapping. If J is the duality mapping on E, 
then 

((/ - T)(x) -(I- T)(y), J(x - y)) > 0, for all x, y £ C. 

Finally, recall that a nonexpansive semigroup {T(t) : t > 0} on C is said to be 
uniformly asymptotically regular (shortly, u.a.r) on bounded subsets of C if 

T{s + t)x = T{s)T{t)x 
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for all s, t > and x G C and for all bounded subset K of C there holds 

lim sup \\T(s)T(t)x - T(t)x\\ = 0, (2.3) 

uniformly for all s > 0. Note that both these assumptions hold when the trajectories 
of the nonexpansive semigroup {T(t) :> 0} converge uniformly on bounded subsets 
of E. 

3. Main results 

First, we study the existence of solutions of certain variational inequality. 

For any t > 0, T(t) : C — > C is nonexpansive and so, for any At G (0, 1) and 
/ G Sc, X t f + (1 — \t)T(t) : C — > C defines a strict contraction mapping. Thus, 
by the Banach contraction mapping principle, there exists a unique fixed point x\ 
satisfying 



/ _ \t( J 



X t f(z{) + (l-X t )T(t)z{. (A) 

For simplicity we will write Zt for z{ provided no confusion occurs. 

Now we show that the sequence {zt} defined by (A) converges strongly some 
common fixed point of {T(t) : t > 0}. 

Theorem 3.1. Let E be a reflexive and strictly convex Banach space having a 
uniformly Gateaux differentiable norm. Let C be a nonempty closed convex subset 
of E and {T{t) : t > 0} a u.a.r. nonexpansive semigroup from C into itself with 
F := f) t>0 F(T(tj) ^ 0. Let {z t } be defined by (A) and X t G (0,1) such that 
lim^oo At = 0. Then as t — > oo, {z t } converges strongly to a point in F. If we 
define Q : T,q — > F by 

Q(f) ■= Hm zt, /GS C , (3.1) 

t— >oo 

then Q(f) is the unique solution in F of the variational inequality 

((i-f)(Q(f)),J(Q(f)-p))<o, /€S C , P£F. 

Proof Let {z tn } be a subsequence of {zt} such that linin^oatn = oo. Let p G F. 

Then 

\\zt n - p\\ < X tn \\f(z tn ) - p\\ + (1 - X t J\\T(t n )z tn - T(t n )p\\ 

< X t Jf(z tn )-p\\ + (l-X t J\\z tn -p\\. 
This gives that 

IK -p|| < \\f(z tn ) -p\\ < \\f(z tn ) - f(p)\\ + \\f(p)-p\\ 

< k \\ z t n -p\\ + \\f(p) -p\\, 

and so \\z tn - p\\ < jz^\\f(p) -p\\. In particular, {z tn } is bounded, so are {f(z tn )} 
and {T(t n )zt n }. 
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Now define a functional <j) on C by 

<P{x)=UM\\z tn -z\\ 2 , 

where LIM is a Banach limit on l°°. Since <j) is continuous and convex, (f)(z) — * oo 
as \\z\\ — ► oo, and 2£ is reflexive, attains its infimum over C [2, p. 79]. Let 

K = {x € C : 0(x) = min(/)(y)}. 

It is easily seen that K is a nonempty closed convex bounded subset of E. Moreover, 
K is invariant under T{r) for any r > 0. In fact, since 

\\zt n -T{t n )z tn \\ =\ tn \\f{z tn ) -T{t n )z tn \\ ^0 (as n -> oo) 

and for ant r > 0, 

Hz* — T(r)x\\ 

I 1 f-n \ / II 

< \\z tn -T(t n )z t J + \\T(t n )z tn -T(r)T(t n )z t J + \\T(r)T(t n )z tn -T(r)x\\ 

< \\z tn - T(t n )z tn \\ + sup \\T(t n )y - T{r)T{t n )y\\ + \\T(r)T(t n )z tn - T(r)x\\, 

y€B 

where B is a bounded subset of E containing {zt n }, it follows from (2.3) that for 
each x G K 

4>(T(r)x) = UM\\z tn - T{r)x\\ 2 

<UM\\T(r)T(t n )z tn -T{r)xf 

< LIM||T(t n )z t „ - x\\ 2 = UM\\zt n - x\\ 2 = 4>(x). 

So, K contains a fixed point of {T(r)} for any r > 0. Indeed, define 

K° = {v £ K : \\v — p\\ = min \\y — p\\}. 

yeK 

Then, by Lemma 2.5, K° is a singleton. Denote such a singleton by z. Then we 
have 

\\T(r)z — p\\ = \\T(r)z — T(r)p\\ < \\z — p\\ 

and hence T{r)z = z for any r > 0. That is, K contains a common fixed point 
of {T{t) : t > 0}. Let g E i^ n F be a such a common fixed point. Since q is a 
minimizer of <j) over C, it follows from Lemma 2.4 that for any x £ C, 

UM(x-q,J(zt n -q))<0. (3.2) 

On the other hand, for any p £ F, 

*t n ~P= i 1 ~ x t n )(T(t n )z tn -p) + \ tri {f{z tn ) -p). 
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It follows that 

\\ z t n -P\\ 2 H 1 ~ x t n ){T(t n )z tn -p,J(z tn -p)) + X t „(f(z tn ) -p,J(z tn -p)) 
<(l-Xt n )\\z tn -p\\ 2 + X tn (k\\z tn -p\\ 2 + {f(p)-p,J(z tn -p))), 

and so 

\\zt„ -pf < l^k(fip) -P,J{*t n -P))- (3.3) 

Combining (3.2) and (3.3), we obtain 

LIMlk -oil 2 <0. 

1 1 t-ri. J- 1 1 — 

Hence there is a subsequence {z tn .} of {z tn } such that lim^oo \\z tn . — q\\ = 0. As- 
sume that there exists another subsequence {z tn } of {z tn } such that lim^oo \\z tn — 
q\\ = 0, where q € K n F. Then (3.3) implies that 

\\q-qf<^ Il {f{q)-q,J{q-q)). (3.4) 

Similarly we have 

M- q\\ 2 < rr\{f{q) - q,J{q) ~ q). (3.5) 

1 — K 

Adding (3.4) and (3.5), we get \\q — q\\ 2 < 0, that is, q = q. 

The same argument shows that if ti — ► oo, then the subsequence {z tl } of {zt} 
converges strongly to the same limit. Thus, as t — > oo, {z t } converges strongly to a 
point in F. 

If we define Q : Ylc ~ *■ -^ by Q(f) = lim^oo zt, f G Ylc * nen Q(f) s °l ves the 
variational inequality 

((I-f)(Q(f)),J(Q(f)-p))<0, /eS Cl P €F. 

In fact, since 

(I-fKz t ) = - l —^(I-T(t))(z t ), 

by Lemma 2.6, we have for p £ F, 

((I-f)( Zt ),J( Zt -p)) = -^l((I-T(t))(z t )-(I-T(t))(p),J(z t -p))<0. 

Noting the fact that J is uniformly continuous on bounded subsets of E from the 
strong topology of E to the weak* topology of E* and taking the limit as t — ► oo, 
we obtain 

<(/-/)(Q(/)),J(Q(/)-p))<0, /€S C , peF. 

□ 
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Remark 3.1. If f{x) = u, x £ C, is a constant in Theorem 3.1, then 

(Qu-u,J(Qu-p)) <0, ueC, p€F. 

Hence by (2.2), Q reduces to the sunny nonexpansive retraction from C to F. 

Remark 3.2. (1) Theorem 3.1 improves the corresponding result in Aleyner and 
Reich [1] to the viscosity method in the different Banach space. 

(2) Theorem 3.1 appears to be independent of the result in Aleyner and Reich 
[1]. On the one hand, it is easy to find examples of spaces which satisfy the fixed 
point property for nonexpansive mapping, which are not strictly convex. However, 
it appears to be unknown whether a reflexive and strictly convex space satisfy the 
fixed point property for nonexpansive mappings. 

(3) Theorem 3.1 also develops the corresponding result of Shioji and Takahashi 
[15], Suzuki [16] and Xu [21] to the viscosity method in more general Banach space. 

By using Theorem 3.1, we have the following result. 

Theorem 3.2. Let E be a reflexive and strictly convex Banach space having a 
uniformly Gateaux differentiable norm. Let C be a nonempty closed convex subset 
of E and {T{t) : t > 0} a u.a.r. nonexpansive semigroup from C into itself with 
F ■= r\ t > F(T(t)) + 0. Let {«„} C (0,1), {(3 n } C [0,1] and {t n } C R + be 
sequences satisfying the following conditions: 

(CI) a n -> (n -> oo); Y^=o a » = °°>' 

(C2) < liminf^^oo (3 n < limsup,^^/^ < a < 1 for all n > and for some 
constant a G (0, 1); 

(C3) < t < ti < t 2 < ■ ■ ■ < t n < ■ ■ ■ , liniyj^oo t n = oo. 
Let f 6 ^2 C and xq £ C be chosen arbitrarily. Let {x n } be defined by 

Xq = x G C, 

Vn = PnXn + (1 ~ (3 n )T(t n )x n , (IS) 

x n+ i = a„f(x„) + (1 - a n )y n 

Then {x n } converges strongly to Q(f) € F, where Q(f) solves a variational inequal- 
ity 

((l-f)(Q(f)),J(Q(f)-p))<0, /eSc, p£F. 

Proof First we note that by Theorem 3.1, there exists a solution Q(f) € F of a 
variational inequality 

{(l-f)(Q(f)),J(Q(f)-p))<0, /€S C , pef, 

where Q(f) = lim^oo z t and zt is defined by (A). 
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We proceed with following steps: 

Step 1. We show that \\x n — p\\ < max{||a;o — p\\, j-zu\\f(p) — p\\} for p € F. 
Indeed, let p G F and d = max{||xo — p\\, jh^Wfip) ~ p\\}- Noting that 

\\y n ~p\\ < n \\x„ -p\\ + (1 - f3 n )\\T(t n )x n -p\\ < \\x n -p\\, 

we have 

\\xi -p\\ < (1 - «o)||yo -p|| + ®o\\f(xo) - p\\ 

< (1 - a )\\xo - P \\ + ao(\\f(x ) - f(p)\\ + ||/(p) - p\\) 

< (1 — a )||cco ~p\\ +a (A;||xo - p\\ + \\f(p) - p\\) 

< (1- (1- k)a )\\x -p\\ +a \\f(p) -p\\ 

< (1 - (1 - k)a )d + a (l - k)d = d. 

Using an induction, we obtain ||x n _|_i — p\\ < d. Hence {x n } is bounded, and so are 
{T(t n )x n }, {f(x n )} and {y n }. 

Step 2. We show that linij^oo ||x ra+ i — x n \\. To this end, set j n = (1 — 
a n )(3 n , n>0. Then it follow from (CI) and (C2) that 

< liminf 7 n < limsup7 n < 1. (3-1) 

n >oo n — >00 

Define 

X n+1 ='y n X n + (1 -7n)Zn- (3.2) 

Observe that 

_ X n +2 - Jn+lXn+1 _ X n+1 - J n X n 
Zn-\-l Zn Z. : 

1 - 7n+l 1 ~ In 

__ Qn+l/(^n+l) + (1 ~ an+l)y n +l ~ Tn+l^n+l 
1 - 7n+l 

Unf(xn) + (1 ~ a n )y n - -y n x n 



1 ~ln 
On+lfjXn+l) _ OJnf(x n ) 
1 - 7n+l 1 - In 

_ (1 - a n )[(5 n x n + (1 - (3 n )T(t n )x n \ - -j n x n 

l~7n 

(1 - a n+ i)[/3 n+ ix ra+ i + (1 - P n+1 )T(t n+1 )x n+1 ] - 7 n+ ix n+i 

1 ~ 7n+l 
On+lfjXn+l) _ a n f{x n ) \ (1 - «n+l)(l ~ /?n+l) r (Wl) x n+l 

1 - 7n+l 1 - 7„ / 1 - 7„+i 

(1 -a n )(l - f3 n )T(t n )x n 

l~7n 



(3.3) 
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&n+lf(Xn+l) OL n f(x n ) 



1 - 7n+l 1 - 7 

C^n+1 rpj, \ 

^ \J-n+l)Xn+l 

~7n+l 

Q!n+l/(»n+l) U n f(x n ) 



+ (T(t n+ i)x n+ i - T(t n )x n ) 



- — — — T(t n+1 )x n+1 + - — "—T(t n )x r . 

1 - 7n+l 1 ~ 7n 



1 - 7n+l 1 - 7n 

+ (T(t n+ i - t n )T{t n )x n - T{t n )x n ) 

**' OL 

-T(t n+1 )x n+1 + - — — T(t n )x r . 



+ {T{t n +l)Xn + l ~ T(t n + i)x r 



1 - 7n+l 1 - In 

It follows from (3.3) and (C3) that 

< -^±^(||/(x n+1 )|| + ||r(t n+1 )x n+1 ||) + -^^(||/(x„)|| + ||T(t n )x„||) f34) 

+ sup ||T(i n+ i - t n )T(t n )x - T(i n )x||, 

where D = {x 6 C : ||x — p\\ < max{||xo — p\\, j=u\\f(p) — p\\}}- Since {f(x n )} and 
{T{tn)xn\ are bounded, by (2.3), (CI), (3.1) and (3.4) we obtain that 

limsup(||z n+ i - z n \\ - \\x n+1 - x n \\) < 0. 

n — >oo 

Hence by Lemma 2.2, we have 



lim \\z n — x n \\ = 0. (3-5) 

n — >oo 

It then follows from (3.1) and (3.2) that 

lim \\x n+1 - x n \\ = 0. 

n — >oo 

Step 3. We show that lim n ^oo \\x n — T(t„)x n \\ = 0. Indeed, as a consequence 
with control condition (CI), we know 

\\x n+1 - y n \\ < a„||/(i n ) - y n \\ < a n (\\f(x n )\\ + \\y n \\) -»■ (as n -> oo). (3.6) 

By (IS) we have \\y n - T(t n )x n \\ = (3 n \\x n - T(t n )x n \\ and so 

1 1 T ( 4- \ II *^ II I I II | I || rr~i / < \ 1 1 

\\&n 1 \J>n)%n\\ _^ \\*En ^n+l|| \ \\%n-\-l UnW ~r |ji/n ■* ^n/^n || 

|| 'I i II 1 1 i /3 II T 1 ( 4- \ II 

\\**^n %n-\-l || _l ||^n+l Vn \\ t" Pn \\%n -^ \ ^nj^n || • 

Simplifying it and using Step 2 and (3.6), we obtain 

(1 - a)||ar n - T(t n )x n \\ < (1 - /3 n )||x n - T(t n )x n \\ 

< \\x n - #n+l|| + ||#n+l ~ ?/n|| — ► (as n — > Oo) 
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This implies that 

\\x n — T{t n )x n \\ — > (as n — ► oo). 

Step 4. We show that lim^-x^ ||T(r)x n — x n || =0 uniformly in r E IR + . In fact, 
it follows from Step 3 and (2.3) that 

\\T(r)x n -x n \\ < \\T(r)x n - T(r)T(t n )x n \\ + \\T(r)T(t n )x n - T(t n )x n \\ 

< 2\\x n - T(t n )x n \\ + sup \\T(r)T(t n )x - T(t n )x\\ 
xeD 

— * (as n — > oo) 

uniformly r E R + , where D = {x € C : ||x — p\\ < max{||xo — p||, jtzt ||/(p) — p||}}- 

Step 5. We show that limsup n ^ 00 ((I - f)(Q(f)), J(Q(f) - x n )) < 0. To prove 
this, let a subsequence {x nj } of {x ra } be such that 

limsup((7 - /)(Q(/)), J(Q(/) - x„)) = lim ((/ - /)(Q(/)), J(Q(/) - x n ,)> 

n — >oo J *°° 

and x nj . - A p for some p & C. Now let z t be defined by z t = X t f(z t ) + (1 — X t )T(t)z t 
for each £ E K + and < At < 1 with limt^oo At = 0. Then we can write 

Zt - x n = (1 - A t )(T(t)z t - x n ) + Xt(f(z t ) - x n ). 

Applying Lemma 2.1, we have 

\\z t - x n \\ 2 < (1 - \ t ) 2 \\T{t)zt - x n \\ 2 + 2X t {f(z t ) - x n , J(z t - x n )). 

Putting 

aj (t) =(1 - \ t ) 2 \\T(t)x nj - Xn .\\ 

x (2\\zt - x nj || + \\T(t)x nj - x nj ||) -»■ (as j -»■ oo) 

by Step 4 and using Lemma 2.1, we obtain 

ll-z* -Xnj II 2 < (1- A t ) 2 ||T(t)z t -x n J 2 + 2X t {f(zt) -x n .,J(zt -x nj )) 

< (1 - A t ) 2 (||T(t)z t - T(t)x nj || + ||T(*)x n , - x n , ||) 2 

+ 2A t (/(z t ) - z t ,J(z t -x n ,)) +2A t ||z t -x n J 2 

< (l-A t ) 2 ||z t -x nj || 2 + a j (t) 

+ 2A t (/(z t ) - z t ,J(z t -x nj )) + 2X t \\z t -x n J 2 . 

The last inequality implies 

(zt - f(zt),J(zt -x n ,)) < -±\\zt ~x n A\ 2 + ^r-aj(t). 

2 2 A t 
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It follows that 

lim (zt - f(zt), J(zt - &„,.)> < ^M, (3.7) 

where M > is a constant such that M > \\z t — x n \\ 2 for all n > and At €E (0, 1). 
Taking the lim sup as t — > oo in (3.7) and noticing the fact that the two limits are 
interchangeable due to the fact that J is uniformly continuous on bounded subsets 
of E from the strong topology of E to the weak* topology of E* , we have 

limsup(Q(/) - f(Q(f)), J(Q(f) - x nj )) < 0. 

Indeed, letting t — ► oo, from (3.7) we have 

limsuplimsup(z t - f(z t ),J(z t - x nj )) < 0. 

t — >CxD j — ^OO 

So, for any e > 0, there exists a positive number 5\ such that for any t > S±, 

£ 

lim sup (z t - f(z t ), J (z t - x nj )) < -. 

j — ^oo ^ 

Moreover, since zt —* Q(f) as t — > oo, the set {zt — x nj } is bounded and the duality 
mapping J is norm-to-weak* uniformly continuous on bounded subset of E, there 
exists 62 > such that, for any t > 62, 

\(Q(f) - f(Q(f)), J(Q(f) - x nj )) - (z t - f(zt), J(zt - x nj ))\ 

= I (Q(f) ~ f(Q(f)), J(Q(f) - X nj ) - J(z t - X n , )) 
+ (Q(f) - f(Q(f)) - (Zt - /(*,)), J(z t - X nd ))\ 

< \(Q(f) - f(Q(f)), J(zt - *„,-) - J(Q(f) - x nj ))\ 

+ \\QU) ~ f(Q(f)) ~ (*t ~ f(Zt))\\\\Zt ~ *n 3 II < \- 

Choose 5 = max{<5i, 62}, we have for all t > 5 and j G N, 

(Q(f) - /(Q(/)), J(Q(f) - X nj )) < (Z t - f(zt), J(Zt - X n ,)> + |, 



which implies that 
limsup(Q(/) - f(Q(f)), J(Q(f) - x nj )) < limsup(z t - f(z t ), J(z t - x nj )) + 

j — » OO j — > OO 

Since lim sup -^^(^ - f(zt), Jfa ~ x n .)) < |, we have 



hmsup(Q(/) - /(Q(/)), J(Q(f) - x n .)) < e. 
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Since e is arbitrary, we obtain that 

limsup((I-/)(Q(/)),J(Q(/)-z n ,))<0. 

Step 6. We show that linv^oo \\x n — Q(f)\\ = 0. By using (IS), we have 
x n+1 - Q(f) = a n {f{x n ) - Q(/)) + (1 - a n )(y n - Q(f)). 
Applying Lemma 2.1, we obtain 

\\x n+1 -Q(f)\\ 2 

< (1 - a n ) 2 \\y n - Q(f)\\ 2 + 2a n (f(x n ) - Q(f), J(x n+1 - Q(/))) 

< (1 - a n f\\x n - Q(f)\\ 2 + 2a n (f(x n ) - f(Q(f)), J(x n+1 - Q(/))) 
+ 2a n (f(Q(f)) - Q(f), J(x n+1 - Q(/))) 

< (1 - a n ) 2 \\x n - Q{f)\\ 2 + 2ka n \\x n - Q(/)||||x n+1 - Q(/)|| 

+ 2a n {f(Q(f)) ~ Q(f), J(*n+i - Q(/))> 

< (1 - a n ) 2 \\x n - Q(f)\\ 2 + ka n (\\x n - Q(f)\\ 2 + \\x n+1 - Q(f)\\ 2 ) 

+ 2a n {f(Q(f)) ~ Q(f), J(xn+i - Q(/)))- 
It then follows that 

IK + i - Q(f)\\ 2 < l ' {2 ~ k l an + al \\x n - QU)t 

1 — ka n 

In 

" " (f(Q(f))-Q(f),J(x n+1 -Q(f))) 



1 — ka 



1- (2-k)a n r>( f \\\2 , a l A/f 

- i-ka n ii*»-g(/)U + r3^ M 

2rT 

- " ((/-/)(Q(/)),j(g(/)-x„+i)) 



(3.7) 



1 — ka 
where M = sup n>0 \\x n — Q(f)\\ 2 . Put 

2(1 - k)a n 

X n = — and 

1 — ka n 

From (CI) and Step 5, it follows that X n — > 0, Xl^Lo ^ ra = °° an< ^ umsu Pn^oo <^n ^ 
0. Since (3.7) reduces to 

||x n+1 - Q(f)\\ 2 < (1 - A n )||x„ - Q{f)\\ 2 + X n 6 n , 

from Lemma 2.3, we conclude that lim^^oo \\x n — Q(f)\\ = 0. This completes the 
proof. □ 
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Corollary 3.1. Let E be a uniformly convex and uniformly smooth Banach space 
and C a nonempty closed convex subset of E. Let {T{t) : t > 0} be a u.a.r. 
nonexpansive semigroup from C into itself with F := f\>o F(T(t)) ^ 0. Let {«„} C 
(0, 1), {/3 n } C [0, 1] and {t n } C M + be sequences satisfying the conditions (C1)-(C3) 
in Theorem 3.2. Let f G Ylc an< ^ %o £ C be chosen arbitrarily . Let {x n } be defined 
by 

Xq = x 6 C, 

x n+1 = a„f(x„) + (1 - a n )y n . 

Then {x n } converges strongly to Q(f) 6 F, where Q(f) solves a variational inequal- 
ity 

((l-f)(Q(f)),J(Q(f)-p))<0, feXc, P£F. 



Remark 3.3. (1) Theorem 3.2 improves Theorem 2.1 and Theorem 3.1 of Chang 
and Yang [4] to the viscosity method under certain different control conditions in 
the different Banach space. In particular, Theorem 3.2 removes the conditions 
^2n°=o \ a n+i — Oi n \ < oo and Y^=o \Pn+i ~ Pn\ < °° imposed on control sequences 
{a n } and {/3 n } in Theorem 2.1 and Theorem 3.1 of [4]. 

(2) Theorem 3.2 also appears to be independent of Theorem 3.1 in Chang and 
Yang [4]. 

(3) In general, the condition (C2) in Theorem 3.2 and the condition Xl^Lo l/^«+i 
—(3 n \ < oo are not comparable; neither of them implies other. 

(4) Theorem 3.2 also develops Theorem 3.1 of Aleyner and Reich [1] to the viscos- 
ity method. Moreover, by using iterative scheme (IS), the condition Yl^=o \ a n+i — 
a n \ < oo imposed on control sequence {a n } was removed. 

(5) We point out that our results are applicable to, in particular, in all LP spaces, 
1 < p < oo. 
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A note on the generalized g-Euler numbers (2) 

By 
Kyoung-Ho Park, Young-Hee Kim, and Taekyun Kim 



Abstract. Recently, the new g-Euler numbers and polynomials related to 
Frobenius-Euler numbers and polynomials are constructed by Kim (see [3]). In 
this paper, we study the generalized g-Euler numbers and polynomials attached to 
Dirichlet's character x related to the new g-Euler numbers and polynomials which 
is constructed in [3]. Finally, we will derive some interesting congruence on the 
generalized g-Euler numbers and polynomials attached to x- 
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§1. Introduction 

Let Z, H. and C denote the ring of integers, the field of real numbers and the complex 
number field, and let p be a fixed an odd prime number. Assume that q is an indeterminate 
in C with q G C with \q\ < 1. As the g-symbol [x] q , we denote [x] q = ^jz~- Recently, 
g-Euler polynomials are defined as 

[21 °° t n 

-\^-e xt = YX 9 (a;)-r, for \t + logg| < vr, (see [3]). 

In the special case x — 0, E nq = E n<q (0) are call the n-th g-Euler numbers (see [3]). These 
g-Euler numbers and polynomials are closely related to Frobenius-Euler numbers and 
polynomials and these numbers are studied by Simsek-Cangul-Ozden, Cenkci-Kurt and 
Can and several authors (see [1-2, 18-26]). In this paper, we study the generalized g-Euler 
numbers and polynomials attached to x related to the g-Euler numbers and polynomials, 
E n ,q{%), which is constructed in [3]. Finally, we will derive some interesting congruence 
on the generalized g-Euler numbers and polynomials attached to x- 

§2. Congruence for g-Euler numbers and polynomials 
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The ordinary Euler polynomials are denned as 



oo 



O ^ ill 

e-^ TT = e^ = ^E„(x)-, (see [1-5]), 

n=0 

where we use the technical method notation by replacing E n (x) by E n (x)(n > 0), symbol- 
ically (see [1-2]). Let us consider the generating function of q- Euler polynomials E n ^ q {x) 
as follows: 

P], - ^„ ,J" 



and we also note that 



qc' + ] ^ -' qyX 'nV 

n=0 



f>,«(^ = -|!h e " = 1 7 9 ~-l eXt = Jt,H n (-q-\x) t - v 
*-^ n\ qe t + l e* — — q 1 ^-^ n\ 

?1=0 1 < \ 1 I n=Q 

where H n (— g _1 ,x) are called the n-th Frobenius-Euler polynomials (see [3]). From (1), 
we note that 

o °° j-n 

KmF q (x,t) = — — e* = ^K(x)-,. (2) 

n=0 



By (1) and (2), we see that 



In (1), it is easy to show that 



\\mE nq (x) = E n (x) 

q->l 



Ew^ = F '<^> = Jri e *' = E (E (IH* 



n=0 ^ n=0 1=0 

By comparing the coefficients on the both sides, we have 

E n ,q( x ) — /_] I )Ei, q x n ~ l , where E^ q are the Z-th g-Euler numbers. (3) 

/=o W 

Let x be the Dirichlet's character with conductor d = 1 (mod 2). Then we define gener- 
ating function of the generalized g-Euler numbers attached to Xi E n , x ,q as follows: 



[%ZtoX(lW(-l) l e lt ^ t 
From (4), we note that 



*■«(«> = '"n°4r;r i;c = E ^- (4) 

^ n=0 



rd_1 r.,(„\( 1 Na„ai 



■a^- '^-^ -x;^. m 



9-1 *' AV ' e di + l ^ ' A n! 

n=0 
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where E n>x are the n-th ordinary Euler numbers attached to x- By (4) and (5), we see 
that 



lim ±Ll n -yq Ill n y. 



From (4), we can also derive 



oo , n oo 

n=0 ' k=0 



= E([ 2 ]<Ex(*x-«)** B )^ (6) 

n=0 fc=0 

oo d— 1 .„ 

= E(^E(-9) a *( a )^£ 

n=0 a=0 

By comparing the coefficients on the both sides of (6), we have 



. a , 



oo d— 1 

K, x , 9 = [2],E*(*)(-9)** B = d B E(-«) a x(«) S »^(5)- ( 7 ) 

fc=0 a=0 

Finally, we define the generating function of the generalized g-Euler polynomials attached 
to x, En,x,q(x) as follows: 

oo n oo 

^,*om) = E^w*)^ = [^E^w(-^ eM)i - ( 8 ) 

n=0 ' fe=0 

By (8), we easily see that 

oo , n oo 

E^W*)^ = F q , x (x,t) = [2] q J2x(k)(-q) k e^ 

n=0 ' fc=0 

oo oo n 

= E([ 2 ]«E^)(-^+*)j^ (9) 

n=0 fe=0 

oo d— 1 



= E( dn E(-?) a X(0)^n ) 

Thus, we have 



a + x \ t n 

ra=0 a=0 



a— i / \ 

*w*) = ^E(-?) a ^ a )^ d (^) = E u K~^>™ = [2] I Ex(*)N^+ k r 

a=0 ' fcO ^ ' fc=0 

(10) 
Let d G N with <i = 1 (mod 2). Then, we see that 



q d F q Jd, t) + F qa (t) = [2] q E x(^)(-?) fe e^)* + [2] q £ x (fc) (-#e 

fc=0 
d-l 

= [2],Ex(*)(-?) fc e 



// 

fc=0 fc=0 

fc=0 



(11) 
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From (11), we have 

oo , n oo d — 1 

E (q d En, x ,M + E n , x , q ) - { = E { [2], £ X(k)(-q) k k* 

n=0 ' n=0 fc=0 

Therefore, we obtain the following theorem. 

Theorem 1. For q G C with \q\ < 1, n G Z+ and rfeN tot£/i d = 1 (mod 2), we /iawe 

d-l 

q d E n ^ q (d) + E n ^ q = [2} q J2x(k)(-q) k k n . 

fc=0 

Let p be a positive odd integer and let N € N. Then we have 
[2], E x(«)(-?) a « B = ^Xx,^) + ^n, x , g 

a=0 



i=o V,y/ 
g*" E (^ (d P N yE n ^ q + (g*" + l)F n 

.7 = 1 ^' 



X,<7 

= 2E n:X>q (mod dp N ), 
because q ndp = 1 (mod dp N ). Therefore, we obtain the following theorem. 

THEOREM 2. Let p be a positive odd integer and q G C with \q\ < 1 and (a — 1, dp) = 1. 
For d G N with d = 1 (mod 2), we nai>e 

[2], E x(a)(-g) a a n = 2F„, Xi ,(moddp iV ). 

a=0 



Remark. Define 

-q) n xiji) 



L E , q (s,x\x) = [2] 9 E 



(n + x) s 
where s G C, and rr 7^ 0, — 1, —2, • • • . For k G Z +; we nave L Eq (—k, x\x) = E kjXtq (x). 
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AN ESTIMATION TO THE SOLUTION OF AN 

INITIAL VALUE PROBLEM VIA g-BERNSTEIN 

POLYNOMIALS 

SONUC ZORLU, HUSEYIN AKTUGLU AND MEHMET All OZARSLAN 



Abstract. In the present paper, we give an estimation to the 
differerence |.B„_i(/;q;x) - B n (f; q;x)\, where B n (f;q;x) is the 
q— Bernstein Polynomials (see [15]) and then we construct an ap- 
proximating sequence for the solution of the initial value problem. 



1. Introduction 



Let C [0, 1] denotes the set of continuous functions on [0, 1] . In [2], 
S. Bernstein introduced the following well-known linear, positive oper- 
ators 



(i.i) B n (f-,x) = j2f( k -)( n k )x k (i- x r- 

fc=0 \ / \ 



and he showed that if / e C [0, 1] , then B n (/; x) =4 / (x) where "=* " 
represents the uniform convergence. One can find a detailed monograph 
about the Bernstein Polynomials in [5]. 

The q— generalization of the Bernstein Polynomials was introduced 
by G. M. Phillips, in [14] , by the following way: 

n i- -i n— r— 1 

(1.2) B n (f;q;x) = J2fr " x r ]J(l-q s x), 

where an empty product is 1 and f r = f([r]/[n]). In (1.2), the value [r] 
denotes the q— integer of r, which is given by 

q ' q e R + - {1} 



l-q 

r, 9 = 1 



Key words and phrases. q-Bernstein Polynomials, Initial Value Problems, . 
2000 Mathematics Subject Classification. 41A25, 41A36. 
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Also the q— factorial of the number r has the definition 

l[2]...[r], r = l,2,... 
1, r = 

and the q— binomial coefficient is defined by 



n 
r 



n 



[r] \[n — r]\ 

It is clear that the operators B n (/; q; x) defined by (1.2) are the gen- 
eralization of the Bernstein polynomials defined by (1.1), since 

lim B n (f;q;x) = B n (f;x). 

g->l 

For the q— Bernstein polynomials B n (/; q; x) defined by (1.2), Phillips 
[14] obtained the moments as 



B n (1; q; x) = 1, B n (t; q; x) = x, B n (t 2 ; q; x) = x 2 + 



x(l — x) 



n 



On the other hand, since the operators B n (/; q; x) are monotone, using 
the well known Bohman-Korovkin theorem, Phillips gave the following 
convergence theorem: 

Theorem 1.1. (Phillips [14] ) Let < q = q n < 1 and q n — > 1 as 

n — > oo. Then for any f G C[0, 1], the operators B n (/; g; x) converges 
uniformly to f(x) on [0, 1]. 

In order to give the properties of the derivative, it is convenient to 
rewrite the operators B n (/; q; x) in the following form (see [14] and 
[15]) 



B n (f;q;x) = Y^ 



r=0 



n 
r 



A r f x r 



where the q— differences are defined through the following reccurence 
formula: 

A /, = fi 
for i — 0,1, ...,n and 

A r+l f . = A r f . +i _ q r A r f . 

for k — 0,1, ...,n — % — 1. One can easily show by indution on r that 
q— differences satisfy the relation 



A 7* = ]T(-i)V '- 1)/2 



3=0 



r 
J 



/. 



i+r— ]■ 
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In [15], in the examination of the properties of the derivative, Phillips 
introduced the following linear positive operators: 



n-l 



K-Af;<i; x ) 



r=0 
n-l 

E 



r=0 



f ([r]\ 


n — 1 


f {[n]J 


r 


n — 1 
r 


A7o^ r . 



n— r— 2 



.X 



n<i 



g s x) 



.5 = 



(1.3) 



Also it was shown in [15] that, S*_ 1 (/; q; x) converges uniformly to 

/ on [0, 1] as q n — > 1, since 

■n-l 



Bl^-q-x) 



1 (n > 1) 



x 2 + 



?N 



i 



x 



y 



-x fn > 2) 



n 



n 



— ll-g 2 -^ + ^x 2 (n>3). (1.4) 
g 2 V [n] [n] 2 / 

Investigation the properties of q— based operators has been an active 
research field during the last decade ( see [4], [20], [7], [8], [9], [10], [16], 
[17], [18], [12], [19], [13]). Detailed review of the results obtained until 
2007 and a number of open problems can be found in [11]. 
In this paper, we obtain an estimation to the difference 

\B n -i(f;q;x) - B n (f;q;x)\, 

which is needed in the approximation to a solution of the initial value 
problem. Finally, using the g— Bernstein polynomials, we introduce a 
sequence which converges to a solution of the initial value problem. 



2. An estimation TO THE DIFFERENCE |5 n _i(/;g;x) - B n (f;q;x)\ 

The aim of this section is to find an estimation to the difference 
\B n -i(f] q; x) — B n (f; q; x)\ where B n (f; q; x) is the Generalized Bern- 
stein polynomials. 

In [[6], p. 10, eq. (3.2) and (3.3)], we have the following equality 



n-l 



B n -i(f; q; x) - B n (f; q;x) = ^ 



r=l 



n 
r 



n—r—l 

a r x r 1 [ (1 

s=0 



q x) 



where 



a r 



[n — r] 



n 



f 



[n - 1] 



+ q r 



[r] f ( [r-l] 
[n] T \[n-l] 



f 



n 
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The following lemma is needed for obtaining an estimation to the dif- 
ference \B n _ 1 (f;q;x)-B n (f;q;x)\. 

Lemma 2.1. (Cheney and Sharma [3]) Let \f"\ < k,0 < a, j3 and 
a + (3 = 1, then 

\<*f {*) + Pf (V) -f(ax + Py)\<^(x- yf . 

Theorem 2.2. Let f : [0, 1] — >■ R is a function such that \f"\ < k, then 
we have 

k 
\B n _ 1 (f;q;x)-B n (f;q;x)\< 



Proof. Choosing 



a 



[n - r \p = a^ [r 



x 



4g 2 [n-l] 2 ' 

[r-1] 



n 



,y 



n] ' [n — 1] ' ' [n — 1] 



one can easily see that a + j3 = 1 and ax + j3y = r - r . Therefore using 

[n] 

Lemma 2.1, we obtain that 



Tl-l 



\B n -i(f;q;x) - B n (f;q;x)\ =J^ 



< 



k ^Xf q 2 ^ 



E 



< 



r=\ 

n 
r 

k 



n 
r 



n—r—l 

a r x r 1 | (1 — q s x) 



n—r—l 



X 



no 



s=0 



q x) 



Aq 2 [n- 1]< 



Whence the result. 



D 



Theorem 2.3. Let y„(x) be defined through the following reccurence 
relation: 

X 

(3.1) y ( x ) = y , y n (x)=y + / B n [f(t,y n _ 1 {t))\q n \s]ds. 

o 

where f has continuous partial derivatives of first order and < q n < 1 
wift g„ — *■ 1. v4/so assume that f and its first derivatives have the same 
common bound M in the strip < x < 1, — oo < y < oo. Then we have 

\y' n (x)\<M, \ y :(x)\ < 2(M + e) 

where e is a positive real number. 
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Proof. Since B n [1; q n ; x] — 1, it is obvious that 

\y'n( x )\ = B n [f(t,y n -i(t))]q n ]x] < sup f{x,y n - 1 {x)) < M. 



To prove the second inequality, let 

ra-l 



r=0 
ra-l 

E 

r=0 



n — 1 

r 



n— r— 2 



,t; 



n<i 



Qn X ) 



s=0 



n — 1 

r 



A7o* r . 



Now, letting F(x) = f(x,y n -i(x)), it can be computed that 
l£(x) = B' n (F;q n ;x) = B* n _ 1 ([n]AF r ;q n ;x) 



(3.2) 



ra-l , 



r=0 



[r + 1] 



n — 1 
r 



< 



A r {[n}AF r )x r 



Recalling the inequality 

r + 1 

[r + 1] 

given in [15], we get, using (3.2) 



y'L{x) < {l + -)B* n _ 1 ([n]AF r ;q n ;x) 



< 2B* n _ l {[n}AF-q n -x) 



'ra-l 



_r=0 

ra— 1 



n — 1 

r 



ra— r— 2 



,t; 



IK 1 -* 



~ W 



£ ([n]AF r - i?) 



r=0 



s=0 

n — 1 
r 



ra— r— 2 



,t; 



lid"* 



- a„a; 



s=0 



Since / has continuous partial derivatives of first order , by the mean 
value theorem, there exists a real number 0(0 < 6 < 1) such that 

?l f[r] + dq r n 



F' r - [n}AF r = F' 



n 



<f n F' 



n 



Since / has continuous partial derivatives and q n — > 1, given any e > 0, 
there exists a positive integer N = N(e) such that |[n]AF — F' r \ < e 
for < r < n — 1. 
Therefore we get 

|y^(x)|<2(M + 6) 
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since 

B:^(F;;q;x)< sup \F' r \<M. 

0<x<l 

U 

3. Approximation to a Solution of the Initial Value 

Problem 

In this section, inspiring from Arama's theorem [1], it is aimed to 
show that the sequence y n (x) given by (3.1) approximates to a solution 
of the initial value problem. 

Theorem 3.1. The sequence y n (x) defined by (3.1) converges uni- 
formly to a solution of the initial value problem 

V = f(x,y), y(0)=y 

for x G [0, 1], provided that f and its first two derivatives are bounded 
in the strip < x < 1, — oo < y < oo, that f has continuous partial 
derivatives of first order and that f satisfies 

\f(x,yi) - f(x,y 2 )\ < C I2/1 — 2/2I 
where £ < 1. 

Proof. First of all, it will be shown that the series 

yo + ^2[y n (x) -y n -i(x)} 

n=l 

converges uniformly in [0, 1]. Let e n (x) = y n (x) — y n -i(x). Then 

X 

\e n (x)\ < I \B n [f(t,y n - 1 (t));q;s\-B n _ l [f(t,y n - 2 (t));q;s\\ds 

'0 

X 

< / \B n [f(t,y n -i(t));q;s] -S n _i[/(*,j/ n _i(t));g;s]|ds 

'0 

.7; 

+ / \Bn-i[f{t,y n - 1 (t));q;s\-B n _ 1 [f(t,y n ^(t));q;s\\ds 




= h + h- 
Using Theorem 3.2, we can write that 

(4-1) h < I A J t19 cfa < 



Aq 2 [n-1] 2 ~ 4g 2 [n-l] 2 




643 



AN ESTIMATION TO AN INITIAL VALUE PROBLEM 



since x G [0, 1]. 

Now, let us verify that 



k = sup 

CKaKl 



dx 



2 f(x,y n (x)) 



is finite. Since 

dx 2 
then using Theorem 3.3 and the hypothesses of the theorem, we obtain 

d 2 



„if(x, Vn{x)) = /ll + (2/i2 + f22y' n ) y' n + HVn 



dx 2 



f(x,y n (x)) 



< M + (2M + M l )M + 2M(M + e). 



On the other hand, using monotonicity, we can write 

X 

h< [ B n .. 1 (\f{t,y n -. 1 (t)) - f(t,y n -. 2 {t))\',q',s)ds. 



We get, from the hypothessis of the theorem that, 

\f{t,y n -!{t)) - f(t,y n -2{t))\ < £ \y n -i(t) - y n - 2 {t)\ = £ |e„_i(t)| . 
Thus we have 

(4.2) 



h < £ sup |e„_i(t)|. 

0<t<l 



Since 



y n {x)\ < | j/o I + / \B n [f{t,y n -i(t));q;s]\ds 



then 



< \yo\ + M 



sup \e n (x)\ <2{\y \+M). 

0<x<l 



From (4.1) and (4.2), it is obtained that 

\e n (x)\ < £ sup |e n _i(<)| + 0(q- 2 [n - l]' 2 ). 

0<t<l 

This shows that y n (x) converges to a function y(x) uniformly in [0,1]. 
Now, let us show that y(x) is a solution of the initial value problem. 
Differentiating term by term, we get 

K(x)\ < \B n [f{t,y n _ 1 (t));q;x\-B n _ l [f{t,y n _ l {t));q;x\\ 

+ \B n -i [f(t, y n -i(t)); q; x] - B n _ x [f(t, y n - 2 (t)); q; x] | 
k 

- TY\ TT^ + ^ SU P \ e n-i{t)\- 

4g 2 [n-l] 2 o<t<i 
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Considering that y n (x) — > y(x), we conclude that 

y\x) = lim y' n (x) = lim B n [f(t,y n ^i(t));q;x}. 

Finally, taking 

A n (x) = B n [f(t, y n -i(t)); q; x] - f(x, y(x)) 

and considering the following inequality 

\A n (x)\ < \B n [f(t,y n ^(t)y,q;x]-B n [f(t,y(t)y,q;x}\ 
+ \B n [f(t,y(t));q;x}- f(x,y(x))\ 

completes the proof since, the first term at the right hand side does 
not exceed 

SUp |/(t,y„-i(t))-/(t,y(t))| <£ SUp \y n _ x (t) - y(t)\ 
0<t<l 0<«1 



and the second term converges to zero. 



□ 
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Direct Integration Preconditioning For Solving 
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Department of Mathematics, Faculty of Science, 
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Abstract: In this paper, direct integration preconditioning is proposed 
to solve optimal control problems governed by ordinary differential 
equations. Legendre approximations are used to reduce the problem to a 
constrained optimization problem. Error estimation for the Legendre 
approximations is derived and a technique that gives an optimal 
approximation of the problems is introduced. Numerical results are 
included to confirm the efficiency and accuracy of the method. 

Keywords: Spectral methods; approximation by Legendre polynomials; optimal control 
problems. 

1. Introduction 

Spectral methods using expansion in orthogonal polynomials such as Chebyshev or 
Ultraspherical polynomials have proven successful in the numerical approximation of various 
boundary value problems; see for instance, Canuto et al [1], Gottlib and Orszag [10] and 
Szego [12], If these polynomials are used as basis functions, then the rate of decay of the 
expansion coefficients is determined by the smoothness properties of the function being 
expanded. This choice of trial functions is responsible for the superior approximation 
properties of spectral methods when compared with finite difference and finite element 
methods. For spectral and pseudospectral methods, explicit expressions for the expansion 
coefficients of the derivatives in terms of the expansion coefficients of the solution are 
needed. Doha [2] obtained a general formula when the basis functions are the Ultraspherical 
polynomials. In [6], the author introduced a Chebyshev spectral procedure for solving 
ordinary and partial differential equations by transforming them into integral formulae. He 
used El-gendi [3] to obtain an approximation for the finite integrals. 

Optimal control problems governed by ordinary differential equations are discussed by 
many authors, among them Martin [5], [8], [11] and [13]. A variety of numerical methods for 
solving this optimal control problem exists. The most common approach is to replace the 
unknowns of the problem by some approximation function and to determine the unknowns by 
minimizing the resulting constrained optimization problem. Martin [11] consider the problem 
of time-optimal boundary control of a one-dimensional vibrating system subject to a control 
constraint that prescribes an upper bound for the L 2 -norm of the image of the control function 
under a Volterra operator. He uses Newton's method to compute the zero of the optimal value 
function of certain parametric auxiliary problems, where the steering time is the parameter. 
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The proposed algorithm describes an alternative technique. The system dynamics, the 
state variables can be obtained by transforming the boundary value problem for ordinary 
differential equations into integral formulas. Start with a Legendre spectral approximation for 
the highest-order derivative and generate approximations to the lowest-order derivatives 
through successive integrations. Therefore, the differential and integral expressions that arise 
in the system dynamics, the performance index, the initial (or boundary) conditions (and even 
for general multipoint boundary conditions) are converted into algebraic equations with 
unknown coefficients. This algorithm is of the finite element type and results in static 
optimization problems with a relatively small number of variables. This approach yields a 
static optimization problem. This means that the optimal control problem is reduced to a 
parameter static optimization problem, which consists of the minimization of an objective 
function, subject to a system of algebraic constraints that are linear in the state variables, 
irrespective of whether the dynamic system itself is linear or nonlinear. In such cases, the 
static optimization problem can be efficiently performed using the penalty partial quadratic 
interpolation technique [4]. They derived error estimation for this approximation, and 
introduced an algorithm that gives an optimal approximation of the integrals. 

The paper is organized as follows: In section 2, optimal control problem formula and 
some useful notations are presented. In section 3, the Legendre pseudospectral integration is 
presented to define an optimal preconditioner. The direct integration preconditioning 
technique is presented in section 4. In section 5, error estimation of the preconditioning 
Legendre approximations is presented. Two numerical examples of optimal control problems 
are solved in section 6. 

2. Optimal control problems with linear terminal constraints 

We consider the problem of finding the control u(t) which minimizes the cost 
functional. 

T 

J=h(x,x m ,...,x ( "- l) ,T) + \g(x,x (l) ,...,x { "- ]) ,u,T)dT , (2.1) 



Subject to 

f(x,x (1) ,...,x { " ] ,u,t^ = 0, 0<x<T , (2.2) 

where x (r) = — -, r = 1,2, ...,n. 
dx' 

and linear initial constraints, 

Z(x(0),x (1) (0),x (2) (0),...,x ( - 1) (0)) = 0, (2.3) 

and terminal constraints, 

m(x(T),x (1) (T),x (2 \T),...,x ( "- 1 \T)) = 0, (2.4) 

Where, the time Tis assumed to be fixed, L and M are vector functions of dimension / and 
m , respectively, with n<l + m<2n. The state variable x(r) e R N , the control 
variable u(t) e R M , g(r) e R N are real valued continuous functions on [0,T] . 

Before starting to reformulate the optimal control problem, we need to change the time 
interval re [0,T] into t e[-l,l] by substituting 

It . 

t = 1 

T 
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in order to use Legendre polynomials, defined on the interval [-1,1] • Hence the optimal 
control problem becomes: Minimize 



J=h(x,x m ,...,x (n - 1) ,l) + -\g(x,x <1) ,...,x < "- l \u,t)dt 



Subject to 



F 



v 



x,(px ( \...,(p"x {n \u,t 



0, -\<t<\ 



J 



and linear initial and terminal constraints, 

r x(-i),Ax (i) (-i),...,A"x w (-i)' 

V 1 1 



L 



= 0, 



f 



M 



x(l),(-)x w (l),...,(-)"x w (l) 
1 1 I 



J 



0. 



(2.5) 

(2.6) 

(2.7) 
(2.8) 



3. Pseudospectral Legendre integration approximations [7] 

We present here the Legendre approximations of any function/^) eC°°[-l,l], using (N +1) 
Legendre-Gauss-Lobatto (LGL) points as: {t t : {\-tl)P' N {t i ) = 0,i = 0,1,..., N} . 



f{x) = Y j a J P J {t), 



where 



j=o 



^^i^i^mm, j=0 ^ N 



(3.1) 



(3.2) 



N(N-i)t? [p N _ l(tk) y 

Approximate the integrals of a function f{x) by interpolating the function with a polynomial 
V N f at Legendre-Gauss-Lobatto (LGL) points. 

' t t 
The values of the integrals f f f (P N f ){t)dtdt...dt at the same (N +1) points, in fact, be 



-i -i -i 

n-times 



expressed as a fixed linear combination of the given function values and the whole 
relationship may be written in matrix form 



{}....} (Pj)(t)dtdt...dt 



-1 -1 -1 

n-times 



B M [V N f] 



Setting [P N f] = [f(t ),f(ti),—,f(t N )] as the vector consisting of values of f(x)at (N +1) 



collocation points, 



J(P N f)(0<fc = }(P N f)(0^,-,f(P N f)(0* 



as the values of the 



integrals at the collocation points and B (n) = b}?\ i,j = 0,1,..., JV as the collocation integral 
matrix; 

b ' k -ht'oNiN-DiPMf ' j{k) [U-2m + nV [ti "^ J 
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-zz 



(-\y- lm+n - r (j -in)\t; 

"I* t~o ( r - s) ! s !(_/ - 2m + n-r)\ 



0<i,k <N 



(3.3) 



and 



c „_ {-\f{2n-2k)\ 
k 2"(n-k)\(n-2k)\k\' 

4. Direct integration preconditioning technique 

Legendre spectral approximation is adopted here to approximate the solution of the problem. 
We start with Legendre approximation for the highest-order derivative, x (n) , and generate 
approximations to the lowest-order derivatives x (n ~ l) ; x (n ~ 2) ;. . . and x {0) , through successive 
integrations of the approximation of the highest-order derivative, as follows: 
Suppose that 

x (n] (t) = *¥(t) (4.1) 

where ^(^ ),z = 0,1,..., N are some unknowns. By integration, and making use of the given 

conditions, we get 

t 

x i "- 1) (t) = \'¥(t)dt + c , 



i 
t t 



{n - 2) (t) = \\v(t)dtdt + c Q t + c x 



t t t t 



:(t)=\\...\\ x ¥(t)dtdt...dt + Y j c n _f . 



-i-i -i-i 

n times 



Now we apply present Legendre integral approximation, then we have 
x ( "- 1) (0 = Z^(^)+c , i = 0,l,...,N 



7=0 

N 



^" 2) (0=Z^(0 +c o^^i 



7=0 



(4.2) 



KO=£C^)+Z<rf- 



(4.3) 



where the constants c r , r = 0, 1 , .., « - 1 may be defined from the given conditions. Making use 
of the approximation for the control variable as u(t i ) = u(t i ) , the optimal control problem 

(2.5)-(2.8) are replaced by the constrained optimization problems 
Minimize 



J=h(x,x m ,...,x^\l) + -^b Nl g t t b^(t J )+f l CJ,...,f t bfP(t J )+C rtt l ) 

*■ i=0 V7 =0 r =° 7=° 

Subject to 



(4.4) 



F 



VI 7=0 r=0 J J- [j=0 J J- 



0. (4.5) 
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The constrained optimization problem is then takes the form: 

Minimize J = J[a i ],i =0,...,N , (4.6) 

Subject to F[a i ] = 0,i = 0,l,...,N, (4.7) 

where a l =[v(t ),y(t l ),...,v(t N )]. 

Equations (4.6) and (4.7) are solved by using penalty partial quadratic interpolation 
technique [4]. We therefore use either 

f n Y 2 
\J{y N+l ,X N J-J{y N ,X N )\< £l Or Ya F ? <£ 2 

V '=o J 

or both to decide whether the computed solution in close enough to the optimal solution. 

5. Error Estimation of the Preconditioning Legendre Approximations 
Theorem 5.1: 

Let /(*) be approximated by Legendre polynomials, then there exists a number 

£ = £(f)e[-l,l] such that: 



f{t) = ±a k P k {t), 

k=0 

]\...\f(t)dtdt...dt = f j b^f{t k )+E n (t i ,^.. 



-i-i -i 

n-timcs 



where 



and 



E »^ = ahwr J J — J ^ + i(0d*d*...d* 



K 



(N + \)\K 

(2JV + 1)! 
A 1_ 2 N (N + l)lNl 



(5.1) 



(5.2) 



AT+l _!_] _, 

n-timcs 



Proof: See Ref. [7]. 

Theorem 5.2 

Assume that the optimal control problem (2.5)-(2.8) is approximated by Legendre 
integral method and assuming that x*" +jV+1 ' (?) is bounded i.e. 



(n+N+\) 



(0 



<D. 



then there exists a number g(t)e[- 1,1] such that 

t. , t 
£ (^#)^^fc} J....} ? N+l (t)dtdt...dt , 



(5.3) 



(5.4) 



-1 -1 -1 

n— times 



E F { { .) = 



n-2 



7=0 



...,X^^)+Q+^ft,^), M ft) 



7=0 
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-F 



\j=0 r=0 y=0 r=0 j"=0 



.(5.5) 



Proof: 



Firstly, let E{ t t ,£,) denote the error in approximation x(^) with (4.3), namely 
E{h) = \ }....} V(t)dtdt...dt-Y J tf )x *{t j ), (5.6) 



-1 -1 -1 

n— times 



7=0 



then, making use of (5.1) and (5.2), the error in the approximation (4.3) can be written as: 

\p(/V+l)/e\ '; t 



E( '^=wrwit;n-J p *»»** 



.dt 



i-i -i 

n- times 



X (n+N+1 \t) 

N + Vjli 
Thus, making use of (5.3) 



i t t 



{ N + Wt {{■-{ f ~«W"»- 



dt 



-i -i -i 

n- times 



E ^^ { N + mJ \--\ WO**.-*. 





n— times 



Secondly, the original constraint (2.6) in view of (4.2) becomes 



F 



v 



{{....} vtfdt+Zcj 





n-times 



.(|) 



}}....} V{t)dt + %CJ 





(n— I)— times 



,(jy^(0,u(0 



Making use of (5.1) then, 

r n 






r=0 



...,4r 1 S^(0)+^ft,^)+c o ,4r^),«(g 

J 7=0 J 

Subtracting (4.5) from (5.7), we obtain 
M0 = *" \ y tb^(t J )+E n (t i ^) + f J C r t:, 

...A'-^b^it^+E^^ + Cub^itMiO 

1 /=n -t 



= 0. 



7=0 



F 



(5.7) 



ZtfMO+Z^ .-.er 1 Z^fe) +C . Ub'^Mio 



V 1 7=0 r=o 

with E n {t ( ,£) is defined in (5.2). 



J=° 
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6. Numerical Examples 

Now, we consider the following problems to show the effectiveness of our technique. 
Example 1: 
Among all piecewise differentiable control variables, find the optimal control u(t) which 

minimizes 

i 

J = \[x 2 (T) + x' 2 (T) + 0.005u 2 (r)]dT, (6.1) 



subjectto x"(t) + x'(t)-u(t) = , 

x(t)-S(t-0.5) 2 + 0.5<0. 



(6.2) 
(6.3) 



And 

x(0) = 0, x'(0) = -l. (6.4) 

The first step in solving this problem by the proposed method is to transform the time interval 

into t g [-1, 1]. This will lead to the following problem. 

Minimizes 



J = - j [ x 2 (?) + Ax' 2 (t) + 0.005 u 2 (f )] dt , 
^ -i 
Subjectto 4x"(t) + 2x'(t)-u(t) = 0, 

x(t)-2t 2 +0.5<0. 
And 

x(0) = 0, x'(0) = -l. 
We give the approximation (4.1)-(4.3) for the state variable x(t) so 

Let x* (0 = ^(0=% 

t 

x'(t) = \ x ¥(s)ds + c i 

-i 
t i 

x(t)= f JT (s)dsds + c x t + c 2 . 

-i-i 

By using Legendre method and condition (6.8), we have c, =c 2 = -1 then 

*'(o=ixm)-i, 
^hix 2 ^)-',-!- 



(6.5) 

(6.6) 
(6.7) 

(6.8) 



We also use one of the approximations, u(t t ), i = 0,l,...,JVfor the control variable, and then 

the problem can be converted to the following constrained optimization problem: 
Minimize 



j=\Ya 



Z^^-^-i 



Zv^-i 



0.005w 2 (?,) 



subjectto 4 ¥(*,.)- 



&A-1 



-«(*,.) = 0. 



, (6.9) 



(6.10) 



We approximate the inequality constraint by adding a slack variable as we show previously, 
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f N 



E^*-',-i 



\k=0 



■2tf + 0.5 + A 2 N+i = 0. 



(6.11) 



Solving this problem (6.9)-(6.1 1) using the proposed method by 9 th order Legendre, we find 
the optimal value to be J* - 0.71426412 . The optimal state and the optimal control are shown in 
Figures (1) and (2), respectively. Elnagar [8] used of Cell Averaging Chebyshev method by 9 th 
order Chebyshev for solve this example and have J* = 0.74096103 . 

Fig. (1 ) state variable x(t) of example (1 ) 




-1 -0.75 -0.5 -0.25 0.25 0.5 0.75 1 

time(t) 

Fig. (2) control varaible u(t) of example (1) 




Example 2: The Controlled Linear Oscillator 

Consider the optimal control problem of a liner oscillator the performance index 



1 f 
J = — I u (r)dz 



(6.12) 



is minimized over all admissible control functions u (r) . 



Subject to the differential equation 

x(r) + co 2 x(r) = u(r), -T < r < (6.13) 

with the boundary conditions 

x(-T) = x , x(0) = 

The first step in solving this problem by the proposed method is to transform the time interval 

T 
into t e [-1, 1] by r = — (t — 1) . This will lead to the following problem: 
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Minimize 



Subject to 



T l n 
J =—\u\t)dt 



(6.14) 



x\t) = — (-o) 2 x +u(t)), 

With the boundary conditions 

x(-l) = x and x(l) = . 
For solve the problem let 

and use the approximation Eqs. (4.1)-( 4.3) for the state variable as: 



c'(t) = j x ¥(s)ds + c l 



-i 
t ( 



x(i)= \\ x V[s)dsds + c l t + c 1 . 

-i-i 
using Legendre method, we get 

*'(o=ixm)+c,, 



N 



X 



(0=2X 2) m)+^+c 2 



/,=o 



From the boundary condition Eq. (6.16), 
x(-l) = -Cj + c 2 =x , 



x(l) = £^M^) + q+c 2 =0 



then, 



hence 



a=o 



/ 



A' 



\ 



V *=o 



/ 



and c, 



A' 



V k=0 



x(0=S4 2) ^(^)+^o(i-o-^o(i+oS^ ) ^ft) 



(6.15) 
(6.16) 



*=0 ^ -^ /t=0 

then the problem can be converted to the following constrained optimization problem: 
Minimize 

J = ^h>^%) (6-17) 



Subject to 
T 2 



-«NZ^ 2) ^,) + ^ (l-O-ix (l + OZ^M^)K«(O =0.(6.18) 

U=0 *■ ^ 4=0 



At co = 1 , 7 = 2 and x = 0.5 , we get the optimal results of the cost functional 
J* =0.18485854 with N = IS. Table (1) has optimal value of the cost functional J* for 
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different values of N . The optimal state and the optimal control are shown in Figs. (3) and 
(4), respectively. 

Table (1): J of present method with other methods 



0.5 
0.4 
0.3 
0.2 
0.1 



Methods 


N ,M 


f 


Van Dooren [13] 


M=4 
M=7 
M=10 


0.18491700 
0.18485854 
0.18485854 


Elnagar [8] 


M=5 
M=6 


0.18485790 
0.18485854 


Present method 


N=8,10,12 


0.18485851 
0.18485851 
0.18485851 



FIG. (3) State varible x(t) of example (2) 



H I +- 

J ^X- ' L 



-1 -0.75 -0.5 -0.25 0.25 0.5 0.75 

time(t) 



0.6 
0.5 
0.4 
0.3 
0.2 
0.1 






fig. (4) control variable u(t) of example (2) 





































-0.75 -0.5 



-0.25 0.25 0.5 

time(t) 



0.75 



7. Conclusion 

The basic idea of our present method is to transform the optimal control problems 
governed by ordinary differential equations to a constrained optimization problem, by using 
Legendre approximations. We solve the resulting constrained optimization problem since it is 
easier than solving the original problem. Here we use (PQI) method, which may be more 
suitable in such case, where the number of constraints is increases. 
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The major advantages of this method is that, we can deal directly with the highest- 
order derivatives in the differential equation without transforming it to a system of first order, 
and that will reduce the number of the unknowns. In this way, the optimal control problem is 
replaced by a parameter optimization problem which consists of the minimization of the 
performance index subject to algebraic constraints. Finally, the method has been extended to 
the linear and nonlinear optimal control problems. 

The tables given previously show that the suggested technique is quite reliable. It can 
be successfully applied to both linear and nonlinear ordinary differential problems and related 
optimal control problems. The methods produce an accurate solution at small number of 
nodes. The comparison of the maximum absolute error resulting from the proposed method 
and those obtained by Elnagar [8] and Van Dooren [13] show favorable agreement and 
always it is more accurate than these treatments. 
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Abstract 

The numerical solutions of several mathematical models in the financial 
economics are arising. Most of the models are based on the Black-Scholes 
partial differential equations. In this paper, the Black-Scholes option pric- 
ing model which has been used frequently is solved by using the B-spline 
functions. The numerical experiments showed that the present method is 
an applicable technique and gives an exciting results for European option 
pricing. 

Keywords: Black-Scholes equation; B-spline method. 



1. Introduction 

Mathematical modeling and simulation have become essential tools in the 
financial industry. Related people spend a lot of time to simulate and predict 
the price movements for financial assets like stocks, options and bonds. Much 
of the mathematics employed in this area especially in academic research, is 
highly sophisticated and spans the fields of analysis, probability, statistics, 
differential equations and numerical analysis. During the past years financial 
securities have become necessary tools for corporations and investors. The 
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movement in stock prices creates a risk, and options can be used to hedge 
assets and portfolios to control this risk. In finance and economics in gen- 
eral, option pricing theory is one of the major theories. A call (put) option 
gives the holder the right to buy (sell) the underlying asset by a certain date 
T (expiration date or maturity date) at a certain price (strike price). Op- 
tions that can be exercised only on the expiration date known as European 
options whereas American options can be exercised at any time up to the 
expiration date [1]. Related parties could plan for the financial future with 
some certainty regardless of the price of the commodity on the open mar- 
ket at the time the option expired. However, the seller of the option incurs 
the risk of having to buy or sell an asset at a loss and must be compen- 
sated for this risk through the sales price of the option. Determination of 
the option value is a major concern of financial engineering. The numerical 
solutions of several mathematical models are arising in financial eonomics 
for the valuation of both European and American call options on different 
types assets are considered in several researches. All the models are based on 
the Black- Scholes partial differential equation. The newly developed Least- 
Squares Monte Carlo method offers a simple and well-organized technique 
for valuing American-type options. Compared to the other valuation tech- 
niques, the Least-squares Monte Carlo method does not necessitate advanced 
mathematical techniques and has the supplementary advantage of being able 
to easily handle multiple and complex stochastic processes concurrently [2]. 
The methods for valuing options can be divided into analytical and numeri- 
cal techniques. The first analytic model for valuing simple financial options 
was created by Black and Scholes [3]. After Black and Scholes, the research 
has aimed at developing numerical methods capable of dealing with valuing 
complex options, such as the American-type options with multiple uncertain 
state variables. The most popular numerical techniques for valuing options 
are: finite difference method [4], binomial lattice method [5], and Monte 
Carlo Simulation by Boyle [6]. Finite difference method for option valuation 
has been utilized by Courtadon [7] as well. The most significant drawback 
of both finite difference and lattice method is that they are impractical for 
valuing complex options with multiple uncertain state variables. On the 
contrary to both the finite difference and lattice methods, Monte Carlo Sim- 
ulation can handle competently with the situations where there are multiple 
and complex stochastic variables. Tilley [8] was the primary researcher to 
suggest a modification to Monte Carlo Simulation in order to make it appli- 
cable for valuing American options. Another research establishes a dual way 
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to price American options, formed on simulating the paths of the option pay- 
off [9]. The method introduced, leads to candidate hedging policies for the 
option, and estimates of the risk involved in using them. Monte Carlo Simu- 
lation can be applied to asset pricing problems with multiple state variables 
and possible path dependencies because convergence of Monte Carlo method 
is independent of the number of state variables. Another study relates to 
Monte Carlo Simulation to the problem of shaping free exercise boundaries 
for pricing American type options [10]. Along with numerical methods for 
valuing derivatives, lattice based models like binomial are useful for pricing 
American options, but have difficulty with path dependent contracts. Monte 
Carlo Simulation is a good way for path dependent problems but computa- 
tion time increases harshly when there is more than one stochastic variable. 
This problem is handled by a technique introduced by Raymar and Zwecher 
[11]. Their method is fast and accurate in basic cases , can be used easily 
on much more complex options as well. The biggest problem in assessing its 
performance on the most difficult cases is that there are no benchmarks avail- 
able for accuracy. Their techniques solve valuation problems that no other 
approach can touch and the technique is also applicable to many complex 
equity and fixed-income derivatives. In another work a mathematical model 
is presented which give the value of the call option in any moment prior to 
the expiry date. The main interest of options on assets comes from limiting 
the risk due to unexpected fallings of the asset price [12]. There are also many 
other methods for American option pricing problem like the method of lines 
by Meyer and Van der Hoek [13] . Most of the latest literature dealing with 
the modeling of financial assets assumes that the essential dynamics of equity 
prices follow a jump procedure. Some financial models, capture a number 
of main characteristics of the dynamics of stock prices [14]. In this specific 
research, the article named Compact Finite Difference Method for American 
Option Pricing is the starting point. In that research, three ways of combin- 
ing compact finite difference methods for American option price on a single 
asset has been developed. All the three methods work for both short term 
and long term options [15]. 

In this paper, we deal with the European put options on shares which 
may pay continuous dividends. Consider European put option pricing prob- 
lem in the following simple form: 
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u T = u xx + g(x,r) , (1) 

where x e (-00, +00), r G (0, (a 2 /2)T), 

fci = 2r/a 2 , 

k 2 = 2(r - £>)/o- 2 and 

^(x, r) = e fcir ((A; 1 - k 2 )e x -^-^ T - £4). 

This problem has the following the initial and the boundary conditions: 

u(x, 0) = max(e x — 1, 0), x E (—00, +00), (2) 

lim^oo u(x, t) = e ^( e x-{k 2 -i)r _ -^ ^ 

lim^-oo U(X, r) = 1 + t ^r^x-{k 2 ~\)r _ ^ ^ 

where T is the duration (in years) of the option contract, a is the stands for 
the volatility in return, D is the dividend yield of the asset, and r is the risk 
free interest rate. 

2. The third-degree B-splines 

A detailed description of B-spline functions generated by subdivision can 
be found in [16]. Consider equally-spaced knots of a partition 71 : a = 
xq < Xi < ... < x n = b on [a,b]. Let S3[7r] be the space of continuously- 
differentiable, piecewise, third-degree polynomials on n. That is, S 3 [7r] is the 
space of third-degree splines on n. Consider the B-splines basis in S3 [ir] . The 
third-degree B-splines are defined as 

!x 3 < x < h 

-3a; 3 + 12hx 2 - 12h 2 x + Ah 3 h < x < 2h 

3x 3 - 2Ahx 2 + 60h 2 x - AAh 3 2h < x < 3h (o) 

-x 3 + 12hx 2 - A8h 2 x + QAh 3 3h < x < Ah 

B l _ 1 (x) = B {x-{t-l)h), 2 = 2,3,... 
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Table 1: Values of Bi , B[ and B" 





Xj 


Xj+i 


Xi+2 


Xj+3 


Xj+4 


B t 





1 


4 


1 





B[ 





-3/h 


0/h 


3/h 





B'i 





6/h 2 


-12/h 2 


6/h 2 






To solve Eq.(l), Bi , B[ and B'I evaluated at the nodal points are needed. 
Their coefficients are summarized in Table 1. 



3. B-spline solution for the Black-Scholes option pricing model 

In this section a spline method for solving option pricing model is out- 
lined, which is based on the collocation approach [17]. Let 



n— 1 

S( x ) = £ CjBAx) 
i=-3 



(6) 



be an approximate solution of Eq.(l), where Cj are unknown real coefficients 
and Bj(x) are third-degree B-spline functions. Let x ,xi,...,x„ be n+1 grid 
points in the interval [a,b], so that 

Xj = a + ih , i = 0,1, ...,n ; x 0= a , x n = b , h = (b-a)/n. 

Difference schemes for this problem considered as following: 



Ar =U xx + g{x,T) 



-(At)u" +1 + u i+ i =Ui + (Ar)g(x, r) 
and the initial conditions are given in (2): 



(7) 
(8) 



u(x, 0) = max(e x — 1, 0), x 6 (— oo, +oo), 

u(x,0) = M , 



(9) 
(10) 
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Subsituting (9-10) in (8) then is obtained as follows 

t = + Ar -(Ar)u'i + «i = wo + (Ar)g(x, At) (11) 

t = + 2Ar -(AT)u2+u 2 = u l + (Ar)g(x,2Ar) (12) 



t = + nAr -(Ar)u'^ + u n = u n _i + (Ar)g(x,nAr) (13) 

The approximate solution of the equation (11)-(13) are sought in the form 
of the B-spline functions S(x), it follows that 



t = + At -(At)S'I + S l =u + (AT)g(x, At) (14) 

t = + 2Ar -(At)S'z +S 2 = Ul + (AT)g(x, 2Ar) (15) 



t = + uAt -(At)S'^ + S n = u n _i + (Ar)^(x, uAt) (16) 

and boundary conditions (3)- (4) can be rewritten as follows 



E 1 CjBj{x) = 1 + e^ T (e x ~ ik2 -^ T - 1) for lim^.^, (17) 

J=-3 

E CjBj(x) = e klT (e x -^-^ T - 1) for lim^^. (18) 

i=-3 
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Figure 1: Numerical results for the data set: a 2 = 0.3, D = 0.02, r = 0.04 
andn= 111, k = 0.001. 

Solving the spline Eq.(14) and using boundary conditions (17)-(18), we 
have obtained approximate solution. It is easy to see that, the same approx- 
imation is applied the other equations (15)-(16). As an illustration of the 
good performance of the above algorithms. We shall present the numerical 
results obtained for data set: 



xe (-2, 2), re (0,1), 
a 2 = 0.3 , 
D = 0.02 , 



r = 0.04 . 
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The time and share value steps have been taken to k=0.001 ,h=l/lll ,in 
Fig.l the computed solutions are shown. All computations were carried out 
using MATLAB 6.5. 

4. Conclusions 

B-spline method has been considered for the numerical solution of Eu- 
ropean Black-Scholes option pricing model. As well-known that the Black- 
Scholes partial differential equation can be transformed into the heat equation 
[18]. In a previous work, we have showed that the proposed method gives 
good results for the heat equation [19]. In this paper, we have shown that 
the present method is an alternative technique for the solution of the Black- 
Scholes model too. The results of numerical testing show that the numerical 
method is very effcient and accurate for the Black-Scholes model. 

References 

[1] T.L.Lai, Samuel Po-Shing Wong Valuation of American Options via Basis 
Functions, IEEE Transactions on Automatic Control, 49, 374-385, 2004. 

[2] A.S.Sabour, R. Poulin Valuing Real Capital Investments Using The Least- 
Squares Monte Carlo Method, The Engineering Economist, 51, 141-160, 
2006. 

[3] F. Black, M. Scholes, The Pricing of Options and Corporate Liabilities, 
Journal of Political Economy, 81, 637-654, 1973. 

[4] E.S. Shwartz, Brennan, M.J. , The Valuation of American Put Options. 
Journal of Finance, 32, 449-462, 1977. 

[5] J.C.Cox, S.A. Ross, M. Rubinstein., Option Pricing: A Simplified Ap- 
proach., Journal of Financial Economics, 7, 229-263, 1979. 

[6] P.Boyle, Options: A Monte Carlo Approach, Journal of FinancialEco- 
nomics, 4, 323-338,1977. 

[7] G.Courtadon, A More Accurate Finite Difference Approximations for the 



CAGLAR: B-SPLINE SOLUTION OF THE BLACK-SCHOLES P.D.E. 665 



Valuation of Options, Journal of Financial Quantitative Analysis, 17, 697- 
703, 1982. 

[8] J.A.Tilley, Valuing American Options in a Path Simulation Model., Trans- 
action of the Society of Actuaries, 45, 83-104, 1993. 

[9] L. C.G.Rogers, Monte Carlo Valuation of American Options, Mathemati- 
cal Finance, 12, 271-286, 2002. 

[10] B.R.Cobb, J.M.Charnes Approximating Free Exercise Boundaries for 
American-Style Options Using Simulation and Optimization, Winter Simu- 
lation Conference, 1637-1644, 2004. 

[11] S.B.Raymar, M.J. Zwecher Monte Carlo Estimation of American Call 
Options on the Maximum of Several Stocks, Journal of Derivatives, 5, 7-23, 
1997. 

[12] C.Vazquez, An Upwind Numerical Approach for an American and Eu- 
ropean Option Pricing Model, Applied Mathematics and Computation, 97, 
273-286, 1998. 

[13] G.H.Meyer, J. Van der Hoek,The Valuation of American Options with 
the Method of Lines, Advanced Futures Options Research, 9, 265-286, 1997. 

[14] C. Alvaro, D. del-Castillo Negrete, Fractional Diffusion Models of Option 
Prices in Markets with Jumps, Physica A, 374, 749-763, 2007. 

[15] J.Zhao, M. Davison, R.M.Corless, Compact Finite Difference Method 
for American Option Pricing, Journal of Computational and Applied Math- 
ematics, 206, 306-321, 2007. 

[16] C. de Boor, A Practical Guide to Splines, Springer Verlag, New York, 
1978. 

[17] G.H. Golub, J.M. Ortega, Scientific Computing and Differential Equa- 
tions, Academic Press, New York and London, 1992. 



666 CAGLAR: B-SPLINE SOLUTION OF THE BLACK-SCHOLES P.D.E. 



[18] Bertram During, Black-Scholes Type Equations: Mathematical Anal- 
ysis, Parameter Identification Numerical Solution, Johannes Gutenberg- 
Universitat Mainz, Ph.D. Thesis, 2005. 

[19] H. Caglar, M. Ozer, N.Caglar, The numerical solution of the one-dimensional 
heat equation by using third degree B-spline functions, Chaos Solitons and 
Fractals, 38,1197-1201, 2008. 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL.12, N0.3, 667-677,201 0,COPYRIGHT 2010 EUDOXUS PRESS, LLC 



MULTILATERAL GENERATING FUNCTIONS FOR THE 

MULTIPLE LAGUERRE AND MULTIPLE HERMITE 

POLYNOMIALS 

M. ALI OZARSLAN, EMINE OZERGIN AND CEM KAANOGLU 



Abstract. The main object of this paper is to derive several substantially 
more general families of bilinear, bilateral, and mixed multilateral finite-series 
relationships and generating functions for the multiple Laguerre and multiple 
Hcrmite polynomials. Some applications of the above statements arc also 
given. 



1. Introduction 



Multiple orthogonal polynomials, which are the extension of orthogonal polyno- 
mials has been an active research field during the last few decades. Their roots 
come from Hcrmite Pade approximation of a system of r functions. 

There are two subjects in the theory of multiple orthogonal polynomials: classi- 
cal multiple orthogonal polynomials and general multiple orthogonal polynomials. 
The classical multiple orthogonal polynomials are those polynomials which have 
a Rodrigues formula and there exists a first order differential operator such that, 
when applied to these multiple orthogonal polynomials, gives another set of mul- 
tiple orthogonal polynomials. For the classical multiple orthogonal polynomials, 
we refer [3], [15], [10] and for the general multiple orthogonal polynomials, we refer 
[7], [8], [16]. Surveys of results on multiple orthogonal polynomials together with an 
extensive bibliography on the subject were given in [2]. 

In this paper we consider the multiple Laguerre polynomials of the first and 
second kind and multiple Hermite polynomials which are defined as follows: 

The multiple Laguerre polynomials of the first kind are orthogonal on [0, oo) with 
respect to the r weights Wj(x) — x aj e ,3x (j — 1,2, ...,r), where (3 < 0;ai, ...,a r > 

— 1 and oti — a. j $■ Z whenever i ^ j. The multiple Laguerre / polynomials Li? (x), 

for the multi-index n = {n\, ...,n r ) € N r and a = (ol\, ..., a r ), are of degree 
Hi + ... + n r and satisfy the orthogonality conditions 

L { I ,0) (x)x k+ai e ?x dx = O, fc = 0,l,...,ni-l; t = l,2,...,r. 

n 




Key words and phrases. Rodrigues formula, Generating function, Multiple Laguerre polyno- 
mials, Multiple Hcrmite polynomials, Finite-series relationship. 
2000 Mathematics Subject Classification. 33C45, 42C05. 
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The Rodrigues formula for the multiple Laguerre polynomials of the first kind is 
given by ( see [10]) 

L^^\x)^w-\w r w^ 1 x^(...{w 2 w^ 1 x n2 (w 1 x ni ^)^K..) (n -- 1 '>) (n ^. 
The multiple Laguerre 77 polynomials Li? '{x) are defined by ( see [10]) 

LL Q ^ ) (a;)=w- 1 (w; r w-_ 1 1 (...(w; 2 wr 1 (wia;l"l) (ni) ) (n2) ...) ( " r - l) ) ( " r) , 

where a > —1 and /3. < (j = 1,2, ...,r). They are orthogonal on (0, oo) with 
respect to the r weights Wj(x) — x a e^j x (j — 1,2, ...,r), f3 { — /3,- ^ Z whenever 

The multiple Hermite polynomials HiT ' (x) are defined by 

n 

ffl 5;S) (a;) = w- 1 Kw;-_ 1 1 (...(w2wr 1 (wi) ( ™ l) ) ( ™ 2) ...) ( " r - l) ) ( " r) , 

where S < and a — (a.\, ...,a r ). They are orthogonal on (—00,00) with respect 
to the r weights Wj(x) — e? x +ajX (j — 1, 2, ..., r), on — aj ^ Z whenever i ^ j. 

The Rodrigues formula allows to obtain the differential equations and explicit 
expressions of the multiple orthogonal polynomials (see [3], [15]). Recently, using 
Rodrigues formulas [10], some generating functions have been obtained for the 
multiple Laguerre 7 polynomials: 

(1) G 1 (x;t 1 ,..,tr)= E ^X'C^W^T-fT 

ll\. ll "r- 

n± ,...,n r — U 



r 1 

Ua-ur +1 



^^ ; ' , (l-* 1 ). 1 .(l-*r)" 1 



(|t i |<l;t = l,2,...,r) 
for the multiple Laguerre 77 polynomials: 

fill y-n r 

71 1 ! llJ. 
n ly ...,n r =0 



00 ni 

(2) G 2 (z;ii,...,i r ) = E L &n; A) W^7-- 



1 f(3 1 t 1 + ... + (3 r t r 

exp ' 



(i-t 1 -..._i r f+ 1 ^ V 1 -*i - ••■ -* 

|*i +t 2 + ... + t r \ < 1, 
and for the multiple Hermite polynomials: 

00 i"i j-n r 

(3) G 3 (x;t 1 ,..,t r )= E ff fcn;' ar) W^T-fr 

ni,... ,n r =0 

(r x / r \ r 

i=l \i=l / i=l 

The main object of this paper is to derive several substantially more general 
families of bilinear, bilateral, and mixed multilateral finite-series relationships and 
generating functions for the multiple Laguerre and multiple Hermite polynomials. 
Some applications of the above statements are also given. 
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multilateral generating functions 

2. Main Results 

In recent years by making use of the familiar group-theoretic (Lie algebraic) 
method some certain mixed trilateral hnite-series relationships have been proved for 
orthogonal polynomials (see, for instance, [13]). In this section, we obtain families 
of bilinear, bilateral, mixed multilateral finite-series relationship and generating 
functions for the multiple Laguerre and multiple Hermite polynomials, by applying 
the similar method as considered in [13], [6] (and recently in [11], [1], [12], [14]), instead 
of using group theoretic method. 

In the first three theorem of this section, we consider the case r = 2. In fact for 
r = 2, generating relation (1) turns out to be 

00 i-n 4-k 

(4) G\{ X -MM)= E L S' Q2;/3) (*)^| 

n,k=0 

(i - ti) Qi+i (i - t 2 r +i cxp I (i - to (i - 1 2 ) x 

|*i| <i,M <i. 

Using (4), we obtain the following theorem at once. 

Theorem 2.1. Corresponding to an identically nonvanishing function 3>^(£i, £21 •■•) O 

of s (real or complex) variables ^,£2; •••:Cs (s € N = No \ {0}) and of (complex) 
order jjl, let 

oo 

A (1) ((i,( 2 ,.-,C;w) : = 2°'*" + *'(£i'&> ■■■>£>' 

1=0 

a x ± 0. 
Suppose also that 

o(l) ( T -P P p -C n\ ■ - V V "^^Mihi^iM 
ViA^?i'^'-^^'W • - Z^ Z^ (n-JV 2 Jfc)!(fc-JVii)! 

T (a 1 +\ 1 l,a 2 +\ 2 l;0+\3l)/ \/-k I 
Xlj n-N 2 k,k-N 1 l \ X )^ P 

(n e N) 
t/ien 

*2 7 



Ve (1) r ? ; f .iL -LU n 

(5) 

_ A( i) /, t c 7 f Xstti+h-htz) 

- A ^ 1,€9 '-' € ' ; (i-t 1 ) Al (i-fa) Aa V (i-ti)(i-fe) 

|ti|<i,N<i, 

provided that each member of (5) exists. 

The notation [n/g] means the greatest integer less than or equal to n/q 
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Proof. Substituting Q nN N (x; £-^£2, ...,£,.; £,p) into the left hand side of (5), we 
get 



oo 



J n-N 2 k,k-N 1 l 

Now taking n — > n + N$k 



Ve (1) ( x -t e t --^- T-\t n 

n— ^ 12^ 

y^ Y> v- a^+Mgii^i-iSJ f Jh_\ / 7 
Z^ Z^ 2^ (n-JV 2 fc)!(ife-JViO! Uf 2 / U^ 1 

n=0 fc=0 (=0 V ' V ; V 1 7 V 2 

7-(ai+Aii,a 2 +A2!;/3+A 3 ;)/'„\jLn 
*- L, n-N 2 k,k-N,l W-l- 



oe 



(!) ( .C C C . * 2 T 



oo L« 2 J 



Ve (1) r ? ; f.ll (» 

/ , ^n,iVi,iV 2 1 x '?l'?2; •■•>?«) AT 2 ' iv x I c l 
n=0 V r l r 2 / 

(fy $,.+</• ;(£i, £2 > •■•)£«) l.k-Nxl r(ai+AiJ,a 2 +A2ii/3+A 3 l)- 



EV^ "Z^"+^iV;i;S2; -)y Z ,k-N t l T (ai+AiZ,a 2 +A 2 Z;/?+A 3 Z) , n, 
^ n!(fc-JViO! 72 ^.*-^ 

n,fc=0 Z=0 V ' 



1 ■ 



Writing fc — > fc + N\l and then using (4), we obtain 

OO / , \ oo 

n=0 ^ ( 1 ( 2 / n,fc,Z=0 

j-na-k v 

,. r (ai+AiZ,a 2 + A 2 Z;/3+A 3 Z), x ^l^ V^ „ ^ Ct C CVJ 

z=o 
1 / (^ + A 3 Q (£i + t 2 - tit 2 ) 

X (1 - fl ) ai+Al ' +1 (1 - h r +x * l+1 ° XP I (1 - *i) (1 - *2) * 

V^ * ^ < ^ f 1 f h(h + t2-ht 2 ) 

B S* W{1,& {,) l(i-*i)Ni-*.)^l (i-ti)u-fc) * 

1 //3 (tl + t 2 - *1*2) 

■ CX P -? tt; r 2 - 



A I £i. •••>£«; t; — . ,a, t: — 7TA7 ex Pl — — ttti — rr^l I Gi(z;*i,*2) 



■(i-ti) ai+i (i-t 2 r +l v (i-ii)(i-* 2 ) 

_7 / A 3 (ti+fa-*i*2) 

(l-*l) Al (l-*2) A2eXP \ (l-*l)(l-*2) 

Whence the result. □ 

Now we consider r = 2 cases of the generating relations (2) and (3), which are 

00 ,n ,k 

(6) G 2 (*;*i,t2)= E^f'^^lil 

n,fe=0 
- S+T ex P I 1 1 ~ ^ 



(l-tl-t 2 )" +i Vl-*1~*2 

|*1+*2| <1 



671 



and 



MULTILATERAL GENERATING FUNCTIONS 



00 . jn 4-k 



(7) Gl(x;t u t 2 )= J2 <*(*) 



4-n 4-K 
(<5;ai,a 2 ) 1 \ l l °2 



n! fc! 

n,k=0 



exp 



( ( 2 ) (*i + *l) + ai*i + a 2 £ 2 + 5x (ti + t 2 ) + 5t x t 2 ) 



Applying the similar procedure used in the proof of Theorem 2.1, we get the fol- 
lowing theorems for the multiple Laguerre II and multiple Hermite polynomials, 
respectively. 

Theorem 2.2. Corresponding to an identically nonvanishing function 3?^(£i, £ 2 , •■•) £s) 

of s (real or complex) variables £ 1: £ 2 , •••:Cs (s € N = No \ {0}) and of (complex) 
order fj,, let 

oo 

a x £ 0. 
Suppose also that 



e £k,w 2 ( a; ;?i>C 2 ,-,C s ;C,p) : =EE 



q;<l>M+^(£i,£ 2 ,--.,£J 
fe =o £(»-W(*-W)l 

XL, n-N 2 k,k-N 1 l Ws P 



(n e N) 



(8) 



Ve (2) far* ? £ --^- -^W 

n— ^ 12^ 



7 . /A 2 ti+A 3 i 2 



provided that each member of (8) exists. 

Theorem 2.3. Corresponding to an identically nonvanishing function 3>^(£i, £ 2 , ..., £ s ) 
o/ s (VeaZ or complex) variables £i>£ 2 > •••:Cs ( s ^ N = No \ {0}) and o/ (complex) 
order jjl, let 

oo 
1=0 

a x £ 0. 

Suppose also that 

ViA^^'^'-'^^'W • - JL, Z^ (n-JV 2 fc)!(*-iViOI 

v Ej-(<5+Ai(;O!i+A 2 ;,a 2 + A30/_v fe ^ 
XU n-N 2 k,k-N 1 l WS Z 3 

(n e N) 
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then 

n— ^ 12' 

= A< 3 ) U 1; ..., £ s ; 7 exp H ^ J (t? + *§) + A 2 ti + X 3 h + Xix (h + t 2 ) + X^hj J 

xGl(x;t 1 ,t 2 ) 

provided that each member of (9) exists. 

In the following three theorem we let r G N to be arbitrary. For the multiple 
Laguerrc / polynomials, we have: 

Theorem 2.4. Corresponding to an identically nonvanishing r— tuple function 
sequence $^ ..,^ (£i,£2> ---jO °f s (real or complex) variables Cijs^j •••>s r s ( s ^ 
N = No \ {0}) and of (complex) orders, let 

V,..i n( i,,., ( i r Kl'^' ■■■i^s', T l, — >T r ) 



oo oo 



:— 2_^ ■■■ 2^ a fclj ...,fc r ^ ) Ml+^l'=l.---.Mr + ^ r fcr(Cl!?2' ■■■)£s) r i 1 "- T r V 

fe 1= fc r =0 

ak u ...,k r ^ 0. 



Suppose also that 



\fj,,\ 1 ,...,\ r ,ip 1 ,...,4> 7 .( p p p ./• a ^ 

il rn,...,n r ,gi,...,g r V* 1- ! SI > S2) ■•*) Ssj S 1 ) ■■■; Sri 

" £ " S (ni-gifci)!-K-9rfcr)! afcl '- ,fc " 

XL n 1 -q 1 k 1 ,...,n r -q r k r K X ) ®"1 +*1 fe l .-.AT + «r*r (.4 1 , S" 2 7 ->?JCl -Cr 

(neN) 



then 



oo oo 



V lu i / j ■•■ / j il »i rtr-.qi q r I x > SI ) S2> ••■) Ssi ,qi ) •••> ,q r J l \ ■■■ b r 

|*»| < l;i = l,2,...,r; 

provided that each member of (10) exists. 
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Proof. Substituting A.n[^.'.',n' r ,ql,.].^q r (x; Cii^2) •■•) Csi Ci-'-Cr) m t° the left hand side 
of (10), we get 



oo oo 



ni— n r — 



/ , ••• / y il ni,...,n r ,gi,...,g r I A ' Sli S2j ■•■> Sgi ,q\ i •■•) ,<j r I fc l "••'r 



oo L g i . 



E E-E 

ni,...n r =0 fei=0 fe r =0 



1 



(ni -gifci)!...(n r - g r fc r )! 



L 



(ai+Ai/ci,...,a r +A r fe r ;/: 



)&&!,. ..,k r - L, n 1 -q 1 k 1 ,...,n r -q r k 



\x) 



X^^i+^ife! f. r +v r fe r (si)S2) ■■■i^s) \ ,qi 



V\ 



ill /«r 

n ••• ( 'r • 



Taking m — ► ni + qiki, ..., n r — > n r + (jv&r, wc obtain 

°° °° / ,/ ,/ \ f"l fir 

2^ - 2^ 'V,..,n r , 9l ,...,g r I X > «1>«2> -. «». ^i . -. fir J |- | 

ill- n r — x i / 

oo oo oo 

= E E - E ^,..,^4^+^ i "-- +Vfe '- ;/3) w 

ni,...,n r - /ci— k r — 



■^l+*l*l ("r+*i-*r (£u£2> ■">£«) ^i 1 ---^,-*^ 



j-ril j.n r 

fcl ,.fc r h_ S^ 

ni! n r ! 



oo oo 



00 itii y-n r 

Er (ai+Aifci,-,q r +A r fe r ;j3) /--\ n l r 

" 1 '--"" W m!""n r ! 

,ni ,...,n r — 



fe 1= fc r =0 

•afc lj ...,fc r < i>Ml+V'l'=l,--.M r + ^ r fcr(Cl,C2l "'lO t / l 1 ---J / r '' 



oo oo 

E-E 

fe 1= fc r =0 



r 1 

,S(i-*ir +Aifci 



exp I j3x 



(l-tl)...(l-tr) 

•afc lj ...,fc r < i>Mi+^ifci,...,M r . + ^ r fcr(Cl,C2; ---i^s) v \ ■■■ v r r 

oo oo 

E-E 

fei=0 fc r =0 



TT 1 

.tl(l-ti) A<fc( 



,fci „fc r 



exp ( /3a; 



ak 1 ,...,k r $vi+if>ik 1 ,...,» r +4- r k r (t 1 ,£2, —>€ 8 ) v l~— 1/ r 
1 



(l-tl)...(l-t r 



A 



r 1 

S (i - ur +1 

(1) / ^1 ^r 

*i.-.*r.Mi,..,ft. Kl'^. -^.; (1 _ tl) A!> -' (1 _ ir) A. 



r 1 

H(i-t i r +1 



Whence the result. 



exp /3a; 



1 



(1 - *i) ... (1 - t r ) 



a 



In a similar manner, using (2) and (3), we led fairly easily to: 

Theorem 2.5. Corresponding to an identically nonvanising r— tuple function se- 
quence <&n lt ... tl j, (^i)^2) -")0 °f s (real or complex) variables Ci:?2i •••>£« ( s "= 
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N = No \ {0}) and of (complex) orders, let 
.(2) 



^Vl> — .V'r.Ml. — ^r^ 1 '^ 2 ' ■■■'^S' 7 " 1 ' ■■■l T r) 



oo oo 



fe 1= fc r =0 

afei,...,fe r 7^ 0. 
Suppose also that 

Qft,Ai,...,A r ,V' 1 ,...,j/> r / t <r <r ./• /*■ n 

"rai,...,ra r ,gi,...,g r V^i SI > S2) ■•■> Ssi "si "-St- J 

" £ " S (ni- g fei)!...(nr-g*V.)! afcl -- fc ' 

(neN) 
then 

OO OO y \ 

nil V V n**>Ai,-,A r ,tfi,-,vv ( T .f t A-^i ^w ni r- 

l 11 ^ / j — / j "ni » r ,m g r I x ! si) S2> ••■) Ssj .gi ) ■•■> .g r I "a ■■• (, r 

m=o n r =0 ^ 1 r / 



A< 2 > 



>) ( t- I- t I ^1 \ I ^rtr \ \ 



xG 2 (o;;ti,...,i r ) ; 

|tl+t 2 + - + *r| <1, 

provided that each member of (11) exists. 

Theorem 2.6. Corresponding to an identically nonvanishing r— tuple function 
sequence < 5/j 1 ,...,^ r (^i)?2) •••) O °/ s f^e* 2 ^ or complex) variables £i>£2>*--i£s ( s € 
N = No \ {0}) and of (complex) orders, let 

^Viv.Vv.^iv^r^ 1 '^ 2 ' ■■•'Ss! T i) •••) T r) 



oo oo 



2 , ••• 2^ a fel,---,fer < ' ) ' i i+ , ''i fc i'--'' i -' + V' r fcr(s r i)S r 2) ■■■)S t s) T l 1 --- T r 
fe 1= fc r =0 

Ofei,...,fe r 7^ 0. 



Suppose also that 



>] 



^ni,.^',nr,gi',-"!«r' r ( 2 ')Sl)S2) ■■■iSs! Cl ■••Cr'J — 2_^ '" Z_^ 



,. _ (1 ; _^ Q (ni - gifci)!... (n r - g r fc r )! 

rr(i5;aiH-Aifci,...,a r +A r fe r ) / \ ^ />. , ^ \*fei *fe r 

x «fci,...,fcr- H n 1 -g 1 fc 1 ,...,n r -g r fc r ^J ^+Viki,...,/» r +Vv*r (,?i, ? 2 > •••> 4" JCl — Cr 



(n e N) 
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then 

CO CO / \ 

\ > /-*! '"2.^1 ni,...,r» r ,gi,...,g r 1 ,L ' SI > S2 J •••) $s' ,qi > •••) .q r I l l "••' 

m=0 n r =0 ^ 1 r / 

= ^i 3 1 ) ,...^ P> Mi,...,/*r &' ^ 2 ' -' ^ t/ieAltl ' -' v re Ktr )G 3 (x; t u ..., t r ) . 
provided that each member of (12) exists. 

3. Applications of the main results 

When the multivariable function $/i + ipk(P,i, ..., P, s )(k G No, s € N) (or 
3>Mi+*iki,---,f r +'/vfcr (^1,^2) "-iO) can b e expressed by means of several simpler func- 
tions of one and more variables then one can give further applications of Theorems 
2.1, 2.2 and 2.3 (of Theorems 2.4, 2.5 and 2.6). We start with the following illus- 
trative example. 

Example 3.1. Taking s = 2, £ x = y, £ 2 = 2, /j, = 0, V = 1, $; (y, «) = y ; (/3;7) (y, 2) , a; 

1 and Ai = A2 = A3 = in Theorem 2.2 , we have 

A (i ) (y, z- t) = i 

(l-yrf(l-zrr 

where y} (y, 2) are i/ie Lagrange polynomials (see [9], [5]). Hence, we obtain the 
following generating function between the multiple Laguerre II polynomials and the 
Lagrange polynomials 

00 [w\ [j%J (fin) 1 x T (a;P 1 ,^ 2 ) , x 

EV^ V^ ^ V^'^ ^n-N 2 k,k-N 1 l W l,n-N 2 k,k-N 1 l 

£*> £*> (n - N 2 k)\ (k - my. T l 2 

n=0 k=0 1=0 y ' K ' 

1 1 f/Ml+/8 2 *2 

— exp x 



(1 - yrf (1 - zr) 1 (1 - h - i 2 )" + \ 1 - *i - *2 

|r| < mm {\x\- 1 ,\y\- 1 },\t 1 +t 2 \ Ki- 
lt should be noted here that, one should use Theorem 2.2 in order to give bilin- 
ear, bilateral, mixed multilateral finite-series relationship and generating functions 
between the polynomials of which contain one summation symbol in its generating 
relation and the multiple Laguerre II polynomials. 

On the other hand, one can not give any bilinear, bilateral, mixed multilateral 
finite-series relationship and generating functions between the polynomials of which 
contain more than one summation symbol in its generating relation and the multiple 
Laguerre II polynomials by using Theorem 2.2. But one can use Theorem 2.5 to 
achieve this problem. 

Example 3.2. Choosing s = 1,^ = x,Hi = ... = fi r = 0, ^ = ••• = Vv = 
l.*fc 1 ,...,fc r (») = ifcnr ri/J) (a:) and 

1 
° fcl -- fcp " fc^LX!' 
we get from (1) that 

TT l f ~ l 



^■1,...,1;0,...,0\ X > T li ■■■i T r) 



exp I f3x 



(1 - *i) ... (1 - *r 
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where \ti\ < l;i — 1,2, ...,r. Therefore, as a consequence of Theorem 2.5, we get 
following bilateral generating relation between multiple Laguerre I and II polyno- 
mials: 



ni,...,n r — ki—0 k r —0 



L 



(a;0 1 +\ 1 k 1 ,...,0 r +\ r k r ) 
ni — qiki ,...,n r — q. 



(cti,...,a r ;0) 



1-ArKrW ul«i,..,« r ;pj ( s 



(ni — q\ki)\... [n r — g r fc r )!A;i!...fc r ! 



n 



ki.ni-qiki 




Pih 



u^^U-h-...- 



PrU 



n 



1 -z/ l cxp( r= ^ 



XiU 



OLi + l 






- 1 



\t l + t 2 + ... + t r \ < 1,( 



^ exp( 



1-ti 



-t, 



<l;t = l,2, 



Moreover, for each suitable choice of the coefficients a^ (or afc 1] ... l / Cr ), if the multi- 
variable function $/x+V'A;(^ 1 , ...,£ s )(k G No,s € N) (or $^ 1 +^ 1 * 1 ,..., Mr +^ r * r (^ 1 , ■•-,C S )) 
is expressed as an appropriate product of several simpler functions, Theorems 2.1, 
2.2 and 2.3 (or Theorems 2.4, 2.5 and 2.6) can be shown to yield various classes 
of mixed multilateral generating functions for the multiple Laguerre and multiple 
Hermitc polynomials. 
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Abstract 

In this paper is to introduce a new iterative scheme for finding solutions of a variational inequality 
for inverse-strongly accretive mappings with a viscosity approximation method in Banach spaces. We 
obtain a strong convergence theorem in Banach spaces under some parameters controlling conditions. Our 
results extend and improve the recent results of Yan Hao [Iterative algorithms for inverse-strongly accretive 
mappings with applications, J. Appl. Math. Comput., 31, 193-202, 2009.], Yeol Je Cho et al., [Strong 
convergence of an iterative algorithm for accretive operators in Banach spaces, J. Comput. Anal, and 
Appl, vol. 10, no. 1, 113-125, 2008.] and many others. 
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1 Introduction 

Let £ be a real Banach space with norm |j • || and inner product (•,•), C be a nonempty closed convex subset 
of E and A be a monotone operator of C into H. The variational inequality problem, denote by VI(C, A), is 
to find x* £ C such that 

(Ax*,x-X*) > 0, 



*This research was supported by the Faculty of Science KMUTT Research Fund, King Mongkut's University of Technology 
Thonburi, KMUTT Thailand. 

poom.kum@kmutt.ac.th (P. Kumam) 
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for all x £ C. In the case when C = H, VI(H, A) = A^ 1 holds, where 

A~ l Q = {x* £ H : Ax* = 0}. 

An element of A~ 1 is called a zero point of A. Recall that a mapping A is said to be (3—inverse-strongly 
monotone, if there exists a positive real number (3 > such that 

(Ax-Ay,x-y) > (3\\Ax - Ay\\ 2 , \/x,y£C. 

Let C be a nonempty closed and convex subset of a Banach space E. An operator A of C into E is said to be 
accretive if there exists j{x — y) £ J(x — y) such that 

(Ax-Ay,j(x-y)) >0 

for all x,y £ C . An operator ^4 of C into -E is said to be (3-inverse strongly accretive if, for any (3 > 0, 

(Ac - Ay, J(x - y)) > 0\\Ax - Ayf 

for all x,y £ C. Evidently, the definition of the inverse strongly accretive operator is based on that of the 
inverse strongly monotone operator. Recall also that self mapping / : C — > C is a contraction on C if there 
exists a constant a £ (0, 1) and x,y £ C such that 

||/(x)-/(y)||<a||x-y||. 

An interesting problem to extend the above results to find a solution of the variational inequality for an 
inverse-strongly accretive mappings in Banach spaces. Aoyama et al. [1] introduced the following iteration 
scheme for an inverse-strongly accretive operator in Banach spaces E: 

(x^xeC, 

[ x n+ i = a n x n + (1 - a n )Qc(x n - X n Ax n ), 

for all n > 1 where C C E and Qc is a sunny nonexpansive retraction from E onto C. They proved a weak 
convergence theorem in Banach spaces. Hao [4] introduced the following iteration scheme for an inverse-strongly 
accretive operator in Banach spaces E: 

{ Xl = x€C, 

[ x n+1 = a n x + (1 - a n )Q c (x n - X n Ax n ), 

for all n > 1 where C C E and Qc is a sunny nonexpansive retraction from E onto C. They proved a 
strong convergence theorem in Banach spaces. Cho et al. [3] introduced the following iteration scheme for an 
inverse-strongly accretive operator in Banach spaces E for any fixed a£C: 

{ X ° = U G C ' (1.3) 

| x n+ i = a n u + (3 n x n + -f n Qc{x n - A„Ar„), 

for all n > 1 where C C E and Qc is a sunny nonexpansive retraction from E onto C . They proved a strong 
convergence theorem in Banach spaces. 

In this paper, motivated and inspired by the idea of Yan Hao [4] and Yeol Je Cho et al. [3], we will 
introduce a viscosity iterative scheme for an inverse-strongly accretive operator in Banach spaces as follows: 

x n +i = a n f{x n ) + f3 n x n +j n Qc(x n - A„Ac n ), (1.4) 

we shall prove a strong convergent theorem under some parameters controlling conditions. 
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2 Preliminaries 

Let D be a subset of C and Q : C — ► D. Then Q is said to sunny if 

Q(Qx + t(x — Qx)) = Qx, 

whenever Qx + t(x — Qx) £ C for x £ C and t > 0. A subset 13 of C is said to be a sunny nonexpansive 
retract of C if there exists a sunny nonexpansive retraction Q of C onto D. A mapping Q : C — ■*■ C is called a 
retraction if Q 2 = Q. If a mapping Q : C — ► C is a retraction, then Qz = z for all z is in the range of Q. 

The following result describes a characterization of sunny nonexpansive retractions on a smooth Banach 
space. 

Proposition 1([6]) Let E be a smooth Banach space and let C be a nonempty subset of E. Let Q : E — > C be 
a retraction and let J be the normalized duality mapping on E. Then the following are equivalent: 
(i) Q is sunny and nonexpansive; 
(ii) \\Qx-Qy\\ 2 < (x-y,J(Qx-Qy)),Vx,yeE; 
(Hi) (x - Qx, J{y - Qx)) < 0, Va; £ E, y £ C. 

Proposition 2 ([5]) Let C be a nonempty closed convex subset of a uniformly convex and uniformly smooth 
Banach space E and let T be a nonexpansive mapping of C into itself with F(T) ^ 0. Then the set F(T) is a 
sunny nonexpansive retract of C. 



Let E be a Banach space and let E* be the dual space of E and (•, •) denote the pairing between E and 

J q (x) = {feE*:{x,f) = \\xV,\\f\\ = \\xp- 1 } 



E* . For q > 1, the generalized duality mapping J q : E — * 2 E is defined by 



for all x G E. In particular, if q = 2, the mapping Ji is called the normalized duality mapping and, usually, 
write J2 = J. Further, we have the following properties of the generalized duality mapping J q : 
(i) J q ( x ) = \\x\\i- 2 J 2 (x) for all x £ E with x ^ 0; 
(ii) J q (tx) = t q ~ l J q (x) for all x £ E and t £ [0, 00); 
(hi) J q (—x) = —J q (x) for all x £ E. 

Let U — {x £ E : \\x\\ — 1}. A Banach space E is said to uniformly convex if, for any e £ (0,2], there 
exists S > such that, for any x,y £ U, \\x — y\\ > e implies ||^jp|| < 1 — 5. 

It is known that a uniformly convex Banach space is reflexive and strictly convex. A Banach space E is 
said to be smooth if the limit lirm^o — — ^~ l|:r|1 exists for all x, y £ U. It is also said to be uniformly smooth 
if the limit is attained uniformly for x, y £ U. The modulus of smoothness of E is defined by 

p(r) = sup{-(\\x + y\\ + \\x-y\\) -l:x,y£ E,\\x\\ = l,\\y\\ = r}, 

where p : [0, 00) — ■*■ [0, 00) is a function. It is known that E is uniformly smooth if and only if lim r ^o ^^ = 0. 
Let q be a fixed real number with 1 < q < 2. A Banach space E is said to be q-uniformly smooth if there exists 
a constant c > such that p(r) < cr q for all r > 0. 

Note that typical examples of both uniformly convex and uniformly smooth Banach spaces are L p , where 
p > 1. More precisely, LP is min{p, 2}-uniformly smooth for every p > 1. Note also that no Banach space is 
(j-uniformly smooth for q > 2; see [8] for more details. 
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We need the following lemmas for proving our main results. 

Lemma 2.1. ([8]) Let E be a real 2-uniformly smooth Banach space with the best smooth constant K. Then 
the following inequality holds: 

\\x + y\\ 2 < \\x\\ 2 + 2(y, Jx) + 2\\Ky\\ 2 , Vx, y e E. 

Lemma 2.2. ([7]) Let {x n } and {y n } be bounded sequences in a Banach space X and let {/3„} be a sequence in 
[0, 1] with < liminfn^oo j3 n < limsup n ^ oc /3 n < 1. Suppose x n+ i = (1 — f3 n )y n + Pn x n f or a ^ integers n > 

and limsup„^ 00 (||y„ +1 - y n \\ - \\x n+1 - x n \\) < 0. Then, limbec \\y n - x n \\ = 0. 

Lemma 2.3. ([9]) Assume {a n } is a sequence of nonnegative real numbers such that 

a n +i < (1 - a n )a n + S n , n > 
where {a n } is a sequence in (0, 1) and {S n } is a sequence in R such that 

(2) limsup^^ ^ < or £^° =1 |<5 n | < oo. 

Then lim„ yoo a n = 0. 

The following Lemma is characterized by the set of solutions of variational inequality by using sunny 
nonexpansive retractions. 

Lemma 2.4. ([1]) Let C be a nonempty closed convex subset of a smooth Banach space E. Let Qc be a sunny 
nonexpansive retraction from E onto C and let A be an accretive operator of C into E. Then, for all A > 0. 

VI{C,A) = F{Q(I-XA)). 

Lemma 2.5. {[2])Let E be a uniformly convex Banach space, C a nonempty closed convex subset of E and 
T : K — > K a nonexpansive mapping. Then I-T is demi-closed at zero. 



3 Main results 

In this section, we prove a strong convergence theorem. 

Theorem 3.1. Let E be a uniformly convex and 2-uniformly smooth Banach space with the best smooth constant 

K and C a nonempty closed convex subset of E. Let Qc be a sunny nonexpansive retraction from E onto C and 

A : C — > E be an /3 -inverse- strongly accretive operator with VI(C, A) ^ 0. Let f be a contraction of C into 

itself with coefficient a £ (0, 1). Suppose the sequences {a n }, {/?„} and {j n } in (0, 1) satisfy a n + /3 n + 7„ = 1, 

n > 1 and {A„} is a sequence in [a,bj for some a, b with < a < b < -j^ . The following conditions are 

satisfied: 

(i). limn^oo ctn — and Y^=n a ™ = °°; 

(ii). lim„^ 00 (A n+ i - A n ) = 0; 

(in). < liminf.,^00 (3 n < limsup,^^^ j3 n < 1. 

For arbitrary given X\ € C , the sequences {x n } generated by (1.4). Then {x n } converges strongly to Qvi{C,A) x - 
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Proof. First, we observe that / — X n A is nonexpansive. Let i,]/6C, from the assumption A„ £ [a, b] and 
Lemma 2.1, we have 



\(I - X n A)x - (I - X n A)y\\ 2 = 

< 
< 



< 



\\(x - y) - \ n (Ax - Ay)\\ 2 

\\x -y\\ 2 - 2X n (Ax - Ay, J(x - y)) + 2K 2 X 2 n \\ Ax - Ay\\ 2 

\\x -y\\ 2 - 2A„/3|| Ax - Ay\\ 2 + 2K 2 X 2 n \\ Ax - Ay\\ 2 

\\x -y\\ 2 + 2X n (X n K 2 - (3)\\Ax - Ay\\ 2 

lk-y|| 2 - 



Next, we prove that {x n } bounded. Let p £ VI(C, A), from Lemma 2.4, we see that p — Qc(p— X n Ap), 
for each n > 1. Put y n — Qc{x n — X n Ax n ), we have 

\\y n -p\\ = \\Qc(x n - X n Ax n ) -Qcip- X n Ap)\\ 

< \\(x n - X n Ax n ) - [p- X n Ap)\\ 
= \\{I-X n A)x n -{I-X n A)p\\ 

< \\Xn-p\\- 

It follows that 



||x„+i-p|| = \\a n f(x n ) + P n x„ + J n y n -p\\ 

< a n \\f(x n ) ~P\\ + Pn\\x n ~ P\\ + Inhn ~ p\\ 

< aa„||x„ -p\\ +a n \\f(p) - p\\ + P n \\x n - p\\ +7„||a; rl - p\\ 

< (1 -a„ + aa n )\\x n - p\\ + a n \\f(p) - p\\ 

\.f(p)-p\\ 



(1 -a„(l -a))\\x n -p\\ +a„(l -a) 



1 — a 



< max{||a;i — p\\ 



\I(P)-P\\ 
1-a 



}■ 



This implies that {x n } bounded, so are {f(x n )} and {y n }- 

Next, we show that linin^oo ||x n +i — x n \\ = 0. Notice that 



\y n +i -y n \\ 



< 



< 
< 



Qc(x„+i - X n+1 Ax n+ i) - Qc(x„ - A„Ae„)|| 

(X n +1 - X n+ iAx n+ i) - (X n - X n Ax n )\\ 

{Xn+1 - X n + iAx n+ i) - (X n - X n+ iAx n ) + (An - X n+ i)Ax n \ 

(I - X n+ iA)x n+1 - (I - X n+1 A)x n \\ + \X n - A n+ i||Azi n || 
x n +i -x n \\ + |A„ - A n+ i|||Ax n ||, 
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Setting x n +i = (1 — AO z n + PnX n , we see that z„ 






then we have 



\Zn+l ^r, 



I X n+ 2 — Pn+lXn+l X n +1 ~ PnXr. 



1-pn+i 1-Ai 

gn+l/(gw+l) + At+l^re+1 + Tn+lj/n+1 ~ ^n+lgn+1 _ a n f{x n ) + /3„X„ + 7n2/n ~ Ai^n 

l-/3„+i 1-A. 

Qn+l/QCn+l) + In+lVn+l _ a n +lf(x n ) ^ a n+1 f(x n ) _ 7n+l?/n _,_ Tn+l^/n 

1-/W1 

Onf{Xn) + lnDn , 



1 — Pn+1 1 — Pn+1 1 — Ai+1 1 — Pn-\ 



+ ( 



1 - Pn+1 

ln+1 



(f(x n+1 ) -f(x n ))+ z ,J ~t {Vn+1 -Vn) + ( 



i-A 



'n+1 



1 - A>+i 1 - A 



-)/(*-») 



7n 



< 



1 - /3 n+ i 1 - /?„ 

«n+l 



)l/»ll 



II ft \ -f/ Ml i ln+1 n II i I a n+l 

||/(x n+ i) - f[x n )\\ + - — 7. — \\y n +\ - y n \\ + I 



1 — Pn+1 1 — Pn+1 

. 1 1 — Ai+i - a„+i 1 — /3„ - a„ 



1 - A>+i 1 - A 



-Ill/(s»)|| 



1 ~ Pn+1 



l-A 



ynll 



1-/3, 



n+1 



< 



< 



1-Ah 



||x„ + i -x n || + 
-||a n+ i -x„|| + | 

■||*n+l -X„|| + |- 



o„ 



. , ||j/n+l-yn|| + li , , 

1 — Pn+1 1 — Pn+1 1 — Pn 



l/(*n)|| + ||j/n||) 



1 - Pn+1 1 - Pn 



'VKII/On)!! + hn\\) + hn+1 - 2/n|| 



1-pn+l" " '1-A.+1 1- ', 

+ ||Xn+l -*n|| + I An - A„+l| || Ax n \\. 



VKH/WII + lbnll) 



Therefore 



2 n+l — z n| ~~ |pn+l — ^n|| 5: " T. ||#n+l — x n 

J- _ Pn+1 

+|A„- A„ + i|||Ax„||. 



«7l+l 



o 



1 1 - p n +i l - A, 



VKH/WH + Hi/nil) 



It follow from the condition (i), (ii) and (iii), which implies that 

limsup(||«„+i - z„|| - ||x„+i - cc„||) < 

n — >oo 

Applying Lemma 2.2, we obtain linin^oo \\z n — x n \\ = and also 

\\x n+ i - X n \\ = (1 - Pn)\\z n - X n \\ ~ > 

as n — > oo. Therefore, we have 

lim ||x n +i - x„|| = 0. 



(3.1) 



On the other hand, we have 

\\xn-y n \\ < 



< 



$71 


~ #n+l|| 


$ n 


- %n+l\\ 


$ n 


- %n+l\\ 


$ n 


- a?n+i|| 


$n 


~~ - x n+l| 



+ \\%n+l -Vn\\ 

+ ||o„/(arn) + PnX n + InVn - Vn\\ 

+ \\a n f(x n ) + f3 n x n + (1 - a n - I3 n )y n - y n \ 
+ ||a„(/(or„) -y n ) + f3 n (x n - y n )\\ 
+ a n \\f(x n ) -y n \\ + Pn\\x n ~y n \\- 
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It follows that 



and hence 



(1 - Pn)\\Xn - Un\\ < \\x n ~ %n+l \\ + a n ||/(x n ) - J/„||, 



1 a 
c n -y n \\ < r , - r r\\x n ~x n+1 \\ + -^r\\f(x„)-y n \\. 

(1 - Pn) (1 - Pn) 



From the condition (i), (iii) and (3.1), then we obtain that 

lim \\x n -y n \\ = 0. 



(3.2) 



Next, we show that limsup rl ^ 00 ((/ — I)z,J{x n — z)) < 0, where z = Qvi(c.A) x i VI(C,A) is a sunny 
nonexpansive retraction of C onto VI(C,A). We can choose a sequence {x nk } of {x n } such that 



limsup((/ - I)z, J(x n - z)) = lim ((/ - I)z, J(x rik - z)) 



k — »CXD 



(3.3) 



Since {i„J is bounded, there exists a subsequence {x Uk .} of {x nk } which converges weakly to p. Without 
loss of generality, we can assume that x nk —^ p. Next, we show that p G VI{C, A). From the assumption, we 
see that control sequence {A nfc } is bounded. So, there exists a subsequence {A„ fe } converges to A . We may 
assume, without loss of generality, that A„ fc — *■ Ao- Observe that 

\\Qc(Xn h - X Ax nk ) ~ X nh \\ < \\Qc{x nk ~ X Ax n J - y n J + ||j/ nfc - X n J 

< \\( x n k — ^oAx nk ) - (x 7lk — X nk Ax nk )\\ + \\y nk — x nk \\ 

< M\\X nk - A || + \\y nk -X nk \\, 

where M is as appropriate constant such that M > sup n>1 {||Ax„||}. It follows from (3.2) that 

lim \\Qc(x nk - X Ax nk ) -x nk \\ = 0. 

k — >oo 

On the other hand, we know that Qc(I — XqA) is nonexpansive. Indeed, for x, y € C, from Lemma 2.1, we see 
that 



\\Q C (I - X A)x - Q C (I - X Q A)y\\ 2 < 

< 
< 

< 



\\(I - X A)x - (I - X A)y\\ 2 

\\(x - y) - X Q {Ax - Ay)\\ 2 

\\x -y\\ 2 - 2A (Ar - Ay, J{x - y)) + 2K 2 X 2 \\Ax - Ay\\ 2 

\\x - y\\ 2 - 2A 0/ 3|| Ax - Ay\\ 2 + 2K 2 Xl\\Ax - Ay\\ 2 

\\x - y\\ 2 + 2X (X K 2 - P)\\Ax - Ay\\ 2 

\\x-y\\ 2 - 



It follows from Lemma 2.5 that p S F(Qc(I — Ao^4)). By using Lemma 2.4, we can obtain that 
p G F(Q C (I - X A)) = VI{C,A). From (3.3), we have 

limsup((/- I)z, J(x n - z)) = lim ((/ - I)z, J(x nk - z)) 

n — ^oo ^ *°° 

= lim((f-I)z,J(p-z))<0 

k — >oo 



(3.4) 
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Finally, we show that {x n } converges strongly to z — Qvi(c,A) x - Observe that 

||a?n+i ~ ~4? = ( x n+i - z, J(x n+1 - z)) 

= (a n f(x n ) + [3 n x n + 7„y„ - z, J(x n+ i - z)) 

= (a n (f(x n ) - Z) + Pn(x n ~Z)+ ^n{y n - z) , J(x n+ i - z)) 

= a n (f(x n ) - f(z), J(x n+ i - z)) + a n (f(z) - z, J(x n+1 - z)) + /3 n (x n - z, J(x n +i - z)) 

+ln{Vn ~ Z,J(x n+1 - Z)) 

< aa n \\x n - z||||a;n+i - z\\ +a n (f(z) - z,J(x n+ i - z)) + (3 n \\x n - z||||a;„+i - z\\ 

+7n\\Xn - Z\\\\x n +l ~ Z\\ 

\\x n - z\\ 2 + \\x n+1 - z\\ 2 ) + a n (f(z) - Z, J(x n+ i - z)) 



aa n + Pn + 'fn , , 

I II TT_ — 7.V -II- I 

aa n + 1 — a n 
2 

1 - a„(l - a) 



2 



(||x„ - z\\ 2 + \\x n+ i - z\\ 2 ) + a n (f(z) - z, J(x n+1 - z)) 
(\\x n - z\\ 2 + \\x n+ i - z\\ 2 ) + a n (f(z) - z, J(x n+1 - z)) 



< ^ 1|*„ - z\\ 2 + -||a; n+ i - z\\ 2 + a n (f(z) - z, J(x n+1 - z)). 



which implies that 

||^n.+i — -z|| 2 < (1 ~a„(l -a))\\x n - z\\ 2 + 2a n (f(z) - z, J(x n+1 - z)). (3.5) 

Now, from (i), (3.4) and applying Lemma 2.3 to (3.5), we get \\x n — z\\ —> as n — > oo. This completes the 
proof. D 

Corollary 3.2. [3, Theorem 3.1,] Let E be a uniformly convex and 2-uniformly smooth Banach space with 

the best smooth constant K and C a nonempty closed convex subset of E. Let Qc be a sunny nonexpansive 

retraction from E onto C and A : C — > E be an /3 '-inverse- strongly accretive mapping with VI(C, A) =/= 0. 

Suppose the sequences {a n }, {/3 n } o,nd {j n } in (0, 1) satisfy a n + j3 n + j n = 1, n > 1 and {A„} is a sequence 

in [a,b] for some a, b with < a < b < *j. The following conditions are satisfied: 

(i). limn^oo a n = and Y^^=o a ™ = °°; 

(ii). lim„^ 00 (A n+ i - An) = 0; 

(Hi). < liminfn^oo (3 n < limsup,^^^ j3 n < 1. 

For arbitrary given X\ € C, the sequences {x n } generated by (1.3). Then {x n } converges strongly to Qvi(C,A)X. 

Proof. Taking f(x) = x\ := u for all x 6 C in (1.4), we can conclude the desired conclusion easily. This 
completes the proof. □ 

Corollary 3.3. [J h Theorem 3.1,] Let E be a uniformly convex and 2-uniformly smooth Banach space with 

the best smooth constant K and C a nonempty closed convex subset of E. Let Qc be a sunny nonexpansive 

retraction from E onto C and A : C — > E be an j3 '-inverse- strongly accretive mapping with VI(C, A) =/= 0. 

Suppose the sequences {a n }, {P n } and {7„} in (0, 1) satisfy a n + j3 n + 7„ — 1. n > 1 and {A„} is a sequence 

in [a,b] for some a, b with < a < b < jL . The following conditions are satisfied: 

(i). limn^oo a n — and Y^=n a ™ = °°; 

(ii). lim„^ 00 (A n+ i - A„) = 0; 

(Hi). < liminfn^oo [3 n < limsup„^ 00 j3 n < 1. 

For arbitrary given X\ G C, the sequences {x n } generated by (1.2). Then {x n } converges strongly to Qvi{C,A) x - 
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Proof. Taking f(x) = x\ for all x E C and j3„ = 0, for all n E N, in (1.4), we can conclude the desired 
conclusion easily. This completes the proof. □ 
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Abstract 

This paper presents sufficient conditions for aii soiutions as 
weli as their derivatives up to second order to x + a(t)f{x)x + 
b(t, x, x )+c(t)g(x) = e(t, x, x , x ) to be bounded. What is more, 
it shows that all the solutions are in L p [0,oo) under somewhat 
more restrictive conditions. 

1 Introduction 

In this paper we consider the following non-linear third order differential 
equation of the form 

x +a(t)j(x)x + b(t, x, x ) + c(t)g(x) — e(t, x, x , x ) (1) 

where the functions a, f, b, c, g and e are continuous, besides, the 
functions a, f and c are differentiate related to the given arguments. 

We discuss the boundedness of solutions of Eq.(l) and whether the 
solutions are also in L p [0,oo) with sufficent conditions. Incidently, by 

POO 

//-solutions we mean that / \x(t)\ p dt < oo. 

Jo 
So far, the boundedness of solutions of various second and third order 

non-linear ordinary differential equations have been discussed by many 
authors in the literature. The readers can refer to the book of Reissig[20] 
as a survey, the papers and the books of [1-33] and the references therein. 
By the way, let us say that Liapunov's second method has been used for 
the investigation of the boundedness of solutions of non-linear differential 
equations effectively and it is still being used. But, some authors ob- 
tained their results about the boundedness of solutions of the mentioned 
various order differential equations via non-Liapunov sense, which is not 
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usual (see [6], [9], [13-16], [18], [31] and [32]). Specifically, Kroopnick [13- 
16] put many valuable studies in second order in this sense. To the best 
of our knowledge, in 1972, Kroopnick began to investigate the properties 
of solutions of the second order differential equations in the cited [13] by 
standart method, integral test. Later, the author has got some results 
about the boundedness of solutions of different types of the second order 
differential equations (see [14], [15] and [16]) in the same manner which 
looks like simple and usefel but rarely has been encountered in third 
order, see Ogundare[19] including the equation of the form 

x" + a(t)f(x')x" + b(t)g(x)x' + c(t, x) = e(t), 

where e(t) is square integrable. 

Here, the mentioned studies of Kroopnick inspire us to be able to ac- 
quire effective results in our work for the third order without considering 
Liapunov method. 

Therefore, throughout this paper presenting three theorems in suffi- 
cient conditions, first we will show the boundedness of all solutions of 
Eq.(l) as well as their derivatives up to 2 nd order and that the derivatives 
are elements of L 2 [0, oo) in first theorem. Next, the same results will be 
obtained again in second theorem with small but radical changes in as- 
sumptions of the first theorem. Lastly, under more restrictive conditions, 
that all the solutions to Eq.(l) are in L p [0, oo) will be shown. 

2 Main Results 

Theorem 1 Assume that 

i) b(t, x, y)y ^ 0, b(t, x, y)z ^ 0, \e(t, x, y,z)\ < q(t) for all t^0,x, 
y, z where / \q(s)\ ds < oo and x = x(t), y = x'(t) , z = x" (t), 



./o 

X 



ii) G(x) = / g(s)ds — ► oo as \x\ — ► oo, 
Jo 

Hi) c(t) > c > 0, c'(t) < 0, a{t) > a > 0, f(y) > /„ > 0, g(x) > 
go > 0, y(t) > f y 2 (s)ds, where Co, ao, /o and go are some 
constants. 

Then all solutions of Eq.(l) are bounded as well as their derivatives 
up to 2 nd order and the derivatives are elements of L 2 -solutions. 
Proof. First, by standart existence theory, it is obvious that there exist 
at least one solution, which is local on [0, t). But global existence of all 
solutions may be mentioned in the case we can show the solutions are 
bounded. 
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Upon multiplying Eq.(l) by x (t) and integrating from to t, we 
have 

t rt 

x (s)x (s)ds + / a(s)f(x (s))x (s) 2 ds 
Jo 

+ I b(s,x(s),x (s))x (s)ds + / c(s)g(x(s))x (s)ds 
Jo Jo 

t 

e(s,x(s),x (s),x (s))x (s)ds. 



Using the assumptions in Theorem 1, it follows that 

x "(t) 2 f* „ f* 

— 7. V Oo/o / x"(s) 2 ds+ / b(s,x(s),x'(s))x"(s)ds + c g x'(t) 

* Jo Jo 



< / \q{s)\ x'\s) 



ds + 



x (oy 



(2) 



Applying the mean value theorem for integral to the first term on the 
RHS of (2), we have 

x"(t) 2 /"* // f* 

— ^ 1" a ofo x (s) 2 ds + / b(s,x(s),x (s))x (s)ds + c g x (t) 



< 



JO JO 

x\e)\J\ q {s)\ds +^|£ : 



where < t* < t. 

If \x (t)\ becomes unbounded, LHS approaches oo faster than RHS , 
which is impossible. So, |x"(t)| must stay bounded. Evidently, |x'(t)| also 
must remain bounded. And again from the assumptions of Theorem 1, 
the term Cogox (t) on LHS becomes co^o / x (s) 2 ds since co^o / x (s) 2 ds < 
c g x'(t). 

Since the terms a f / x"(s) 2 ds and Cogo J x'(s) 2 ds are bounded by 


RHS, x (t) and x (t) are obtained as square integrable. 

Now, let us multiply Eq.(l) by x (t) and integrate from to t , then 

we have 

/ x (s)x (s)ds + / a(s)f(x (s))x (s)x (s)ds 
Jo Jo 

+ 1 b(s,x(s),x (s))x (s)ds + / c(s)g(x(s))x (s)ds 
Jo Jo 

= / e(s,x(s),x (s),x (s))x (s)ds. (3) 

Jo 
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And applying the integrating by parts to the first and fourth terms on 
the LHS of (3), we see that 

x (t)x (t) + a(s)f(x(s))x (s)x (s)ds + / b(s,x(s),x (s))x (s)ds 



o 







+c(t)G(x(t)) - / c (s)G(x{s))ds 
Jo 
t pt 



< I \q(s)\ x(s) 
'o 



ds + I x (s) 2 ds 
o 



+ 



x'(0)x"{0) +|c(0)G(x(0))| 



(4) 



Applying the mean value theorem for integral to the first term on the 
RHS of (4) 

x (t)x (t) + / a(s)f(x (s))x (s)x (s)ds 
Jo 

+ b(s,x(s),x'(s))x'{s)ds + c(t)G(x(t))- / c (s)G(x(s))ds 



< 



x\t* 



\q(s)\ ds + / x (s) 2 ds 
Jo 



+ 



x'{0)x"(0) +|c(0)G(x(0))| 



(5) 



where < t* < t. 

Since |x (t)| are also bounded and x (t) is square integrable, the 
RHS of (5) is finite. Therefore, \x(t)\ must also remain bounded. This 
completes the proof of Theorem 1 . ■ 

Theorem 2 The hypotheses are the same as Theoreml except that c (t) > 
0. In addition, a (t) < 0. Then the same results in Theorem 1 are valid. 

Proof. First of all, change of the conditions in Theorem 2 makes no 

difference for the boundedness and L 2 -solutions of x (t) and x (t). But, 

the boundedness of x(t) may require some more analysis. 

ry 

Letting F(y) = / uf(u)du , where y = x'(t), we have another 
Jo 
integration for the second term on LHS of (5) and taking the RHS of 

(5) as K, we have 

x'(t)x"(t) + a(t)F(y(t)) - / a (s)F(y(s))ds + / b(s,x(s),x' (s))x ' (s)ds 

Jo Jo 

+c(t)G(x(t)) - J c (s)G(x(s))ds 

<\K\+a(0)F(y o ). (6) 
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Specifically, the inequality (6) gives that 



c(t)G(x(t)) < a + / c {s)G{x{s))ds 
Jo 

where a = \K\ + M 2 + 3a(0) sup _ M <y< M F{y) and M is the bound of 
|x'(t)| and |x"(t)| on [0, oo). Then we can write 



c(t)G(x(t)) <a+ ( -^-c(s)G(x(s))ds. 
Jo c i s ) 

By Gronwall-Reid-Bellman inequality, (7) leads 



(7) 



c(t)G(x(t)) < a(exp 



c(s) 



ds) 



c(t)G(x(t))<a 
G(x(t)) < 



c(0) 

a 



c(0)- 



Since G(x) — > oo as |x| — >■ oo , x(i) must stay finite on [0, oo). ■ 

Remark 1 Theorem 2 is still true under the assumptions oi > a(t) > 

<^P-M< y <M F (y) 



a Q > and a (t)eL 1 [0, oo) since 



a'(s)F(y(s))ds 



\a (s)\ ds. 



This implies all terms on the LHS of (6) are bounded. And so, the in- 
equality (7) still holds even if a will be different. 

Theorem 3 Under hypotheses of Theorem 1, we assume that xg{x) > 

POO 

N \x\ p where N > 0, then / \x(s)\ p ds < oo. 

Jo 

Proof. Multiply Eq.(l) by x(t) and integrate from to t where we 
integrate by parts the first term on LHS, we have 

x(t)x"(t) + — y — L + / a(s)f(x'(s))x"(s)x(s)ds 

2 Jo 

+ / b(s,x(s),x (s))x(s)ds + / c(s)g(x(s))x(s)ds 
Jo Jo 

'* x\t) 2 



< / \q(s)\\x(s)\ds +—-^+ x(0)x (0) 



(8) 
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Applying the mean value theorem for integral to the first term on the 
RHS of (8), we obtain 



x{t)x" (t) + ^V" + 



a(s)f(x (s))x (s)x(s)ds 



ft rt 

+ 1 b(s,x(s),x (s))x(s)ds + / c(s)g(x(s))x(s)ds 



<\x{t*)\ f \q(s)\ds + 
Jo 



x\tf 



+ 



x(Q)x"(0) 



(9) 



where < t* < t. 

Since \x(t)\ and |x'(t)| are finite from Theorem 1, the LHS of (9) 

is also bounded, that is, so is the term / c(s)g(x(s))x(s)ds. From the 

Jo 
above assumption, we have 

t pt 

c(s)g(x(s))x(s)ds > c N / \x(s)\ p ds < (3, 
o Jo 

where (3 is the RHS of (9). 

Consequently, x(t) is an element of L p [0, oo). ■ 
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1. Introduction and preliminaries 

Let p be a fixed prime number. Throughout this paper, the symbol Z, Z p , Q p , and C p 
denote the ring of rational integers, the ring of p-adic integers, the field of p-adic rational 
numbers, and the completion of algebraic closure of Q p , respectively. Let N be the set of 
natural numbers and Z + = NU {0} . Let v p be the normalized exponential valuation of C p 
with \p\ p = p -»p(p) =p-\ 

Let UD(Z p ) be the space of uniformly diffcrcntiable function on Z p . For / e UD(Z P ), 
the p-adic invariant integral on Z p is defined as 

P N -i 
1(f) = f f(x)dx = lim ^ E /(*)■ ( L1 ) 

(see [4-5]). From (1.1), we note that 

/(/i)=/(/) + /'(0), (1.2) 

where /'(0) = ^U=o and f^x) = f(x + 1). For n e N, let f n (x) = f(x + n). Then we 
can derive the following equation from (1.2). 

n-l 

/(/„)=/(/) + £/'«> (see [4-5]). (1.3) 

j=0 

Let d be a fixed positive integer. For n e N, let 

X = X d = limZ/dp N Z, X 1 =Z p , 

N 

X* = U (a + dpZ v ), 

0<a<dp 

(a,p) = l 

Nn, __ r _ V \ /„,„J J^A^ 



a + dp Z p = {x € X\x = a (mod dp )} 
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where a <G Z lies in < a < dp . It is easy to see that 



f(x)dx = f(x)dx, for feUD(Z p ). (1.4) 

x Jz„ 



The ordinary Bernoulli polynomials B n {x) are defined as 

t 






n=0 



and the Bernoulli numbers -B„ are defined as B n = B n (0) (see [1-19]). 
For n e N, let T p be the p-adic locally constant space defined by 



T„ = U C„n = lim C„n , 

ra>l n^oo 



where C p ™ = {w|u; p = 1} is the cyclic group of order p n . It is well known that the twisted 
Bernoulli polynomials arc defined as 



/ 



00 y-Tl 



and the twisted Bernoulli numbers B n ^ are defined as B n ^ = B n ^(0) (see [14-18]). 
Let x be the Dirichlct's character with conductor dgN. Then we have 

x xWf^= "?e*-i • (L5) 

It is known that the generalized twisted Bernoulli numbers attached to x, B n _ x ^, arc 
defined as 

IV -i = S>*-4' ?eTp - (L6) 

^ n=0 

The generalized twisted Bernoulli polynomials attached to x, B nx ^(x), are defined as 

t Ex(«) ee a4 



' !,_! ^E^W^i ^T p , (1.7) 



? ^ n=0 

(see [13], [16]). From (1.5), (1.6) and (1.7), we derive that 



X {x)?x n dx = B ntXti and / x{v)? {x + v) n dy = B nMti {x). (1.8) 

By (1.3) and (1.4), it is easy to see that for n E N, 

,. ,. n— 1 

/ f(x + n)dx= / f(x)dx+y2f'(i), (1.9) 

Jx Jx i=0 

where /'(«) = rf ^ l^-i- From (1.9), it follows that 
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-(/ x(x)C d+x e {nd+x)t dx- [ X {x)S, x e xt dx) (1.10) 



x Jx 

'd f x( x )£, x e xt dx pid e ndt_i d- 1 °° « d -! t k 

f pndx e ndxt fa = £d e dt_l (^ X(*J ? e ) = ^( 2_^ X('K ' ) 77 • 
JX^ ' > i— n t— n i— n 



J -f s ' s j=o fc=o ;=o 

For k G Z + , let us define the p-adic functional Ti~ tX ^(n) as follows 



Let fc,n,d e N. By (1.10) and (1.11), we see that 



X (x)C d+x (nd+x) k dx- X (x)Z x x k dx = kT k - 1 . x , i (nd-l). (1.12) 



From (1.8) and (1.12), we have that 

fc 
For wi, W2, d € N, we note that 

d/ x J x x(£i)x(z2) f^^^e^ 1 * 1 "^^^^; 



f CdW\W2X pdW\W2Xt q. 



= T fc _i iXi£ (nd-l). (1.13) 

(1.14) 



Tj(E x(a)r ia e"' iat )(E X(6)r 2b e w2bt )- 



(fw\dpW\dt 1 \(fw°2d„w-2dt 1| ^ / ; 

In the next section, we will consider the extension of (1.14) related to the generalized twisted 
Bernoulli numbers and polynomials of higher order attached to x ■ 

The generalized twisted Bernoulli polynomials of order k attached to x^ ^nvf( a ')' are 
defined as 



/ d-\ \ K 

/*£x(aK°e a M 

- Xt = Y. B ^M-v ^T p , (1.15) 



d-l 

Aa\ £ a e at \ ™ 

n=0 



£d e dt _ I 

V J 



(k) (k) 

and Bl L * = B„ * JO) are called the generalized twisted Bernoulli numbers of order k 
attached to \- When k — 1, the polynomials and numbers are called the generalized 
twisted Bernoulli polynomials and numbers attached to x, respectively (see [12-22]). 

The authors of this paper have studied various identities for the Bernoulli and the Eulcr 
polynomials by the symmetric properties of the p-adic invariant integrals (see [6-8], [10]). T. 
Kim [6] established interesting identities by the symmetric properties of the p-adic invariant 
integrals and some relationships between the power sums and the Bernoulli polynomials. 
In [8], Kim et al. gave some identities of symmetry for the generalized Bernoulli polynomi- 
als. The twisted Bernoulli polynomials and numbers are very important in several field of 
mathematics and physics, and so have been studied by many authors (cf. [9-22]). Recently, 
Kim-Hwang [10] obtained some relations between the power sum polynomials and twisted 
Bernoulli polynomials. 

In this paper, we extend our results to the generalized twisted Bernoulli numbers and 
polynomials of higher order attached to x- The purpose of this paper is to derive some iden- 
tities of the higher order generalized twisted Bernoulli numbers and polynomials attached to 
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X from the properties of the p-adic invariant integral. In Section 2, we give interesting iden- 
tities for the power sums and the generalized twisted Bernoulli numbers and polynomials 
of higher order using the symmetric properties for the p-adic invariant integral. 



2. Some identities of the generalized twisted Bernoulli numbers and 

polynomials of higher order 



Let tui, u>2, d G N. For £ e T p , we set 



Y(m, x,€\wi,W2) 
( 



„ ™ (Eli)»l (E Xi+W 2 x)w!t \ 

d} x ™{[[x{Xi))t, i=1 e i=1 dx-i ■ ■ ■ dxj, 



P Cdwi u>2 x pdw\ wixtAry 



I 



,-r-r . .. {Y. x i) w 2 (E x i +w 1 y)w 2 t \ 

I / {llx{xi))£, ,=1 e •=! dxi---dx m \, 



(2.1) 



where 



f(xi,- ■■ ,x m )dx 1 ■ --dx r 



A"" 



/(»!,• •• ,x m )dxi ■ --dx-r, 



X JX 

m— times 



In (2.1), we note that Y(m,x,£,',Wi,W2) is symmetric in ■u; 1 ,W2- From (2.1), we derive 
that 



Y(m,x, £\wi,w 2 ) 



x< 



([[x{xi))0=i e& dx 1 ---dx m \e w ^ xt 



i=\ 



C fdwxw^x pdwiw^xt six 



(2.2) 



f "" * ( y 

J*™- 1 ,t=l 



e & cbn ■ ■ ■ dx m -i e w ^'» 



From (1.10) and (1.11), it follows that 

dw 1 J xX (x)ee xt dx w ^ ~ 



fc=0 



By (1.15), we also see that 



W\W 2 Xt 



I / {[[X{Xi))c, ,=1 e •=! ctei • • • dx m I 



Wit 



d-1 



(2.3) 



(2.4) 



w?t r > 



-. 7 Y X (a)C ia e awlt e w ^ xt = V B {m \ Wl (w 2 x)^- . 

idw le dw 1 t _ I A^i AV ;s / /_^ «,X,<5 x v z ; n l 



a=0 



n=0 
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By (2.2), (2.3) and (2.4), wc have that 

Y(m,x,t\wi,W2) (2.5) 



DC 



7 4-1 



n=0 \j=0 V7/ k=0 V ; j 

From the symmetry of Y(m 1 x,£,\wi,W2) in w\ and u>2, we see that 

Y(m,x,£,\wi,w 2 ) (2.6) 



oo / n 

' n 



n=0 \?=0 V ' 7 



{w 1 x)Y J (i)Tk, x ,^i{w2d-l)B^ k ^ W2 (w2y) - 

fc=0 ^ ' } 



Comparing the coefficients on the both sides of (2.5) and (2.6), we obtain an identity for 
the generalized twisted Bernoulli polynomials of higher order as follows. 

Theorem 1. Let d,Wi,W2 € N. For n e Z + and m e N, we have 

j 



E ft) ^r'- 1 ^-}, ^ mE (!) r*, x ^ («** - i)Bj™ fc -^ ( Wl2/ ) 
- E ftV^^i-Le- k*)E (i) r **^ ^ d wfrSe* fay)- 

j=0 \ J ' k=0 ^ ' 

Remark 1. Taking m = 1 and y = m (2.7) derives the following identity : 

EL-) ^^"'^-j*?' (w2x)Tj iXi4 » 2 (wirf - 1) (2.7) 



J= o ^ 



E(j w i w 2 J 1 - B n-j, x ,^(«;ix)T : ,- )X) |«, 1 («;2d-l). 



Moreover, if we take x = and y = in Theorem 1, then we have the following identity 
for the generalized twisted Bernoulli numbers of higher order. 

Corollary 2. Let d, w\,W2 € N. For n G Z + and m£N, we /iane 

E (") "Zvr'-'B™ x ^ E (0 r*^ imd - i)^ fc -^ 



j=0 v " ' k=0 

j 

V ^ J \t. .... ( «... A 1 A u( r 

-fe,x,«"' 1 " 



j=0 vy ' k=0 v ' 

We also note that taking to = 1 in Corollary 2 shows the following identity : 

EL) W 2 W l~ J ~ lB n-j, X ,^ T 3,X,Z W * ( w l d - !) ( 2 - 8 ) 



i=0 ^ 
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Now we will derive another interesting identities for the generalized twisted Bernoulli 
numbers and polynomials of higher order. From (1.15), (2.2) and (2.3), we can derive that 

Y(m,x4\wi,w 2 ) 

1 /wid—l „ m . ™ . , ™ W2 . . \ 

= — E X(')r (TT^O)^- 1 e'" 1 M1 dxf-dxm) (2.9) 



m-l m_1 ™ _1 

/' -i— r ( E x i) w 2 ( E x i^~ w iy) w 2i 

/ ( I I x(#*))£ i=1 e ,=1 dxi • • • d» m _i 

« m - 1 ,t=i 



X 



oo / n 



u>id— 1 



= E (E >r<- fc ^W^) E x0r**g^(«**+^o J. 

n=0 \fe=0 V ' i=0 / 

From the symmetry property of Y(m, Xi^\ w \i w 2) hi wi & n d w 2, we see that 

y(ro,x,£|u;i,uto) (2.10) 

= EE3<V-*b^M £ x«)^B£^ (wia; + ^) ^. 

n=0 \fe=0 V ' i=0 / 

Comparing the coefficients on the both sides of (2.9) and (2.10), we obtain the following 
theorem which shows the relationship between the power sums and the generalized twisted 
Bernoulli polynomials. 

Theorem 3. Let d,W\,w<2, E N. For n E Z + and m E N, we have 

n / v u!id— 1 

E( l)^-^r kB ttl^^y) E x(oe^B&W^*+|^) 

fc=0 ^ ' 2=0 X 

n / \ w^d—l 

fc=0 ^ ' t=0 2 

Remark 2. Lei m = 1 and y — in Theorem 3. Then it follows that 

wid—l W2<i—1 

W i^ E x(i)B n , x ,i^(w2X-\ i)=w^~ 1 £ x(i) B n,x,^2(wix-i i). (2.11) 

4=0 2=0 

Moreover, if we take x = and y = in Theorem 3, then we have the following identity 
for the generalized twisted Bernoulli numbers of higher order. 



Corollary 4. Let d, W\,W2 £ N. For n E Z + and m E N, we have 

n / \ dw\— 1 

E( n \,„k-l,,,n-kT,(m-i) ST^ j.-u^.dI™) / W 2 \ 

Wl W2 s n _ feiXi4 » 2 2^ xwt B k, x ,^A—v 



fc=0 v 7 i=0 



n • \ dw2—l 

i i«; 2 Wl s n _ fciXt€ „ 1 2^ xm B k, x ^2i—i)- 

fc=0 V 7 i=0 2 

If we take in = 1 in Corollary 4, we derive the identity for the generalized twisted 
Bernoulli numbers : for d,w±,W2 € N and n E Z+, 

dwi — l dw2 — l 

< -1 E xwr 2i B„, x ^ 1 (^i) = «,r i £ xwr'^^i^). (2.12) 

i=0 * i=0 2 
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Abstract 

We show that (1) a space is a closed L-image of a paracompact locally compact space if 
and only if it has a point-countable HPC fc-system; (2) a regular space is a closed L-image 
of a locally compact metric space if and only if it has a point-countable HPC mk-system if 
and only if it is a /c'-space with a point-countable compact fc-network; (3) a regular space is 
a closed image of a locally compact metric space if and only if it is a Frechet space with a 
point-countable weak-compact /c-network. 

Keywords and phrases: Closed maps; L-maps; fc-systems; mfc-systems; fc'-space; 
Frechet spaces; Compact /c-networks; Weak-compact fc-networks. 

2000 Mathematics Subject Classification: 54C10; 54D20; 54E99. 

1. Introduction and definitions 

Some characterizations for certain quotient images (or closed images) of paracompact 
locally compact spaces are obtained by means of /c-systems (see [1,10,11,17,18]). On the 
other hand, some characterizations for certain quotient images (or closed images) of locally 
compact metric spaces are also obtained by means of mfc-systems or compact fe-networks (see 
[10,15,20,22,24]). In this paper, we introduce the concept of weak-compact fc-networks and 
give new characterizations for closed images of certain locally compact spaces. 
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Let Pbea cover of a space X. V is called a fc-network [5] for X if whenever K £\U with 
X compact and £/ open in X, then K C U V C U for some finite P' C P. If P is composed 
of compact subsets of X, then P is called a compact fc-network [22] for X. If the closure 
of each element of P is compact in X, then P is called a weak-compact /c-network for X. 
P is called a fc-cover [21] for X if every compact K C X is covered by some finite P' C "P. 
Obviously, every /c-network is a /c-cover. 

X is determined by P if A C X is closed in X if and only if A n P is relatively closed in 
P for every P £ P. If each element of P is compact (resp. compact metric) in X, then P is 
called a /c-system [4] (resp. m/c-system [22]) for X. 

X is called a fc-space (resp. a sequential space) if it is determined by the cover consisting 
of all compact (resp. all compact metric) subsets of X. X is called a /c^-space if X has a 
countable /c-system. 



Let P be a family of subsets of a space X. P is called closure-preserving if UP' = U{P : 
.P £ P} for each P' C P. P is called HPC (ie. hereditarily closure-preserving) if a family 
{#(P) : P S P} is closure-preserving for each {H(P) : H(P) C P G P}. P is called a-HPC 
if P = {}{V n : n £ N} and each P n is HPC. V is called point-countable HPC (resp. 
point-countable a-HPC) if P is point-countable and HPC (resp. a-HPC). 



X is called a fc'-space [1] if x £ A C X, then x £ A n .K" for some compact K G X. X 
is called a countably bi-/c-space [1] if whenever (P n ) is a decreasing sequence of subsets of 
X with a common cluster point x, then there exists a decreasing sequence (A n ) of subsets 



of X such that x G F n f| A n for any n G N, K = {~\{A n : n £ N} is compact in X and 
each neighborhood of K contains some A n . X is called a u-space if X has a a-locally finite 
network. 

Let P be a topology property. X is called a locally P space if for each x £ X, there exists 
a open neighborhood V of x in X such that the subspace V has property P. 

Let / : X —> Y be a map. / is called a L-map if for each y £ Y, f^ 1 {y) is a Lindelof 
subspace of X. / is called an s-map if for each y £ Y, / _1 (y) is separable in X. f is called 
a countably bi-quotient map if whenever y £ Y and £Y is a countable family of open subsets 
of X such that f~ l {y) C UW, then y £ Int(f(UU*)) for some finite W C W. 

Every locally compact space and every Frechet space are a fc'-space. Every /c'-space can be 
characterized as a pseudo-open image of a paracompact locally compact space, every A;'-space 
is a /c-space. Every locally compact space and every first countable space are a countably 
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bi-/c-space. Every countably bi-/c-space can be characterized as a countably bi-quotient image 
of a paracompact M-space, every countably bi-/c-space is a /c-space. Every locally /c w -space 
with the Lindelof property is a /c^-space. 

Open maps and perfect maps are countably bi-quotient, countably bi-quotient maps and 
closed map are pseudo-open, and pseudo-open map is quotient. 

In this paper, all spaces are assumed to be I2, all maps are assumed to be continuous and 
onto. For two familys A and B of subsets of a space X, denote {A n B : A £ A and B € B} 
byAAB. 

2. Closed L-images of paracompact locally compact spaces 

Lemma 2.1 [11]. A space is a paracompact locally /c^-space if and only if it has a 
o"-locally finite /c-system. 

Theorem 2.2. The following are equivalent for a space X: 

(1) X is a closed L-image of a paracompact locally compact space. 

(2) X has a point-countable HPC /c-system. 

(3) X has a point-countable /c-system and a HPC /c-system. 

(4) X is a paracompact, locally fc w -, /c'-space. 

(5) X is a /c'-space with a point-countable a-HPC /c-system. 

Proof. (1) ==>■ (2). Suppose X is a closed L-image of a paracompact locally compact 
space. Let / : Z — ► X is a closed L-map, where Z is a paracompact locally compact space. 
By Lemma 1 in [11], Z has a locally finite /c-system J-. Put "P = {f{F) '■ F € -T 7 }- Since 
quotient maps preserve /c-systems, then V is a /c-system for X. Since / is closed, then V is 
HCP. By / is a L-map, T 7 is point-countable in X. Thus X has a point-countable HPC 
/c-system. 

(2) ^=^> (3) is obvious. 

(3) =^~ (4). Suppose X has a point-countable /c-system and a HPC /c-system. Since 
X has a HPC /c-system, then X is a closed image of a paracompact locally compact space 
by Theorem 2 in [11]. Let / : Z — ► X is a closed map, where Z is a paracompact locally 
compact space. Obviously X is a countable bi-/c-space. Because X has a point-countable 
/c-system, then X is a paracompact locally fc^-space by Theorem 13 in [9] . Since pseudo-open 
images of paracompact locally compact spaces are /c'-spaces, then X is a /c'-space. Thus X 
is a paracompact, locally k^-, /c'-space. 
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(4) =^> (5) holds by Lemma 2.1. 

(5) =^> (2). Suppose V is a point-countable a-HCP /c-system for a fc'-space X. Let 
P = y){V n '■ n G N}, where each V n is HCP in X. We can assume that each V n C Pn+i- 
For each n £ N, set X n = UP n , then {X n : n G X} is a rising closed cover of X. Put 



5 n = {P\Vi:PeP n } (n>l), 
T = U{J 7 n :n£ X}. 

As in the proof of Theorem 2 (1) =^> (2) in [11], we can prove that T is a HCP fc-system 



for X. For n > 1 and P G P n , -P \ X n -\ C P = P. Because P is point-countable in X, then 
J 7 is point-countable in X. Thus X has a point-countable UPC fc-system. 

(2) =^> (1). Suppose X has a point-countable HPC /c-system for X. Let P is a point- 
countable HCP A;-system. Put M = ©{P : P £ P}, the M is a paracompact locally compact 
space. Let / : M -> J be the natural map. Since P is HCP, then / is closed. Because P is 
a point-countable in X, then / is a L-map. Hence X is a closed L-image of a paracompact 
locally compact space. 

3. Closed L-images of locally compact metric spaces 

From the proof of Proposition 2.1 in [19], the following holds. 

Lemma 3.1. Suppose that P is a point-countable cover of X. Then P is a mk-system 
if and only if X is a k- space and P is a Ai-cover consisting of compact metric subspaces. 

Lemma 3.2 [24]. The following are equivalent for a A/-space X: 

(1) X has a u-locally finite mfc-system. 

(2) X has a point-countable mk-system. 

Lemma 3.3 [24]. The following are equivalent for a fc'-space X: 

(1) X has a u-locally finite compact /c-network. 

(2) X has a point-countable compact fc-network. 

Theorem 3.4. The following are equivalent for a regular space X: 

(1) X is a closed P-image of a locally compact metric space. 

(2) X is a pseudo-open L-image of a locally compact metric space. 

(3) X is a k'-space with a point-countable mfc-system. 
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(4) X has a point-countable HPC m/c-system. 

(5) X is a /c'-space with a point-countable compact fc-network. 

(6) X is a fc'-space with a point-countable fe-cover consisting of compact metric subspaces. 
Proof. (1) =^> (2) is clear. 

(2) =^- (3). Suppose X is the image of a locally compact metric space M under a 
pseudo-open L-map /. Since M is locally compact, then there exists compact subset K m of 
M such that m G int{K m ) for each m 6 M. By M is paracompact, {int{K m ) : m G M} has 
a locally finite closed refinement T. Let .F = {F a : a G A}. For each a G A, F a C int{K ma ) 
for some m Q G M. By F a C K ma , F a is compact in M. Thus F is a locally finite closed 
cover consisting of compact metric subspaces. Put P = {P a : a G A}, here P a = f{F a ). We 
shall show that P is a fc-system for X. Suppose A is a subset of X such that AC\P a is closed 
in the subspace P a for any a G A. If A is not closed in X. Since / is quotient, f~ 1 (A) is 
not closed in M. By M is a A;-space, / _1 (t4) PI if is not closed in the subspace K for some 
compact K C M. So / _1 (A) n if is not closed in M. Because J- is locally finite in M, then 
if C U{^q : a G A } for some finite A C A. Thus f~ l (A) n P a is not closed in M for some 
a G A'. Since f^ 1 (A n P a ) = / _1 (^) n f a, then A n P a is not closed in X. So ^4 n P Q is not 
closed in the subspace P a , a contradiction. Hence P is a /c-system for X. Because continuous 
maps preserve compact metric spaces, then V is a mfc-system for X. By / is a L-map, P is 
point-countable in X. Since pseudo-open maps preserve A;'-spaces, thus AT is a A/-space with 
point- count able m/c-system. 

(3) =^> (4). Suppose X is a /c'-space with a point-countable mfc-system, then X has 
a o"-locally finite m/c-system by Lemma 3.2. Let P is a <r-locally finite m/c-system for X. 
Denote P = \}\V n : n G N}, where each P n is locally finite in A. We can assume that each 
V n C P n +i- For each n G N, set X„ = UP n , then {A n : n G N} is a rising closed cover of X. 
Put 



F n = {P\X n -i:PeV n } (n>l), 
Jc=U{F n :n£4 

As in the proof of Theorem 2 (1) =^~ (2) in [11], we can prove that T is a HCP m/c-system 
for A. Because P is point-countable in X, then J- is point-countable in A. Thus X has a 
point-countable HPC mfc-system. 
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(4) => (1). Suppose V is a point-countable HPC m/c-system. Put M = 0{P :PeP}, 
the M is a locally compact metric space. Let / : M -> J be the natural map, then / is a 
closed L-map. Hence X is a closed L-image of a locally compact metric space. 

(1) ==^ (5). Suppose X is the image of a locally compact metric space M under a 
closed L-map /. Let B be a cr-locally finite base for M. Since M is locally compact, set 
B' = {B € B : B is compact in M}, then 23' also is a cr-locally finite base for M. Because M 
is a locally separable metric space, then there is a family {M a : a G A} of separable metric 
spaces such that M = ®{M a : a £ A} (see [6, 4.4F]). For each a £ A, M a is both open and 
closed in M, and M a is a Lindelof subspace of M. Put 

V a = {M a r\B:B€B'}, 

then Pq. is a countable compact /c- network for M a . So "P = U{"Pq, : a G A} is a locally- 
countable compact /c-network for M. Put 

F = {f(P):PeV}. 

Since / is compact-covering and compact-covering maps preserve compact fe-networks, T 
is a compact fc-network for X. By / is a L-map, J 7 is a point-countable in X. Because 
pseudo-open maps preserve /c'-spaces, then X is a fc'-space. Hence X is a /c'-space with 
point- count able compact fc-network. 

(3) ^=> (5) holds by Corollary 1 in [22]. 

(5) =^> (6). Suppose X is a /c'-space with a point-countable compact A;- network, then 
X has a a-locally finite compact fc-network by Lemma 3.3. So X is a cr-space. Let V is a 
cr-locally finite compact /c-network for X. Obviously "P is a point-countable /c-cover for X. 
Because a countably compact cr-space is metrizable, then any compact subspaces of X are 
metrizable. So every element of V is metrizable. Thus X is a /c'-space with a point-countable 
/c-cover consisting of compact metric subspaces. 

(6) =^> (3) holds by Lemma 3.1. 

Corollary 3.5 [20]. A regular space X is a closed s-image of a locally compact metric 
space if and only if it is a Frechet space with a point-countable compact fc-network. 

4. Closed images of locally compact metric spaces 

Lemma 4.1 [15]. A regular space is a closed image of a locally compact metric space 
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if and only if it is a Frechet space with a point-countable /c-network, and each of its closed 
first-countable subspace is locally compact. 

Lemma 4.2. For a space X, the following hold. 

(1) Let V be a point-countable /c-network for X. If a point x in X has a countable 
local base, then for each neighborhood U of x, there exists a finite subset T oiV such that 
xG (LIT 7 ) CUJ 7 CU [15]. 

(2) A countable compact fc-space with a point-countable space /c-network is compact and 
metrizable [8]. 

(3) Let / : X — ► Y be a perfect map, let Y be a first-countable space, if each f~ l (y) is a 
first-countable subset of X, then X is a first-countable space [16]. 

Lemma 4.3. Suppose J is a k-space with a point-countable /c-network, then X has a 
point-countable weak-compact /c-network if and only if each closed first-countable subspace 
of X is locally compact. 

Proof. Necessity. Suppose E is a closed first-countable subspace of X. Pick x G E. Let 
V be a point-countable weak-compact /c-network for X. Put T = {P D E : P £ P}, then J 7 
is a point-countable /c-network for E. By Lemma 4.2(1), there exists a finite subset Tt oi T 
such that x G intE^TV}- So TZ = {P D E : P £ V } for some finite subset P of "P. Since 
U{Pfl£ : P G P'} is compact subspace of £ and x G mfB(U{Pn£ : P G V'}). Hence £ is 
locally compact. 

Sufficiency. With loss of generality we can assume that V is a a point-countable /c-network 
for X which is closed under finite intersections. Put T = {P G P : P is compact in X }. 
Then .F is a weak-compact /c-network. In fact, let K C U with i^T compact and U open in 
X. P is a a point-countable /e-network for X, by Miscenko's Lemma ([14, Lemma 3.3.10]) 
there are at most to minimal (i.e. not containing proper subcover) finite covers of K by 
members of P, say {Bi}. Put C n = Ai< n ^ii an d L n = L)C n for each n G N. Then {L n } n£ N 
is a decreasing set of K in X. For each n G TV ,if no L n is compact in X, thus no L n is 
countable compact in X by Lemma 4.2(2). Thus L n contains an infinite closed discrete subset 
D n . Define C = K U (U ne j\r £*n)> and endow C with the subspace topology of X. Then no 
neighborhood of K in C is countable compact. By the compactness of K, C is not locally 
countable compact, so C is not locally compact. Let / : C — ► C/-ftT be a natural quotient 
map. Then / is a perfect map and C/K is first-countable (In fact, C/K is a metric space). By 
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the Lemma 4.2(3), C is first-countable, so C is a non-locally compact, closed first-countable 
subset of X, a contradiction. Thus, L m is compact in X for some m G N. Choose n > m 
with K C L n C U. This shows that C n is a finite subset of J- and LT C L)C n C ?7. Thus J 7 is 
a weak-compact fc-network for X. 

By Lemma 4.1 and Lemma 4.3, the following holds. 

Theorem 4.4. A regular space X is a closed image of a locally compact metric space 
if and only if X is a Frechet space with a point-countable weak-compact fc-network. 

5. Examples 

Example 5.1. Open finite-to-one images of paracompact locally compact spaces need 
not be closed L-images of paracompact locally compact spaces. 

There are a paracompact locally compact space Z and open finite-to-one map / from Z 
onto a space X which is not paracompact (see [3, Example 5.11]). Because closed maps pre- 
serve paracompact spaces, then X is not a closed L-image of a paracompact locally compact 
space. 

This example also illustrates: 

X is a pseudo-open L-image of a paracompact locally compact space ^> X is a closed 
L-image of a paracompact locally compact space. 

Example 5.2. Quotient finite-to-one images of locally compact metric spaces need not 
be closed L-images of metric spaces. 
Let 



S= | :ne iv]u{0}, X=[0,l]xS. 



And let 

Y = [0,1] x {- :n€ N} 
n 

have the usual Euclidean topology as a subspace of [0, 1] x S. Define a typical neighborhood 

of (£, 0) in X to be of the form 



{(t,0)}U \JV(t,l/k)\, n£N, 

\k>n J 

where V(t, l/k) is a neighborhood of (t, l/k) in [0, 1] x {l/k}. Put 

M = (©„ g jv[0, 1] x {1/n}) © (e tg [o,i]{t} x S), 
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and define / from M onto X such that / is an obvious map. 

Then / is a compact-covering, quotient, two-to-one map from the locally compact metric 
space M onto a separable, regular, non-Lindelof, fc-space X (see [12, Example 2.8.16] or [8, 
Example 9.3]). 

X has no compact-countable /c-network. In fact. Suppose V is a compact-countable 
fe-network for X. Put 

T = {{(t, 0)} : t £ [0, 1]} U {P n Y : P G V}. 

Since [0, 1] x {0} is a closed discrete subspace of X, then T is a A;-network for X. But Y is 
a er-compact subspace of X. Thus {P nF:P£ V} is countable, and so T is star-countable. 
Since a regular, /c-space with a star-countable /c-network is an Ho-space(see [7]), then X is a 
Lindelof space, a contradiction. Thus X has no compact-countable A;-network. So X is not 
an H-space. By Theorem 2.7.23 in [12], X is not a closed s-image of a metric space. Hence 
X is not a closed L-image of a metric space. 

This example also illustrates: 

X is a quotient L-image of a locally compact metric space ^ X is a closed L-image of a 
locally compact metric space. 

Example 5.3. Closed L-images of locally compact metric spaces need not be countably 
bi-quotient images of paracompact locally compact spaces. See Example 10.1 in [1]. 

Example 5.4. Countably bi-quotient images of paracompact locally compact spaces 
need not be closed L-images of paracompact locally compact spaces. 

Let Q be the rational number set, and endow Q with the usual subspace topology. Since Q 
is first-countable and paracompact, then Q is a countably bi-quotient image of a paracompact 
locally compact space (see [1]). But Q is a non-A^-space with the Lindelof property (see 
[2, Proposition 20]), then Q is not a locally fc^-space. So Q is not a closed L-image of a 
paracompact locally compact space by Theorem 2.1. 

Two examples above illustrate: 

A countably bi-quotient image of a paracompact locally compact space is each other 
independent of a closed L-image of a paracompact locally compact space. 
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Abstract. Let G be a graph and / G C°(G). It is proved that P(f) — G if 



R(f) = G and P(f) ^ 0. This result generalizes several corresponding results 
given in [3] and [10]. 

1 Introduction 

In this paper, let N denote the set of all positive integers. Write Z + = NU{0}, 
N n = {1, 2, • • • , n} and Z n = {0} U N n for any n G N. Let X be a topological space and 
C°(X) the set of all continuous maps from X to X. For any x G X and / G C°(X), 
0(x,f) = {f k {x) : k G Z + } is called the orbit of x. The set of periodic points of /, 
the set of recurrent points of /, the set of w-limit points for some x G X and the set of 
non- wandering points of / ( for the definitions see [2] ) are denoted by P{f), R(f),u(x, /) 
and Q(f) respectively. Write oo(f) = U^xw^, /) and EP(f) = {x : f h (x) G P(f) for 
some k G N}, which are called cu-limit set and the set of eventually periodic points of / 
respectively. It is well known that P(f) C R(f) C oj{f) C fi(/). For any A C X, let 
Int(A), dA and A be the interior, the boundary and the closure of A respectively. For 
any finite subset A G X, denote by \A\ the number of elements of A. 

*Projcct supported by NNSF of China (10661001,10861002), NSF of Guangxi (0897012, 0832275),NSF 

of Guangdong(7301276) and NSF of Guangxi Education Dcpartmcnt(200807MS001) 

2000 Mathematics Subject Classification. Primary 37E25, 37B20; Secondary 54H20, 54E40. 

Key words and phrases, recurrent point, periodic point, transitivity, graph map. 
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A space A is called an arc if there is a homeomorphism h : [0, 1] — ► A. A connected 
metric space G is called a graph if there exist finitely many arcs Ai, A 2 , • • ■ , A n in G 
such that G = {J°l 1 Ai and Ai fl A,- = 5Aj fl dAj for 1 < « < j < n. Let S* 1 be the unit 
circle in the complex plane C. A graph C is called a circle if it is homeomorphic to S 1 . 
A graph T is called a tree if it contains no circle. 

Let G be a graph, x £ G, and [/ be a neighborhood of x in G such that the closure U 
is a tree. The number of connected components of U — {x}, denoted by valc{x) or val(x), 
is called the valence of x in G. x is called an endpoint of G if Vale (a;) = 1; x is called 
a branch point of G if Vale (a;) > 2. Let End(G) and Br(G) be the set of endpoints 
and the set of branch points of G respectively. Let V(G) = End(G) U Br(G). Denote by 
E(G) the set of all connected components of G — V(G). A finite set D{G) D V(G) is a 
set of vertices of G if for each simple closed curve S of G, S C\ D{G) — S fl V(G) when 
\SnV(G)\ > 3, and |5TlD(G)| > 3 when \SnV(G)\ < 3, that is, we add some artificial 
points with valence 2 as vertices. In this way, each edge ( the closure of some connected 
component of G — D(G)) is homeomorphic to [0, 1] and if / and J are two edges of G, 
then \I n J\ < 1. For some edge I of G and any a,b E I, we use [a, 6]/ ( or simply [a, 6] 
if there is no confusion ) to denote the smallest connected closed subset of / containing 
{a, b}. Define (x, y] = [x, y] — {x} and (x, y) = (x, y] — {y}. For any x G G and any e > 0, 
write B(x,e) = {y G G : d(x,y) < e}. 

Let G be a graph. / : G — > G is said to be a graph map if / G G°(G). Let /be a 
graph map, L be a connected component of G — D(G) and /i be a homeomorphism from 
L to the open interval (0, 1) C R. For any x,y G L, we write x <h y (resp. re <^ y, 
x >h y, x >h 2/ ) if /i(x) < fo(y) (resp. h(x) < h(y), h(x) > h(y), h(x) > h(y)). Let 
K = (a, b) C L. K is said to be free (with respect to /) if no iterate of a point of K 
belongs K. K is said to be positive (with respect to /) in the sense of h if K is not free 
and whenever x G K and f n (x) G K for some n > 1 then x <^ f n {x). 

Let (X, d) be a metric space and / G G°(X). / is said to be transitive if for any 
non-empty open subsets U and V of X there exists fc G N such that f k (U) fl V is non- 
empty. / is said to be Chaotic in the sense of Deavney if it satisfies the following 



three conditions: (i) / is transitive; (ii) P(f) = X; (iii) / is sensitive dependence on initial 
conditions. It is interesting to remark that sensitivity dependence on initial conditions is 
widely understood as being the central idea in chaos. However, it has been proved that (i) 
and (ii) implies (iii) (see [1]). Also, for interval maps, M. Vellekoop and R. Berglund([10]) 
proved that / is transitive if and only if / is chaotic in the sense of Devaney. For continuous 
maps / of the circle, it was shown by E.M. Coven and I. Mulvey that 
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Theorem A. ([3]) For continuous maps of the circle with periodic points, the centre 
is closure of the periodic points and the depth of the centre is at most two. 

In this paper, we will have a further discussion about on relationship between tran- 
sitivity and periodic points of graph maps. Our results generalize several corresponding 
results given in [3] and [10]. 



Theorem 2.8. Let G be a graph and f G C°{G). If R(f) = G and P(f) ^ 0, then 



P(f) = G. 

Theorem 2.9. Let G be a graph and f G C°(G). If f is transitive and P(f) ^ 0, 



then the centre is P(f) and P(f) = G. 



2 Transitive graph maps with P(f) ^ 

Lemma 2.1. Let G be a graph, f G C°(G), L be a connected component of G — D(G) 
and h be a homeomorphism from L to the open interval (0, 1) C R. If K = (a,b) C L is 
positive in the sense of h, then for every x G K, there exists y G K and n > 1 such that 
f n (y) G K and f n (y) > h x. 

Proof. Without loss of generality, we suppose that a <h b. Choose any xo G K 
such that f n (xo) G K for some n > 1 and xq <h f n {xo)- We have f n (b) G" K and 
(a,Xo)nf n ([x ,b}) = since K is positive in the sense of h. Since f n ([x ,b}) is connected, 
we have (f n (x ),b) C f n ([x ,b]). Thus for every x G K, there exists y G K and n > 1 
such that f n (y) G K and f n (y) >h x. This completes Lemma 2.1. □ 

Lemma 2.2. Let G be a graph, f G C°(G), L be a connected component of G — D{G) 
and h be a homeomorphism from L to the open interval (0, 1) c£ If K = (a,b) C L is 
positive in the sense of h, a <h x <h y <h b and n G N, then there is j G N such that 
f m (x)^(a,y}. 

The proof of Lemma 2.2 is easy, so we omitted it. □ 

Lemma 2.3. Let Y be a connected subset of G. Then \ dY\ < 3\D(G)\. 

Proof. It is obvious \dY n D(G)\ < \D(G)\. Set £ = {L : L be a connected 
component of G - D(G)}. Then | dY n L\ < 2 for each L G £. Since |£| < \D(G)\. Thus 

\dY\<3\D(G)\. D 

Proposition 2.4. Let G be a graph, f G C°(G), L be a connected component of 
G — D(G) and h be a homeomorphism from L to the open interval (0, 1) C R. If K = 
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(a, b) C L is positive in the sense of h, a <h c <h b, and for each x G (c, b), there is n > 1 
such that f n (\c,x\) fl [c,x] 7^ 0, then c is an eventually periodic point. 

Proof. Since K is positive in the sense of h, there is an xq G (c, b) such that no 
iterate of c lies in (a,xo\. 

Claim. For all j, fceN, f j (c) £ int(/ fc ([c,:ro])) if /'(c) £ V(G). 

Proof of Claim. Assume that there are j, k G N such that f-*(c) G int(/ fc ([c, xq])) 
and p(c) G" V(G). Then, there exist z and z 1 in K such that c <&, z <h z' <h Xo and 
/'(c) G int(/ fe ([z, 2'])). It follows from the continuity of / that there exists y G (c,z) 
such that f([c,y}) n [c,x ] = for all 1 < i < j and / j ([c,y]) C int(/ fc ([^, «'])). On the 
other hand, by the hypothesis, there is n G N and w such that c <h w <h f n (w) <h V- 
Then n > j. Since p{w) G mt(f k ([z,z'])), there is a u G [-2,-2'] such that / fe (n) = f n (w). 
Therefore, f n "^ +k {u) = f n ^-'(f k (u)) = f n (w) G [c,y], which contradicts the fact that K 
is positive in the sense of h. This establishes the claim. 

It follows by the claim that, for all 3, k G N, f j (c) G" int(/ fe ([c,a; ])) if p(c) £ V(G). 
Let n = 4|D(Gr)| + 2 and F = / no ([c,x ]). Then, by Lemma 2.3, we have that | dY U 
D{G)\ < A\D{G)\ < no. Since, for all j, A; G N, /'(c) £ int(/ fe ([ C ,x ])) if /'(c) £ V(G), 
there is 1 < j < k < n Q such that /'(c) = f k (c). Thus c is an an eventually periodic 
point of /. □ 

Lemma 2.5. ([5, Theorem 3.1]) Let G be a graph and f G C°(G). Then ft(/|ft(/)) = 



P(/) and t/ie depth of f is at most 2. 



Lemma 2.6. ([7, Theorem 2.1]) Let G be a graph and f G C°(G). Then R(f) = 

R(f)uPjf). 

Lemma 2.7. ([7, Lemma 2.2]) Let G be a graph, A C G be an arc with dA = {w,w'}, 
and f G C°(G). Suppose that Int(A) n V(G) = 0, A n P(/) = 0, and i/jere exisfc 
{x,y} C Int(A) with x G (tu, y) and j,k G N suc/i £/ia£ {/'(#), f k (y)} C [x, y]. 

(1) ///'» G (x,/ fe (y)] ; tfjen P(«i) G Jnt(A). 

(2) /// fe (y) G [*,/'(*)), ^en {/'», /'+*»} D /n*(A) ^ 0. 



Theorem 2.8. Let G6e« yrap/i and / G C°(G). // P(/) = G and P(f) ^ 0, t/ien 



P(/) = G. 



Proof. Suppose that P(f) 7^ G. Then G — P(/) is a nonempty open set. Let U be 



a connected component of G - P(f). Write U = U -U. Then C/ = U D P(/) ^ 0. It 
follows from Lemma 2.6 that £/ C R(f). Thus there exists n G N such that f n (U)r\U 7^ 0. 
Let n = min{n G N : f n (U) D U 7^ 0}. Obviously, f n °(U) D U is connected, and 
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f n °(U) DP(/) = (if a point of U gets mapped into P(f) then it is not recurrent). Thus, 



f n °(U) G U, and hence f n °(U) G U. This with f n °(P(f) ) = P(f) implies / no (f/ ) C U . 
Noting that Uq is finite, we have Uq fl P(f) 7^ 0. Let wGf/ofl P(f) and m be the period 
of v. Write = f mn °. Then 

u G Fix(«?), g(U) C Z7, «?([/) C U, g(U ) C C/ and U C i?(<?). 
Choose an arc K in G and a connected component of G — D(G) such that v G d-ff, 
K G LC\U and X fl C/o = {^}. Let /ibea homeomorphism from L to open interval (0, 1) 
such that v >h x for any x G Int(.K'). Let w G lnt(K), write £ — \d(v,w). 

Case 1. There exists < e± < sq such that whenever x G lnt(K) fl B(v,£i) and 
f n (x) G Int(if) n B(u,ei) for some % > 1 then x < h f{x). Write K 1 = Int(K) n £(v,£i). 
Obviously, there exists « G N such that g l (Ki) fl K\ 7^ since Ki G U G R(g)- Thus, i^i 
is positive in the sense of h. Let c G K\. Since c G R(g) and -ft'i is positive in the sense 
of h, for any x G (c, v), there is j > 1 such that g-*([c, x]) fl [c,x] 7^ 0. It follows from 



Proposition 2.4 that c is an eventually periodic point, which contradicts c G R(g) — P(g)- 
Case 2. There exists < e 2 < Eq such that whenever x G Int(i^) fl B{y,e 2 ) and 
/ n (x) G Int(K) n S(u,e 2 ) for some z > 1 then x > fc f{x). Write # 2 = Int(K) n B(v,e 2 ). 
Obviously, there exists i G N such that g l (K 2 ) fl K 2 7^ since K 2 G U G R{g). Let 
s(y) = 1 — |/ for any y G (0, 1) and h\ — h o s. Then h\ is a homeomorphism from L to 
the open interval (0, 1) and K 2 is positive in the sense of h\. Given any c G K 2 . Since 
c G -R(<?) and i^2 is positive in the sense of h\, for any x G K 2 with a; >/ ll c, there is 
an j > 1 such that ^([c, x]) fl [c,x] 7^ 0. It follows from Proposition 2.4 that c is an 



eventually periodic point, which contradicts c G R(g) — P(g)- 

Case 3. There exist x,y G Int(i^) and j, /c G N such that x >h g l (x) >h g k (y) >h V- It 
follows by Lemma 2.7 that <? J (c) G (c, ?/] for any c G (x, i>). By the continuity of gi , we have 
gi[v,x] D [i>,x]. Thus there exist x = x, Xi, x 2 , • • • G (v,x] such that Xj G (xi+i, £*_i) 
and gi{x>i) = Xj_i for each j EN. Since a; G -R(g) = Rig-'), there exists / G N with / > 3 
such that g l -*(x) G (xi^^x)). Let a = Xi- 2 , b = <? J (x) and d = g l -*(x). Then g^^ia) = b 
and g {l ~ 1)j {b) = d. It follows by v £ g {l ~ 1)j ([a,b]) that g {l ~^ j (\a,b\) D [b,d\. Therefore, 
[b, d] n Fix(/-^) 7^ 0, which contradicts U GG- Pjf) = G- P(g). 



Thus, by Case 1-3, we have P(f) = G. The proof of Theorem 2.8 is complete. D 

By Theorem 2.8, we have the following Theorem 2.9, which generalizes several cor- 
responding results given in [3] and [10]. 

Theorem 2.9. Let G be a graph and f G C°(G). If f is transitive and P(f) 7^ 0, 



then P(f) = G. 
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Proof. Since / is transitive, we have fi(/) = G. Thus Q(f\Q(f)) = G. It follows by 



Lemma 2.5 that R(f) = G. Since P(f) ^ 0, by Theorem 2.8, we have P(f) =G. D 

Combine Theorem 2.9 and [6, Corollary 5.3], we have 
Corollary 2.10. Let G be a graph and f G C°(G) be transitive. 

(1) If P(f) 7^ then f is chaotic in the sense of Devaney. 

(2) If P(f) = then f is minimal and f is conjugate to an irrational rotation on the 
unit circle. 



Corollary 2.11. Let G be a graph with Br(G) ^ and f e C°{G). Then R(f) = G 
if and only if P(f) = G. 
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DIFFERENTIATION FOLLOWED BY COMPOSITION 
FROM BLOCH SPACES TO Q p SPACES 

XlANGLING ZHU 



Abstract 

Suppose that <p is an analytic self-map of the unit disk D. The 
boundedness, compactness and the weak compactness of the operator 
CtpDf — f'(ip) from Bloch spaces to Q p spaces on D are studied. 



1. Introduction 

Let D be the unit disk of complex plane C, and H(B) the class of functions 
analytic in D. Recall that an / <G H (D) is said to belong to the Bloch space B if 

||/|| 6 = sup(l-|*| 2 )l/'(z)l<°°- 

With the norm ||/||g = |/(0)| + ||/||&, B is a Banach space. Let Bo be the space 
which consists of all f E B satisfying (1 — |z| 2 )|/'(z)| — > as \z\ — ► 1. This space 
is called the little Bloch space. 

For a £ O, let g(z, a) — log , \ ,, be the Green function in D, where a a (z) = 
(a — z)/(l — az). For p > 0, / e H (D), we say that / belongs to the space Q p if 

ll/llo =sup / \f(z)\ 2 g p (z,a)dA(z)< oo, (1) 



a el 



where dA is the normalized Lebcsguc area measure on D. The space Q p $ 
(0 < p < oo) consists of analytic functions / on D for which 

lim [\f'(z)\ 2 ge(z,a)dA(z)=0. (2) 

kH 1 Jo 

Qp t o is a closed subspace of Q p and Q p C B. Q p is a Banach space under the 
norm ||/|| p = |/(0)| + ||/|| Qp . If p = 1, Q p = BMOA. When p = 0, then Q p is 
the Dirichlet space 2?. If p > 1, Q p = B. For more on Q p spaces, see [26]. 

Let <p be an analytic self-map of D. The composition operator C v with the 
symbol (p is defined by C v j = / o <p for / € H(D) (see [3]). 
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Let D be the differentiation operator. The operator C V D is defined by 

C v Df = f{<p), feH(D). (3) 

The operator C V D, and other products of compositions and differentiation op- 
erators have been studied in [4, 8, 9, f2, f4, 22, 23, 30]. For some other recently 
introduced products see [10, 11, 18, 21]. Composition and weighted composition 
operators between Bloch, Q p and some other spaces of analytic functions, have 
been studied, e.g., in [2, 5, 7, 13, 16, 19, 20, 24, 25, 27]. 

Let L : X — > Y be a linear operator, where X and Y are Banach spaces. 
Then L is said to be weakly compact if for every bounded sequence (x n ) ne m in 
X, (L(x n )) n eN has a weakly convergent subsequence, i.e., there is a subsequence 
(i)i m )m6K such that for every AgF, A(L(a; nm )) m£ N converges. 

Here we study the boundedness, compactness and weak compactness of the 
operator C V D from Bloch spaces B or Bo to the space Q p . 

Throughout this paper, constants are denoted by C, they are positive and 
may differ from one occurrence to the other. The notation A x B means that 
there is a positive constant C such that B/C < A < CB. 

2. Main results and proofs 

Theorem 1. Let p G [0, oo) and ip be an analytic self-map ofD. Then the 
following statements are equivalent: 

(i) C V D : B — ► Q p is bounded; 

(ii) C V D : Bo — > Q p is bounded; 

(Hi) 

sup / n I ( \^* 9 p {z,a)dA{z) < oo. (4) 

aGO.7 (1-\<P(Z)\ Z P 

D 

Proof (i) ^> (ii). This implication is obvious. 

(ii) => (Hi). Let / e B. Set f s (z) = f(sz) for < s < 1, then we see that 
f s € Bo and ||/ s ||b < ||/||&- Thus, by the assumption for all / <G B we have 

\\C v Df.\\ Qp < ||C v D||||/ a || 6 < ||C V £>||||/|| 6 . (5) 

By [15] we know that there exist two Bloch functions f\ and fi satisfying 

1 <l/i(*)l + l/2(*)l, ^a (6) 



l-\z\ 2 
We choose h x (z) = h(z) - zf[(0), h 2 (z) = f 2 (z) - zf' 2 {Q). Since (see [29]) 

(l-|z| 2 ) 2 |./"(z)| + |/'(0)|x(l-|z| 2 )|/'(z)|, (7) 

it follows that hi,h 2 G B and 

(l-\z\Y 2 <\h'!(z)\ + \h' 2 \z)\, zeD. (8) 
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Replacing / in (5) by hi and hi respectively, then 
IVW|2 i9 »(z,a)dA { z) 



(i-M*)l 2 ) 4 ' 

D 

-.. 2 / {\ti{{s V {z))\ 2 + \h' 2 '{s V {z))\ 2 ) \s V '{z)\ 2 g^z,a)dA{z) 

(\(h' ls o ^)'(z)| 2 + \(h' 2s o ^)'(z)| 2 ) 9 P(z,a)dA(z) 

= 2\\C v Dh ls \\ 2 Qp + 2\\C v Dh 2s \\ 2 Qp < \\C v D\\ 2 (\\hi\\ 2 B + \\h 2 \\ 2 B ) < oo (9) 

for all a G D and s G (0, 1). This estimate and Fatou's Lemma give (4). 

(iii) =£- (i). For any / G i3, by the following well-known estimate (1 — 
\z\ 2 ) 2 \f"(z)\ < C\\f\\ B , (see, e.g., [29]) the implication follows. 

The following lemma is proved as Proposition 3.11 in [3] or Lemma 3 in [17]. 

Lemma 1. Let p G [0, oo) and ip be an analytic self-map o/D. Then C V D : B — > 
Q p is compact if and only if for every bounded sequence {/„} in B converging 
to uniformly on compacts o/D as n — > oo, linin^oo HC^-D/nUp = 0. 

Lemma 2. Leip > and <p be an analytic self-map o/D. If C V D : B(Bq) — ► Q p 
is compact, then for any e > i/iere exists a 5 G (0, 1), suc/i i/iai /or aH / in 
(or Bg ), i/ie wnii 6aZZ of B ( or Bo), and 5 < r < 1 ZioWs 

sup / |/''^(z))|VMlVM^)<e- (10) 



| V ( Z )|>r 

Proof We only give the proof for Bq, since the proof for B is similar. For 
/ G % , let f s (z) = /(sz), < s < 1. Then / s G B Bo and / s -► / uniformly 
on compact subsets of D as s — ► 1. Since C V D is compact, 

\\C v Df e - C^Df\\ Qp -» as «-»l. 

That is, for given e > there exists s G (0, 1) such that 

sup [\f s '( ( p(z))-f"(ip(z))\ 2 \^(z)\ 2 gP(z,a)dA(z)<e. (11) 



For < r < 1, using the triangle inequality and (11), 

sup I \f"( i p(z))\ 2 \ip'(z)\ 2 g^z,a)dA(z)<e+\\f'J\\ 2 O0 snp f |^'(z)| V(z, o)oM(z). 

\<p(z)\>r \<p(z)\>r 

Set f n (z) = z 11 G Bq. Since C^D is compact, linin^oo n 2 !!^" -1 ^ = 0. Thus, 
for given e > and H/s'H 2 *, > there exists an N G N such that for n> N, 

||/X,-sup f n 2 (n-l) 2 \^- 2 (z)\ 2 \^(z)\ 2 gP(z,a)dA(z) <e. 
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Hence, for < r < 1, 

N 2 (N-1) 2 sup / \ i p N - 2 (z)\ 2 \cp'(z)\ 2 g"(z,a)dA(z) 



> N 2 (N-l) 2 r^ N ~ 2) sup / \tp'(z)\ 2 g p (z,a)dA(z). (12) 

\<p(*)\>r 

Therefore, for r > [N(N — l)p ™=2 we have 

WfJWlo-svP f \<p'(z)\ 2 g p (z,a)dA(z)<e. 

a6D J 

\ip{z)\>r 

Hence for any e > and / G Bg there is a <5 = <5(e, /) such that for 5 < r < 1 
sup I \f"(cp(z))\ 2 \<p'(z)\ 2 g p (z,a)dA(z)<e. 

| V (z)|>r 

The rest of the proof can be completed by using the finite covering property 
of the set C v D(Bg ) which is relatively compact in Q p (see, e.g., [2, 25]). □ 

The proof of the next lemma is similar to Lemma 4 in [10], so is omitted. 

Lemma 3. Assume X = Q p or Q p _o and ip is an analytic self-map o/D. Then 
C V D : Bq — ► X is weakly compact if and only if C V D : Bq — > X is compact. 

Theorem 2. Let p G [0, 00) and ip be an analytic self-map o/D. Then the 
following statements are equivalent: 

(i) C V D : B — > Q p is compact; 

(ii) C V D : Bo — > Q p is compact; 

(Hi) C V D : Bo —> Q p is weakly compact; 

(iv) ip G Q p and 

limsup / — r -^- i g p {z,a)dA{z)=Q. (13) 

r ^ 1 aeo J (1 - mz)\ ) 

\<p\>r 

Proof (i) => (ii). It is obvious. 

(ii) <=> (in). It follows from Lemma 3. 

(ii) => (iv). Assume C V D : Bo — > Q P is compact. Choosing / = |z 2 G Bq, 
we obtain <p G Q p . Let f(z) = | Xiti ^ 2 • From [28], we see that / G Bg. 
Choose a sequence {A„} in D which converges to 1 as n —* 00, and let f n (z) = 
f(\ n z) for n G N. Then, /„ G B So for all n G N and ||/„||b < C. Let 
fn,e( z ) = fn(e lS z). Then f nfi G B So . Replace / by f nfi in (10) and then 
integrate both sides with respect to 9. By Fubini's Theorem, Parseval's identity 
and the inequality 2^(2*= - 1) > (2 fe - 2) 2 (fc > 2), we obtain 
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e > 



2tt 



2tt 



\ti{e ie y{z))\ 2 de\y{z)\* 9 v{z,a)dA{z) 



\<p(z)\>r 






32tt 



2 i0(2 fc -2) 



d0|A n |V(z)lV(z,a)dA(z) 



| V (z)|>r 



1 

To 



(^[2 fc (2 fe -l)] 2 |A^(z)| 2 ( 2fc - 2 ))|A„| 4 |^(z)|V(^a)^W 



\ V (z)\>r 



fc=l 



> 



1 I (£(2 fc -2) 4 |A^(z)| 2 ( 2fe - 2 ))|A n | 4 |^'(z)|V(z, a )^(z).(14) 



\ V {z)\>r 



Let F(r) = Y^Lii 2 * - 2) 4 r 2 ~ 4 . Since logr > 2(r -l),r£ [i, 1), we have 



„2* + 1 -4 



> exp{(2 fc + 2 - 8)(r - 1)}, r e [1/2, 1), so that 



^(r) > ^(2 fe -2) 4 exp{(2 fc+2 -8)(r-l)} 
fe=i 

oo 

= (l-r)- 4 ^[(2 fe -2)(l-r)] 4 cxp{-4(2 fe -2)(l-r)}. (15) 



fc=i 



Let t = (2 fe — 2)(1 — r). Then the general term in series (15) is s(t) = t 4 e 4 *. 
It is easy to see that sup t>0 i 4 e~ 4 * = e~ 4 is assumed for t = 1 and s(£) = |e~ 2 . 
For r € [3/4, 1), we find fc so that § < (2 fe - 2)(1 - r) < 1. For this fc, we have 

[(2 fe - 2)(1 - r)] 4 cxp{-4((2 fe - 2)(1 - r))} > ^. 



Hence 



F{r)> e —{l-r)-\ rg[|,l). 



Therefore, for (5 < r < 1 and for sufficient large n, (15) gives 

SUP / ( M^'\ Z) L i 9 P ^a)dA{z)<Ce. 

aeO J (1 - \\n¥( z )\) 

\<p(z)\>r 

By Fatou's Lemma we get (13). 

(iv) =£► (i). Assume that ip £ Q p and (13) holds. Let {/«} be a sequence in 
Bg which converges to uniformly on compact subsets of D. We need to show 
that {C v /„} — > in Q p space. From (13) for given e > there is an r e (0, 1), 
such that 

(i-kwi 2 r 



sup 



- ff p (2, a)cL4(z) <e. 



\<fi(z)\>r 
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Therefore 



\(C v Df n )'(z)\ 2 g»(z,a)dA(z) = { f + f }\f':(p(z))\ 2 \p'(z)\ 2 gP(z,a)dA(z) 



D \<p{z)\<r \<fi(z)\>r 

< sup|/;'(«;)| 2 IMIo P + ll/nll|c- (16) 

\w\<r 

Since {f n } converges to uniformly on compacts of D, we see that {f' n } and {/"} 
also converges to uniformly on compacts of D by Cauchy's estimates. Thus 
\\C v Df n \\ Qp -> as n -> oo, and consequently \\C v Df n \\ p = \\C v Df n \\ Qp + 
l/n(v(0))l ~~ * 0, as n — > oo. Hence C V D : B — > Q p is compact by Lemma 1. □ 

Theorem 3. Lei p G (0, oo) and (^ be an analytic self-map of D. Then the 
following statements are equivalent: 
(i) C V D : Bq — > Q P ,o «s bounded; 

(a) <p g Q p ,o a?j rf 

sup / n TTW "^- a )^) < °°- ( 1? ) 

aeD / (i-|^(z)| 2 ) 4 



Proof, (i) =4> (m). If C V D : Bq — > Q p o is bounded, then C^D : Bq — > Q p 

i. " 

2* 



is bounded. By Theorem 1, (17) holds. Let f(z) — \z 2 . Then it is easy to see 



that <p £ Qpfl- 

(ii) => (i). Assume that ip £ Q Pt0 and (17) holds. By Theorem 1, we see 
that C V D : Bo — > Q p is bounded. To prove that C V D : Bo — > Q P ,o is bounded, 
it suffices to prove that C v Df £ Q Pj o for any / £ So- Let / £ So- For every 
e > 0, we can choose p £ (0, 1) such that |/"(w)|(l- \w\ 2 ) < e for all w £ D\pD. 
Then, 

lim [ \(C v Df)'(z)\ 2 g p (z,a)dA(z) 

D 

= |o ljm ( / + / )l/>(*))lV(*)lV(*,a)dA(*) 

W(z)\>p \<p(z)\<p 

< eltjm / J^^ 9^a)dA { z) + J ^^ J W { z)\ 2 g* M dA { z). 

\<p(z)\>p \>P(z)\<P 

From the above inequality and by conditions (ii), we get the desired result. □ 

By modifying the proof of Theorem 4.2 of [13], we can prove the following 
result. We omit the details. 

Lemma 4. Let p £ (0,oo) and ip be an analytic self-map of D. Then C V D : 
B — » Q Pt o is compact if and only if C V D : B — ► Q p $ is bounded and 

lim sup [ \(C v DfY(z)\ 2 g p (z,a)dA(z)=0. (18) 

M - * 1 ||/||b<i-/B 
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Theorem 4. Let p € (0, oo) and ip be an analytic self-map of D. Then th 
following statements are equivalent: 

(i) C V D : B — ► Qp.o is bounded; 

(ii) C V D : B — > Qpo is compact; 

(in) C V D : Bq — > Q p .o * s compact; 

(iv) C V D : Bq — > Q p ,o * s weakly compact; 

(v) C V D(B) c Q p , ;' 

MM 2 
iai=:iy (i-w*)i 2 ) 



J = , lim / 7 -Wy*gP( z , a)dA(z) = 0. (19) 



Proof. (Hi) <=> (ii); (ii) =^> (i) => (u) are obvious. Lemma 3 gives (Hi) o- (iw). 
(v) =^> (w). Assume that C V D(B) C Q p ,o- From the proof of Theorem 1, we 
can choose functions g\ , gi € B such that 

(l-\z\ 2 )- 2 <\9i(z)\ + \92(z)\, zeD. 

Then we get C v Dgi,C v Dg 2 € <3 P ,o- Therefore, 

7 <21im| (|.gi'(^))| 2 + \g'^(z))\ 2 )\^(z)\ 2 g p (z,a)dA(z) = 0. 

D 

(vi) =>■ (ii). Assume that (19) holds. By Theorem 1 we see that C V D : B — » 
Q p is bounded. We first prove that C V D : B — ► Q P] o is bounded. It suffices to 
prove that C v Df <G <3 Pl o- For any / e B, we have 

|(C v D/)'(«)|V(«,a)dA(«) < H/HI / 7r M^LffP( z , a )dA(z). (20) 



(i-l^)l 2 ) 4 

D 

Therefore (19) together with (20) imply that C^D : B — > Q P! o is bounded. Fix 
/ € Bg, the righthand side of (20) tends to 0, as \a\ — ► 1 by (19). From Lemma 
4, we see that C^D : B — ► Q p ^ is compact. 

(i?)) =>■ (v). From Gantmacher's theorem we know that C V D : Bq — > Q p ,o is 
weakly compact if and only if (C V D)**((B )**) C Q p ,o- By adopting the proof 
of Theorem 2 in [6], and using the facts ((Q p ,o)*)* — Qp (0 < p < 2, see [1]), 
((B )*)* = B and (A 1 )* = B we get (C v D)**(f) = C V ,D(/) for every / e B. 
Hence (C V D)**((B )**) = C V D(B) C Q P)0 , as desired. D 
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Abstract 

In this paper, by denning a cone norm ||.||^ on E over itself which behaves like the 
absolute value norm on R, we construct examples of cone Banach spaces. Namely, 
we define the m— Euclidian cone normed space E m , E°° and the space Ce(S) of 
continuous functions in cones, to generalize the Banach spaces R m , l°° and C [a, b], 
respectively. Some basic lemmas and theorems are also proved to help in the con- 
struction and in the proof of completeness of the above mentioned examples of cone 
normed spaces. 

Key words: Cone metric space, cone normed space, cone Banach space, strongly 
minihedral cone, limit point in the sense of cone, ^4— property, generalized absolute 
value property, space E m , space E°°. 



1 Introduction 



In [1], cone metric spaces where introduced by means of a partial ordering 
" <" on a Banach space (E, || . || ) via a cone P, where some fixed point theorems 
were proved to generalize the corresponding ones in metric spaces. Then the 
authors of this article and in [4] , introduced the notion of cone normed space, 
where continuous linear operators and bounded linear operators between cone 
normed spaces were studied too. Recently, in [2] , the authors proved that cone 
metric spaces are topological spaces and accordingly cone normed spaces are 
also topological spaces. Moreover, compactness, boundedness, closedness, first 
countability were discussed there. 
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In this paper we enrich the theory of cone normed spaces by constructing new 
examples of cone Banach spaces via a cone norm on E which behaves like the 
absolute value in R. 



2 Preliminaries on Cone Metric Spaces and Cone Normed Spaces 



In this section we review some basic definitions and theorems in cone metric 
spaces and cone normed spaces. For more details, we may refer the reader to 
the articles [1],[2],[4]. 

Definition 1 [1] Let E be a real Banach space with norm \\.\\ and P a subset 
of E. Then, P is called a cone if and only if 

PI) P is closed, nonempty and P ^ {0} 

P2) a,b G R a,b > 0; x,y G P =>- ax + by e P 

P3) x G P and -x G P =>- x = 

Given a cone P C E, we define a partial ordering < with respect to P by 
x < y if and only if y — x G P. We write x < y to indicate that x < y but 
x y^ y, while x « y will stand for y — xE IntP. (IntP = interior of P). The 
cone P is called normal if there is a number K > 0, such that for all x,y G E, 
< x < y implies ||x|| < K ||y|| , where K is called the normal constant of 
P. The cone P is called regular if every increasing sequence which is bounded 
from above is convergent. Equivalently the cone P is called regular if every 
decreasing sequence which is bounded from below is convergent [1]. 

P is called minihedral cone if sup{x, y} exists for all x,y G E, and strongly 
minihedral if every subset of E which is bounded from above has a supremum. 
A norm ||.| on E is called monotonic if < x < y implies ||a;|| < ||y|| , and 
semi-mo notonic if ||x|| < K ||y|| for some K > and all x and y such that 
< x < y [3]. It is known in [3] that P is normal if and only if ||.|| is semi- 
monotonic. 

Throughout, we will assume that our cone P is strongly minihedral and hence 
every subset of E which is bounded below has infimum. Hence, In particular, 
every subset of P has infimum. 

Example 2 Let E = R 2 and P = {(x,y) : x > 0, y > 0} . It is easy to see 
that P is strongly minihedral in which clearly each bounded below subset of E 
has infimum. 

Definition 3 [1] A cone metric space is an ordered pair (X, d), where X any 
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set and d : X x X — > E is a mapping satisfying: 

dl) < d(x, y) for all x, y G X, and d(x, y) = if and only if x = y. 

d2) d(x, y) = d(y, x) for all x, y G X. 

d3) d(x, y) < d(x, z) + d(z, y) for all x,y,z G X. 

Definition 4 [1] Let (X,d) be a cone metric space, let {x n } be a sequence 
in X and x G X. If for any c G E with c » 0, there is N such that for all 
n> N, d(x n ,x) « c then {x n } is said to be convergent with limit x. [ i.e. 

lim x n = x or x n — > x as n — ► ool . 

Definition 5 [1] Let (X, d) be a cone metric space, {x n } be a sequence in 
X, if for any c G E with c » 0, there is N such that for all n,m > N, 
d(x m ,x n ) « c then {x n } is called a Cauchy sequence in X. 

Definition 6 [4] A cone normed space is an ordered pair (X, ||.|| c ) where X 
is a vector space over R and \\.\\ c : X — > (E, P, ||.||) is a function satisfying: 

CI) 0< ||x|| c , for all x G X. 

C2)\\x\\ c = if and only if x — 0. 

(75j||a.x|| c =| a \ \\x\\ c , for each x G X and a G R. 

C4)\\x + y\\ c < \\x\\ c + \\y\\ c , x,ye x. 

It is easy to see that each cone normed space is cone metric space. Namely, 
the cone metric is defined by d (x, y) — \\x — y\\ c . 

According to what we mentioned above, we say that a sequence {x n } of a 
cone normed space (X, ||.|| c ) over (E,P, ||.||) is said to be convergent, if there 
exists x G X such that for all c >> 0, c G E, there exists uq such that 
\\x n — x\\ c « c for all n > n . Also, we say that {x n } is Cauchy if for each 
c » 0, there exists n such that \\x m — x n \\ c « c for all m,n> no- 
Definition 7 [4] A cone normed space (X, ||.|| c ) is called cone Banach space 
if every Cauchy sequence in X is convergent in X. 

Lemma 8 Let {x n } be a Cauchy sequence in a cone metric space (X, d), such 
that lim x^ n = x. Then lim x n = x. 



PROOF. Let c >> 0, cG-Ebe given. Then by assumption find n such that 

c c 

d(x n ,x m ) << -, Vm,n ^ no and d(xk n ,x) << -, Vn ^ n . Then for n ^ no, 

Li Zi 
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C C 

d(x n ,x) < d(x n ,x kno ) + d(x kno ,x) « - + - = c. 

Definition 9 [2] Let (X, d) be a cone metric space. Then A C X is called 
bounded above if there exists c G E,c » such that d(x,y) < c, for all 
x,y G A, and is called bounded if 5(A) = sup {d(x, y) : x,y G A} exists in E. 
If the supremum does not exist we say that A is unbounded. 

Lemma 10 Every Cauchy sequence of a cone metric space (X, d) over a 
strongly minihedral cone, is bounded. 



PROOF. For some c >> 0, find uq such that d(x n , x m ) < c, Vm, n ^ no- Let 
c = sup {c, d(x n , x m ) : m,n < n } which exists, since P is strongly minihedral. 
That is, d(x n ,x m ) < c ym,n and P is strongly minihedral implies that 

sup {d(x n ,x m ) : m,n &N} (1) 

exists, and hence, {x n } is bounded. 

3 Main Results 



Definition 11 [4] A cone norm \\-\\ A '■ E — > E is said to satisfy the A— property 
(absolute value property) if : —c < a < c if and only if \\a\\ A < c, for all a G E 
and c » 0. 

Example 12 [4] Let E = R 2 and P = {(x,y) G R 2 : x > 0,y > 0} . Then 
the norm \\.\\ A '■ E — > P defined by \\(x, y)\\ A — (| x |, | y |) , satisfies the A— 
property. Indeed a = (x, y) , satisfies \\a\\ A < c = (ci,c 2 ), Ci,c 2 > if and 
only if (| x |, | y |) < (ci,c 2 ) if and only if -c = (-ci, -c 2 ) < a = (x,y) < 
(ci,c 2 ) = c. 

Definition 13 A cone norm \\-\\ A on E is said to have the generalized absolute 
value property if it satisfies: 

Al) if there exists k\ > such that 0< ||.x|| A <c, c>>0 implies 
—k\c < x < k\c ( for all x G X). 

A2) if there exists — k\ > such that c < x < c, c » implies 
< \\x\\ A < k 2 c ( for all x G X). 

Example 14 Let E = R 2 and P = {(x, y) G R 2 : x > 0, y > 0} . Define the 
cone norm \\(x,y)\\ A = (a \ x \,(3 \ y |) , where a, (3 > 0. Then, one can easily 
show that the cone norm ||.|| , has the generalized absolute value property. 
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It is clear that if the \\-\\ A on E satisfies the absolute value property, then it 
satisfies the generalized absolute value with hi = k 2 = 1- 

Definition 15 Let S be a subset of E. Then, 

a) S is called " \\.\\" bounded if 3M > such that || x ||< M, for all x G S. 

b) S is called " <" bounded if 3c 1; c 2 G E such that c\ < x < c 2 , for all 

xeS. 

c) S is called " \\-\\ A bounded if sup \\x\\ A exists in E. 

xes 

Remark 16 Let S be a subset of E. Then 

(1) If P is normal and S C P then " <" boundedness implies " \\.\\ bounded- 
ness. 

(2) Assume \\-\\ A has the generalized absolute value property and P is strongly 
minihedral. If S is " <" bounded then it is " \\-\\" A bounded. 

(3) If P is strongly minihedral then S C E is " \\-\\" A bounded if and only if 
3c >> such that || x \\ A < c, for all x G S. 

Corollary 17 Every Cauchy sequence of a cone normed space (X, ||.|| c ) over 
a strongly minihedral cone is bounded. In particular every Cauchy sequence in 

(E, \\.\\ A ) ^"||.|| A bounded. 

The proof follows by the Lemma 10 and that every cone normed space is cone 
metric space. 

Definition 18 Let {x n } be an " <" bounded sequence of E . The assump- 
tions on our cone make it possible to define the limit superior of {x n } by lim 
supx n = inf (suprrfc) and the limit inferior of {x n } by liminf x n = sup(inf x^). 

n>l k>n n>1 k>n 



From the above definition, it follows that supa;fc [ n lim sup x n and inf x^ | T 

\k>n J ' \ k > n J 

lim inf x n . Of course, the monotonicity is given by means of the partial ordering 

Definition 19 An element a G E is said to be a limit point in the sense 
of cone ( or cluster point ) for a sequence {a n } in E, if for every n G N and 
c » 0, there exists k > n (depending on c andn) such that \\xk — x \\ a « c. 

P is called normal with constant a for the cone norm ||.|| A ,if < x < y 
implies \\x\\ A < ay, for all x,y G E. 
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Theorem 20 Every monotone increasing " <" bounded sequence {x n } of 
(E, P, \\.\\ A ) where P is strongly minihedral and normal in the cone norm \\-\\ A 
with normal constant a is " \\-\\" A convergent (i.e. there exists x G E such that 
for each c » there exists n such that \\xk — x \\ A « c for all k > no). 
Moreover, if every sequence in E which is bounded below has an infimum then 
every monotone decreasing " <" bounded sequence is also " \\-\\ A convergent. 



PROOF. Assume {x{\ is increasing and bounded. Hence, there exists x G E 
such that x = sup {xi : i G N} . We claim that limrcj = x. To prove our claim 

let c >> 0, then by the definition of supremum, there exists i such that 
c c 

x < x io < x. Thus, for % > i we have < x — Xi < x — x io < — , so that 

a a 

c 

by the normality of P in the cone norm \\.\\ A we have \\xi — x\\ A < a— = c. 

Hence limxi = x. The proof of the other part can be done similarly, but by 

i— >oo 

using the infimum definition. 



Remark 21 One has to note that when P is " \\.\\" normal with constant K, 
then x n — >■ x in (E, \\.\\ A ) if and only if \\ \\ x n — x \\a\\ — >• as n — >■ oo. This 
is clear by Lemma 1 in [1] and that each cone normed space is cone metric 
space. 

Theorem 22 Let {x n } be a sequence in (E, ||.|| A ). Then an element x G E 
is a limit point in the sense of cone metric space for {x n } if and only if there 
exists a subsequence {xk„} of {x n } such that limx^ = x. 



PROOF. Assume a; is a limit point of {x n } . For some fixed cq » 0, find 
k\ such that \x^ x — x\\ A « c . Now inductively, if hi, k 2 , ..., k n have been 

selected, then choose k n+ i > k n such that 



x k n+1 X 



« -. Thus, we 



a n + 1 

construct a sequence of natural numbers {k n } such that k\ < k 2 < ... and 

<< \\xk — x\\ A << — £ P. Now, if c >> is arbitrary given ( by Lemma 
" n 

2 in [2] and see also the proof of Lemma 3 in [2] ) find Uq such that — « c 

n 

and hence, for n > no, we have \\xk ~- x IL<< — << — « c. Therefore, 

n no 

lim x kn = x. 

rn—>oo 

To prove the reverse implication consider a subsequence {xk n } of {x n } such 
that lim x k = x. Let m and c >> be given. It must be shown that there 

n— >oo n 

exists p > m such that \\x p — x\\ A « c. To this end, choose n such that 
\\ x kn ~ x \\a << c if n > n o- Pick ^o > max {n ,m} , and set p = k io . But, 
then p > m ( since ki >i ), and \\x p — x\\ A « c. The proof is finished. 
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Definition 23 Let X be a vector space. A function ||.|| fe : X — ► R is called a 
k— norm if 

kl) < \\x\\ k < oo for all x G X. 

k2) \\x\\ k = if and only if x = 0. 

k3) ||Ax|| fe = |A| \\x\\ k for all x G X. 

H) ||.x + y\\ k < k(\\x\\ k + \\y\\ k ) for all x,y G X. 

Example 24 If P is \\.\\ k normal with constant k and \\.\\ r is a cone norm 

tt 
norm with constant k. 



on X over (E,P, ||.||), then it can be shown easily that \\.\\ k = ||||.|| c || is a k 



It is well known that regular cones are normal, for the proof see for exam- 
ple [5]. Theorem 20 states conditions under which \\-\\ A —normality implies 
|| . || A —regularity. Namely, under the above mentioned conditions we proved 
that every monotone " <"bounded sequence is"||.|| A convergent and hence, 
convergent in the scalar A;— norm ||||.|| A || when our cone is normal. 

Theorem 25 If {x n } is " <"bounded sequence in (E,P, \\.\\ A ) , where we as- 
sume that P is strongly minihedral and \\.\\ A has A— property. Then, liminf x n 
and limsupx n are the smallest and largest limit points of {x n } in the sense 
of cone. In particular, liminf x n < limsupx„. 



PROOF. Let x n be a " <" bounded sequence of E. ( since P is strongly 
minihedral cone ) then s = limsupa; n exists. We shall show that s is the 
largest limit point in the sense of cone for {x n } . The other case can be shown 
in a similar manner. We show that s is a limit point in the sense of cone 

firstly. To this end, let m G N and c >> 0, c G E. Since < supx^ > [ n s, there 

[k>n J 

exists n > m such that s < snpxk < s + c. This implies the existence of some 

k>n 

k > n > m such that s — c < x^ < s + c. Hence, s is a limit point in the sense 
of cone for {x n } . 

To finish the proof, we show that s is the largest limit point in the sense of 
cone. Let ibe a limit point of {x n } , and let c >> 0. Then for each n G N, 
there exists m > n such that || x m — x \\a« c - Since \\-\\ A has the A— property 
then x — c « x m « x + c. It follows that x — c«x m « supxfc for each n, 

k>n 

and so, x — c < inf supx^ = s for each c >> 0. Thus x < s, and the proof 

\">lfe>„ / 

is complete. 
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Theorem 26 Assume \\-\\ A has the A— property then a " <" bounded sequence 
{x n } in E is " \\-\\ A convergent if and only if limsupx n = liminf x n = x. In 
this case, lim x n = x. 

PROOF. We assume lim sup x n = liminf x n = x and show that lim x n = x. 
Noting that ||.|| A has the A— property, the inequalities x n — x< supx^ — infa^ 

k>n k > n 

and x — x n < supa^ — inf x k imply that 

k>n k>n 

|| x n ~ x \\a< supxfc - inf x k . (2) 

k>n k > n 



Since lim supx^ — inf x^ = x — x = 0, it follows that lim x n = x in the 

n-»oo y k > n k>n J n^oo 

sense of cone, and the proof is complete. 



It is to be noted that Theorem 26 is still valid, even when ||.|| A has the gen- 
eralized absolute value property. It is just a matter of multiplying the right 
hand side of inequality (2) by k 2 - 

Lemma 27 Let \\.\\ A be a cone norm on E with the A— property and as- 
sume that P is strongly minihedral. Then, every \\-\\ A Cauchy sequence is " <" 
bounded. 



PROOF. Let c >> be fixed and find no such that 

\\x n — x m \\ A « c for all n, m > no (3) 

Since ||.|| A has the A— property then (3) is equivalent to 

— c < x n — x m < c for all n, m > no (4) 

From which it follows that 

x n < x m + c for all n > n (5) 

and hence x n < b where b = sup {x no + c, Xi,x%, ...,x no _i} which exists by 
minihedrality of P. The proof is finished. 



Now, as a generalization to the result obtained in [4] in Example 24, we obtain 
the following theorem. 
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Theorem 28 Let \\-\\ A be a cone norm on E over E with the A— property 
and assume that P is strongly minihedral. Then, a sequence {x n } in E is 
" \\-\\ A convergent if and only if it is " \\-\\ A Cauchy. That is, (E, \\.\\ A ) is a 
cone Banach space. 



PROOF. Clearly if x n is " ||. || A convergent then it is " ||.||^ Cauchy. Assume 
x n is " Il-H^ Cauchy. Then by Lemma 27 and that P is strongly minihedral we 
conclude that x = lim sup x n exists and by Theorem 25 is a limit point in the 
sense of cone. Now, let c >> be given and find n\ such that || x n — x m ||a<< 
- for all m,n > n\. By Theorem 22, there exists a subsequence {xk n } of {x n } 
such that lim Xk = x. Hence, by Lemma 8, lim x n = x. 

n— >oo n n— »oo 

Remark 29 One can easily infer that Theorem 25, and Lemma 27, are still 
valid when the cone norm \\-\\ A has the generalized absolute value property and 
hence, Theorem 28, is still valid under the generalized absolute value property 
assumption. 

Definition 30 Let (E, \\.\\ A ) be a cone normed space over (E,P, ||.||) and m 
a positive integer. We define the m— Euclidean cone normed space ( or finite 
dimensional cone normed space) by 



E m = < x = (xi, x 2 , ..., x m ) : Xi G E, sup || Xi \\ A exists > (6) 

^ l<i<m J 

where always it is assume that \\-\\ A has A— property ( or more generally, the 
generalized absolute value property ). On E m define the following m— Euclidean 

I I I I Mil / \ , J — ITU 

cone norm \\x\\ e = sup || Xi \\ A , x = (x\,X2, ■■■,x m ) G E . 

l<i<m 

The following essential lemma is helpful in proving that (E m , ||.|| e ) is a cone 
Banach space. 

Lemma 31 If (X, ||.|| c ) is a cone normed space over (E, \\.\\ , \\-\\ A , P) , where 
\\-\\ A has A— property. Then \\.\\ c satisfies the" <" inequality \\ \\x\\ c — \\y\\ c \\ A < 
\\x — y\\ c and hence, \\.\\ c is a uniformly continuous function from (X, ||.|| c ) to 

(eAIWa)- 



PROOF. For x,y £ X we have by the triangle inequality ||.x|| c = \\x — y + y\\ c < 

\\ x -y\\c + WvWc or 

\\x\\ c -\\y\\ c <\\x-y\\ c (7) 

also, 



'> 
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\v\\ = \\v — x + x\\ < \\y — x\\ + \\x\\ = \\x — y\\ + \\x\\ or 

]cf M c 11^ ' lie — M ^ He II He II £Mlc II He 

||y|| c ll-MIc — n x y\\c 



(8) 



Since ||.|| A has the A— property then (7) and (8) implies that || ||x|| c — |||/|| C || A < 

\\x-y\\ c - 

Remark 32 If in Lemma 31, more generally, the cone norm \\-\\ A has the 
generalized absolute value property, then the cone norm ||.|| c satisfies the in- 
equality \\\\x\\ c — \\y\\ c \\ A < k 2 \\x — y\\ c . Hence, \\.\\ c is a uniformly continuous 
function from (X, ||.|| c ) to (E,\\.\\ A ). 



Theorem 33 (E r 



is a cone Banach space. 



PROOF. Using that \\-\\ A is a cone norm on E, it can be easily seen that 
||.|| e verifies the cone norm axioms. To show that (E m , ||.|| e ) is complete, let 
x n = (^l)^;?) ■■■■> x m) be an " ||.|| e Cauchy sequence. Hence for c ^> 0, c G E, 
find n such that \\x n — Xk\\ = sup x™ — x\ 



sup 

l<i<m 

Hence, for each 1 < i < m, we have 



<< -, (For all k,n> n ) 



n _ k 



<< - (For all k,n > n ) 
a 2 



(9) 



This shows that {a;™} is a Cauchy sequence in (E, \\ . \\ A ) for each i = 1,2, ..., m. 
By Theorem 28, for each % = 1, 2, ..., m, find Zi E E such that x™ converges to 

Zi in (E, \\-\\ A ). Let z = (-21,-22, ■■■,z m ). We show that z G -E m and x n — > z in 

(£,IUI 



Lemma 31 and that P is closed lead to 



"*IU 



< - for all /c > 



n . Since x^ = (x\ 

for all j = 1, 2, 3, ..., m (i.e. 



.) J '2) 



j, 
1 x m 



G -E m , there is C& >> such that 



X : 



< c k 



\Xk\ 



exists ). Hence, by the triangle inequality 



for each j = 1,2,3, ...,m, we have \\zj\\ a < 



x" 



+ 



X" 



< c + Ck for 



all k > Uq. The last inequality holds for every j, and the right-hand side does 
not involve j and hence, z = (z±, z%, ..., z m ) G E m . Also, from (9) we obtain 



iFfc - z\\ e = sup 

l<jr'<m 

x n -^ z in (£ ra , ||.|| 



X- Zj 



Zl, Z2, 

Q 

< « c for all k > n n . This shows that 
~2 ~ 



Definition 34 Let (-E, || . jl^) be a cone Banach space over (E,P, 
the cone normed sequence space E°° is defined by 



Then 



E c 



x = (x 1 ,x 2 ,...) : sup 



x 



i\\A 



exists in E 



(10) 
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with the norm Hx^ = sup \\xi\\ A . More generally the cone normed space E L 

i 

where A is any index set is defined by 



E = I x = (x Q ) aeA : x a G E, sup ||^ a || A exists in E> 

{ " aeA J 



(11) 



Theorem 35 (E c 



' II ' Moo-' 



is a cone Banach space. 



PROOF. To show that H-H^ is a cone norm is straightforward. Let x n = 
(x™,X2i ■■■■,Xpi •••) be an " H-H^ Cauchy sequence in E°°. Then for each c >> 
there exists n such that \\x n — XkW^ = sup x™ — x^ < c for all n,k > n . 
Hence, for every fixed j, we have 



sup 
j 



n _ k 



< c for all n,k > no- 



(12) 



From which it follows that, the sequence (xpx'j,...) is a Cauchy sequence in 
(E, \\.\\ A ) for all j = 1, 2.3, ... . It converges by Theorem 28, say, x" — > Zj G E. 
Define z = (zi,z%, ...) and show that x n — > z in (E°°, H-H^) . From (12) and 
Lemma 31, with k — > oo we have 



Xj Zj 



< c for all n > no- 



Since x n G E°°, for each n find c n » such that 
by the triangle inequality ||%|| A < 



Zj Xj 



+ 



X,: 



(13) 

r < c„ for all j. Hence, 

< c + c n for all n > no- 
This inequality holds for every j, and the right hand-side does not involve j. 
Hence, by using that E is strongly minihedral, z = (zi,Z2,---) G E°°. Also, 
from (13) we obtain \\x n — zW^ = sup x" — z 7 - < c for all n > no- This 

shows that x n — > z in (E 100 , ||.|| 



sup 

j 



Remark 36 As we proved that (E°°, H-H^) is a cone Banach, we can also 
easily prove that [E A , ||.|| a ] is cone Banach with the norm \\x\\ A 



SUp 1 1 X a 1 1^ , 



X 



x r 



eE 



A 



Theorem 37 Let S be a subset of a complete cone metric space (X, d) . Then 
S is closed if and only if S is complete. 



PROOF. It is not difficult to prove that S is closed if and only if whenever 
x n G S, x n — > x then x G S. Now, assume S is closed and let x n G S be 
a Cauchy sequence. Since (X, d) is complete, find x G X such that x n — > x. 
Since x n G S and S 1 is closed then x E S. Conversely, assume S is complete 
and let x n G S with x n — > x. We have to show that x G S. Since x n — > x, then 



750 



ABDELJAWAD: ON CONE BANACH SPACES 



x n is Cauchy sequence in S complete. Hence, find y G S such that x r , 
Since limits are unique in cone metric spaces [4] then x = y G S. 



y- 



Example 38 Let Ce be the space of all " \\-\\" A convergent sequences x = 
(xi,X2, •••) in (E, \\.\\ A ) ■ This is a subspace of E°°, since each" \\.\\ A convergent 
sequence in E is " \\.\\ A bounded by Lemma 10. To show that (Ce, II-Hqo) is a 
cone Banach space, by Theorem 31, it would be enough to prove that Ce is a 
( sequentially ) closed subspace of E°° . Let x n = (xi,x%, •••) be a sequence in 
Ce such that x n — ► x = (xi,xz, ...) . To show that x = (xi, X2, ■■■) is a conver- 
gent sequence (i.e. x G Ce) , by noting that (E, \\.\\ A ) is complete, it would be 
enough to prove thatx = (x\,x 2 , ■■■) is Cauchy sequence in (E, \\.\\ A ) . Let c» 

0, c G E be given. Find n G N such that 



■'■■ r, 



sup 



■ ii-iu 
x? — x 



c 



for all n > n . In particular, 






X 



C 



(^0 rf n 



rf.no _ rf. n o 



that 

\\Xj - 

The proof is finished. 



Xk\ 



< 



« - for all j. Since x no = 
a 3 

G Ce then it is Cauchy in (E, \\.\\ A ) ■ Hence, find n\ G N such 

q 

« - for all j, k > n\. Then the triangle inequality implies 

+ \K° -x k \\ A «l + l + ^ = c. 






X 



+ 



X 



11(1 



Xi 



Theorem 39 If f : (X, d) — , (Y, p) is a continuous function between cone 
metric spaces over E and S is a compact subset of X. Then f (S) is compact 
in (Y, p) . 

The proof is the same as in topological spaces, since cone metric spaces are 
topological spaces or can be done directly by using the concept of sequential 
compactness in cone metric spaces and that / is sequentially continuous [2]. 

Remark 40 Note that a subset S of a cone metric space (X, d) over E is 
bounded if and only if there exists y G X and c » 0,c G E such that 
suprf (x, 2/0) exists in E. 

x<=S 

Theorem 41 Let S be a compact subset of a cone metric space (X, d) . Then 
S is closed and bounded. 



PROOF. From [2], we know that compactness is equivalent to sequential 
compactness in cone metric spaces and closedness is equivalent to sequential 
closedness. Hence, compactness implies closedness easily. Namely, if x n G S, 
x n — ■ x, then by compactness of S there exists a subsequence x nk — > y G S. 
But also x nk — > y. But then by uniqueness of limit in cone metric spaces, 
we must have x = y G S. Also, this can be proved by using that cone 
metric spaces are Hausdorff topological spaces. For the other part, assume S 
is unbounded. Hence, there exists y G S and c >> 0, c G E such that for each 
n G N there exists x n G S such that d (x n , y ) > nc for all n G N or d (x n , y ) 
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is not comparable with nc. This sequence {x n } can not have a convergent 
subsequence since convergent sequences are bounded. 



Recall that in [4] a function / : (X, ||.|| C1 ) — > [Y, ||.|| C2 ) between two cone 
normed spaces is continuous at x G X if for all c >> 0, there exists b >> 
such that \\f (x) — f (xo)\\ < c whenever x G X, \\x — Xo\\ < b. 

Given that cone normed spaces are cone metric spaces and cone metric spaces 
are topological spaces, it is easy to show that / is continuous at xq if and only 
if f^ 1 (V) is open in (X, ||.|| Cl ) for any open V in \Y, ||.|| C2 ) containing / (xq) . 

The next example is given to generalize the Banach space C [a, b] of real- valued 
continuous functions on [a, b] with the norm ||/|| = max \f (x)\ , f G C [a,b] . 

xS[a,b] 

Definition 42 Let S be a compact subset of (E, \\.\\ A ) and f n :S^Ebea 
sequence of continuous functions between cone normed spaces over E. We say 
that f n converges uniformly to f : S — > E if for all c » 0, c G E there exists 
n such that 

\\f n (x)-f(x)\\ A <c for all n> n (14) 

Theorem 43 Let S be a compact subset of (E, \\.\\ A ) . If f n : (S, \\.\\ A ) — > 
(E, \\.\\ A ) is a sequence of continuous functions such that f n converges uni- 
formly to f : S — > E. Then f is continuous. 



PROOF. Assume f n converges uniformly to / and let x G S and c » 
0, c G E be given. Find n such that 

\\f n (x) - f (x)\\ A < | for all n > n , x G S (15) 



By assumption, the function f no is continuous at Xo, hence, find b » 0, b G E 
such that 

x G S, \\x - x \\ A < b implies ||/„ (x) - f no (x )\\ A < - (16) 



Now, for x G S and ||x — xq\\ a < b we obtain 

||/ (X) -f(x )\\ A < \\f(x) - f no (x)\\ A +\\fn (X) ~ /n (x ) \\ A +\\fn (*„) ~ f M\\ A 

(17) 

Then (15) and (16) give 

\\f(x)-f(x )\\ A < C - + ^+ C -=c (18) 
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Hence, / is continuous at xq and the proof is finished. 

Example 44 LetCE (S) = {/ : (S, \\.\\ A ) — > (E, \\.\\ A ) : / is continuous} , where 
S is a compact subset of(E, \\.\\ A ) ■ Provide Ce (S) with the cone norm \\f\\ c = 
sup ||/ (x) - f (y)\\ A . By the above theorems \\f\\ c = sup ||/(a;) - / (y)\\ A ex- 

x,y£S %,y&S 

ists. 

To prove that {Ce (S) , ||.|| c ) is complete, by means of Theorem 37, 
it would be enough to show that Ce (S) is a (sequential) closed subspace of 
the cone Banach space (E s , \\.\\ s ) . But (sequential) closedness directly follows 
by Theorem 43. 



4 Conclusion 



When E — R, then ||.|| A = |.| = |.| , P — [0, oo) and " <" is the usual 
ordering "less than or equal". Hence, E m ,E°°, generalize the normed spaces 
R m and l°° and Ce (S) generalizes the space of continuous functions C [S] 
where S = [a, b] . Moreover, in this case, the three boundedness definitions 
given in Definition 15 coincide and both of the ||.|| A -convergence and the ||.||- 
convergence gives the usual convergence in R. 

Problem 45 As it is known that compact subsets of finite dimensional normed 
spaces are exactly closed and bounded subsets, it is of sense to ask whether it 
is the case in the m— Euclidean cone normed space E m . 
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Abstract 

In this paper, some sufficient conditions for all solutions of a class of generalized neutral equa- 
tions to approach zero as t — ► oo are presented. Based on Lyapunov's functional approach, some 
new stability criteria are derived. Our results improve and include some related results existing in 
the literature. 

1 Introduction. 

In this work, we study two types of neutral differential equations. First, we consider the generalized 
neutral differential equations of the form 

-(x{t) + c{t)x{t-T)) = -p(t)x(t)-q(t)h{x{t))x{t-o-), t>t , (1.1) 

at 

where r and a are positive real numbers, c(t),p(t),q(t), h(x(t)) : [to,oo) — » [0, oo) are continuous 
functions and c(t) is diffcrcntiable with locally bounded derivative. In the investigating of the stability 
of the solution of the generalized neutral differential equation (1.1), we follow the way used in the 
paper of Agarwal and Grace [6]. It should be noted that, in 2000, Agarwal and Grace [6] proved an 
asymptotic stability result for solutions of the following neutral differential equation: 

-(x(t) + c(t)x(t - t)) = -p{t)x(t) - q(t)x(t -a), t> t . 
at 

Hence, it is clear that Equation (1.1) includes the equation investigated by Agarwal and Grace [6]. 
Namely, when h(x(i)) = 1, Equation (1.1) reduces to the equation discussed by Agarwal and Grace [6]. 
They employed Lyapunov's functional approach to verify the results established there. We also utilize 
the same method. 
Second, we investigate the asymptotic behaviors of solutions of the generalized neutral delay equation 

— (x(t)+px(t-T)) = -h(x(t))x(t) + btanhx(t-o-), t>t , (1.2) 

at 

where 6, r and a are positive real numbers, \p\ < 1 and h(x(t)) : [to,oo) — ► [0,oo) is a continuous 

function. 

It is worth mentioning that, in 2000, 2004 and 2008, El-Morshedy and Gopalsamy [1] and Park [2,3] 

discussed the convergence and stability of the solutions of the following neutral differential equation: 

— (x(t) + px(t — t)) = —ax{t) + 6tanhx(t — o~), i > to- 

Obviously, Equation (1.2) includes the equation investigated El-Morshedy and Gopalsamy [1] and 

Park [2,3], since they investigated the case h(x(t)) = a in Equation (1.2). In the analyzing the 

stability of the solution of this equation, we follow the procedure introduced in El-Morshedy and 

Gopalsamy [1] and Park [2,3]. 

At the same time, for some papers published on the qualitative behaviors of solutions of various neutral 

differential equations, we refer the reader to the papers of [1-6] and the references thereof. These types 

of equations are used for the study of dynamic characteristics of neural networks of Hopfield type 

(see [4] and references cited therein). 

Throughout this article, C([io — H,to],^) denotes the complete space of continuous functions from 

[to — H, to] to R. With each solution x(t) of Equations (1.1) and (1.2), we assume the initial condition: 

x(s) = <t>(s), s 6 [to — H, to], where H = max{r, a} , (j) E C([t — H,t ],R). 
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2 Main Results 

First, we will study the stability of the neural networks of the generalized neutral type differential 
equation (1.1). We assume that there exist nonncgative constants Ci, c 2 , pi, p 2 , Qi, qi, h\ and h 2 such 
that for t > to, 

Pi < P(t) < P2, <Zi < q(t) < <Z2, c(t) < Cl < 1, |c'(t)| < c 2 , and /n < h{x{t)) < h 2 . (2.1) 

Theorem 2.1 ^4ssw7ie t/iat condition (2.1) holds. Beside this, if 

Pi + qihi > (p 2 + q2h 2 )(ci + q 2 h 2 a) (2.2) 

then every solution x(t) of Equation (1.1) is asymptotically stable. 
Proof. Equation (1.1) can be written in the following form 

— (x(t) + c(t)x(t-T) - / q(s + a)h(x(s + a))x(s)ds\ = -p(t)x(t)-q(t+a)h(x(t+cr))x(t) (2.3) 

Define the operator D : C([to — H,to],M) — > R as 

D(x t ) = x(t) + c(t)x(t - t) - I q(s + a)h(x(s + o-))x(s)ds. (2.4) 

Consider the Lyapunov functional defined by 

V(t) = D 2 (x t ) + / [p(s + cr)+ q(s + 2a)h(s + 2a)} ( q(u + <r)h(u + a)x 2 (u)du) ds 



+ / [p(s + t)+ q(s + o- + r)h(s + cr + t)]c(s + r)x 2 (s)ds. 

Jt-T 

The time derivative of V along solutions of Equation (1.1) is given by 

dV(t) 



dt 

fi 



2D(x t )D'(x t ) 



-\p(t) + q(t + (j)h(x(t + a))} / q(u + a)h(x(u + a))x 2 (u)du 

Jt-tT 

+q(t + a)h(x(t + o-))x 2 (t) I [p(s + a) + q(s + 2a)h(x(s + 2a))}ds 

Jt-a 

+ [p(t + T) + q(t + o- + r)h(x(t + a + r))]c{t + r)x 2 (t) - [p(t) + q(t + a)h(x(t + a))]c(t)x 2 (t - r). 
Using the result 

2D(x t )D'(x t ) = -2[p(t) + q(t + a)h(x{t + a))]x 2 (t) - 2x(t)x{t - T)[p(t)c{t) + c(t)q(t + a)h(x(t + a))} 
+2[p(t) + q(t + a)h(x(t + a))]x(t) / q(s + <r)h(x(s + a))x(s)ds 

Jt-a 

and the inequalities —2x(t)x(t — t) < x 2 (t) + x 2 (t — r) and 2x(t)x(s) < x 2 (t) + x 2 (s), we have 
2D(x t )D'(x t ) < \-2{p(t) + q(t + a)h(x(t + cr))) +p{t)c(t) + c(t)q(t + a)h(x(t + a))]x 2 (t) 

+ \p(t) + q(t + <j)h(x(t + <r))]x 2 (t) / q{s + (j)h(x(s + cr))ds 

Jt-a 

+ \p(t) + q(t + o-)h(x(t + a))} / q(s + o-)h(x(s + a))x 2 {s)ds 

Jt-a 

+ \p(t)c(t) + c(t)q(t + a)h(x(t + <r))]x 2 (t - r). 
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Therefore, we obtain 

— p < [-2(p(i) + q(t + a)h(x(t + a))) + p(t)c(t) + c(t)q(t + a)h(x(t + cr))}x 2 (t) 

+ \p(t) + q(t + a)h(x(t + <j))]x 2 (t) / q{s + a)h(x(s + a))ds 

Jt-a 

+q(t + a)h(x{t + a))x 2 (t) / [p(s + a) + q(s + 2a)h(x(s + 2a))]ds 

Jt-a 

+ [p(t + r)+q(t + a + r)h(x(t + a + r))]c(t + T)x 2 {t). 
Thereafter, using the inequalities (2.1) and (2.2) we find 

^P~ <-2[(pi+qih 1 )-(p 2 +q 2 h 2 )(c 1 +q 2 h 2 a)}x 2 (t) < 0, f or t > T > t . (2.5) 

at 

Integrating inequality (2.5) from T to t, we have 

V(t) + 2[(pi + Q-i/n) - (p2 + q2h 2 )( Cl + q 2 h 2 a)] I x 2 (s)ds < V(T) < oo. 

Jt 

Hence, we see that V(t) is bounded on [T, cxd) and x(t) G L 2 [T, oo). Since V(i) is bounded on [T, oo), 
one can easily see that there exists a constant 71 > 0, 

\x{t)\ < 7i+ci|a;(i-r)|+ / q(s + <r)h(x(s + a))x(s)ds 

Jt-a 

< 71 + ci\x(t — t)\ + qihio max \x(s)\ 

t — H<s<t 

< 7i + (ci + q 2 h 2 a) max \x(s)\ 

t — H <s<t 

But the inequality (2.2) yields that c\ + q 2 h 2 a < Pl ^ 9l /i 1 < 1. The rest of the proof is similar to that 

of Theorem 1 in [6] . I 

In order to illustrate to Theorem 1 proved above, we modified Example 1 in [6] as follows. 

Example 1. The neutral equation 

i { x{t) + r (t - CT) ) - - x{t) - (1 + e2t) {] + h) TT%) x{t - a)t ^ 2 

has a solution x(t) = er l — > as t — > 00. All conditions of Theorem 1 are satisfied if we take 
Ci = |, c 2 = \, pi = p 2 = 1, qi = 0, q 2 = |, /ii = 0, /i 2 = 1, and r = a < £■. 
Now, we present the following theorem. 

Theorem 2.2 Assume that in Theorem 2.1, instead of condition (2.2) if we replace 

Pi > (j>2 + q2h 2 )c 1 + q 2 h 2 (2.6) 

then the conclusion of Theorem 2.1 still holds. 

Proof. We use the Lyapunov functional defined by 

V(t) = (x(t) + c(t)x(t - t)) 2 + q(s + a)h(x(s + er))(l + c(s + a))x 2 ds 

Jt-a 

+ / [p(s + t) + q(s + r)h(s + t)]c(s + T)x 2 (s)ds. 

Jt-T 

Define the operator D : C([io — H,to],^) — > R as 

D(x t ) = x(t) +c(t)x(t-r). 
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The time derivative of V along the solution of Equation (1.1) is given by 

dV(t) 



dt 



Since, 



= 2D(x t )D'(x t ) + q(t + cr)h(x(t + ct))(1 + c(t + cr))x 2 (t) - q(t)h(x(t))(l + c(t))x 2 {t - a) 
+ [p{t + r) + q(t + r)h(t + T)]c(t + r)x 2 (t) - [p(t) + q{t)h(t)]c{t)x 2 (t - r). 

2D(x t )D'(x t ) = -2(x(t) + c(t)x(t - T))(p(t)x(t) + q(t)h(x(t))x(t - <j)) 
= -2p(t)x 2 (t) - 2p{t)c(t)x(t - r)x(t) - 2q{t)h(x(t))x(t - a)x(t) - 2c(t)q(t)h(x(t))x(t - a)x{t - t 
then using the inequality — 2x(t)y(t) < x 2 (t) + y 2 (t), we obtain 

2D(xt)D'(x t ) < -2p(t)x 2 {t) +p(t)c{t)x 2 {t-T) +p(t)c(t)x 2 (t) + q{t)h(x(t))x 2 {t- a) 
+q{t)h(x{t))x 2 {t) + c{t)q(t)h(x(t))x 2 (t - a) + c(t)q(t)h(x(t))x 2 (t - r). 
Therefore, 

dV(t) 



(II 



= {-2p{i) +p{i)c{t) + q(t)h(x(t)) + q(t + a)h(x(t + a))(l + c(t + a)) 

+ [p(t + r) + q(t + r)h(t + r)}c(t + r)}x 2 (t) 
< {-2pi +p 2 ci +q 2 h 2 +92/12(1 + Ci) + [p 2 +q2h2JCi}x 2 {t). 



So that, we have 



dV(t) 
dt 



< -2[pi - (pa + q 2 h 2 )c l - q 2 h 2 ]x 2 (t) < 0, f or t > T > t . 



(2.7) 



Integrating inequality (2.7) from T to t, we get 



V(t) + 2[pi - (p 2 + q 2 h 2 ) Cl - q 2 h 2 ] / x 2 (s)ds < V{T) < 00. 

The rest of the proof is similar to that of Theorem 1. I 

Now, we are going to investigate the asymptotic stability of generalized neutral differential equation 
(1.2). In this investigation we will follow the articles [2,3]. The results we obtained here generalize 
and include the results in the mentioned articles. * represents the elements below the main diagonal 
of a symmetric matrix. The notation X > Y , where X and Y are matrices of same dimensions, means 
that the matrix X — Y is positive definite. 
Equation (1.2) can be written in the form 



x{t) + px(t — t) + b / tanhx(s)] = — h{x{t))x{t) — 6tanhx(i), t > to- 



dt l 



Define the operator D : C([to — H, to], I 



as 



D(xt) = x(t) + px(t — a) + b / tanh x(s)ds. 

Jt-a 



(2.8) 



(2.9) 



Now, we have the following theorem 

Theorem 2.3 Assume that 

h(x(t)) > a > 0. 

For given a > 0, every solution x(t) of Equation (1.2) satisfies x{t) —* as t — > oo, if there exists the 
positive scalars a, [3 and 7 such that two linear inequalities hold 



fil 



—7a + a —^yph(x(t)) 76 —jbh(x(t)) 

* —a jbp 

* * —7a + j3o~ 6 2 7 

* * * 

n l = \ P \-i + o-b< 0. 







<o, 



(2.10) 
(2.11) 
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Proof. Consider the Lyapunov functional denned by 

V(t) =jD 2 (x t ) + a x 2 (s)ds + f3 (a - t + s) tanh 2 x(s)ds 

it-T it-a 

where a, f3, and 7 are positive scalars to be chosen later. 

The derivative of V(t) along the solution of Equation (2.8) is given by 



(2.12) 



dV 
~dt 



27 ( x(t) +px(t -t) +b / tanhx(s)c2s (-h(x(t))x(t) + btanhx(t)) + ax 2 (t) - ax 2 {t-r) 



+/3<rtanh 2 x(t) — f3 I tanh 2 x (s) ds 



-2jx(t)h(x(t))x(t) - 2pjh(x(t))x(t)x(t - r) - 2bjh(x(t))x(t) / tanh;r(s)ds + 2b>yx(t) tanhx(i) 

it-a 

+2bjrfx(t - t) tanh.x(t) + 26 2 7tanha;(t) / tanh x{s)ds + ax 2 (t) - ax 2 (t - r) 

it— a 

pt 

,2 _/i\ n I 4-^^k2 



+/3crtanh x(t) — /3 / tanh x(s)ds 



t—a 



< -2ajx 2 (t) - 2pjh(x(t))x(t)x(t - r) - 2bh(x(t))jx(t) / t&nhx(s)ds + 2bjx(t)ta,nhx(t) 



t-o 

+2bpjx(t - t) tanhx(t) + 26 2 7tanhx(t) / tanh x{s)ds + ax 2 (t) - ax 2 (t - t) 

it-a 

r t 

,2„/.n a / j-„„u2 



+/3crtanh x(t) — (3 / tanh x(s)ds 



t-o 



Here, for vector function y, using the well-known inequality 



i T r rt 



y(s)ds 



y(s)ds 



we have 



<v V (s)y(s)ds 

it-a 



-i 2 



f 8 f 

—Q I tanh x(s)ds < / tanh x(s)ds 

it-a a Ut-a 

Also, by utilizing the relation tanh 2 x(t) < x 2 (t), we have 

—ajx (t) < — (27 tanh x(t). 
Substituting the relations (2.13) and (2.14) into the preceding inequality gives that 



dV 

~dt 



where 



< x T mix(t), 

x(t) 

x(t - t) 

tanh x (t) 

L_ tanh x(s)ds 



(2.13) 



(2.14) 



(2.15) 



(2.16) 



Then, the rest of the proof is similar to that of Theorem 1 in [2] . HI 

Remark 1. In Theorem 2.1 and Theorem 2.2, if we take h(x(t)) = 1, these theorems reduce to 

Theorem 1 and 2 in [6], respectively. 

Remark 2. In Theorem 2.3, if we take h(x(t)) = a > 0, this theorem reduce to Theorem 1 in [2]. 
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Abstract. Wang in [1] solved an open problem described by Farin in [2], he constructed 
a C 2 quintic spline interpolation scheme on a refined triangulation. In this paper, we would 
like to improve Wang's study by enforcing some additional smoothness conditions across the 
interior edges of Wang's refinement of triangulation A. The results imply that our improvement 
interpolation scheme is more effective than other counterparts. 

Keywords: Quintic spline; Improvement; B-coefficients; Spline space; Interpolation scheme. 

MCS: 65D07; 41A15; 41A63 

1 Introduction 

Given a regular triangulation A of a connected polygonal domain Q, we denote the set of 
vertices in A by V, the set of edges by S and the set of triangles by M in A. Let 

S r d (A) = {se C r (Q) : s\ T e V d ,VT e A/"} (1) 

be the spline function space of smoothness order r and degree d, where Vd denotes the space 
of bivariate polynomials of total degree being at most d. 

Bivariate splines are very flexible for approximating known or unknown functions or any 
given data sets, they have been playing an important role in surface fitting and computer 
aided geometric design (CAGD). Many bivariate C 1 and C 2 spline interpolation schemes have 
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been constructed and used in applications. It is well-known that the dimensions of space 
Sj(A) with d < 3r + 2 on an arbitrary triangulation are still open. Since the bivariate 
spline with lower degrees versus smoothness orders are very important and favorable because 
of the simplicity and efficiency in calculation, many bivariate spline interpolation schemes 
with lower degrees were constructed on some kinds of special and refined triangulations. For 
example, related to C 2 quintic spline interpolation scheme, Alfeld in [3] used Clough- Tocher's 
refinement twice to construct a C 2 quintic spline interpolation scheme on A^, where A^ 
denotes Alfeld's refinement of A by using double Clough- Tocher's refinement. Sablonniere in 
[4], Lai in [5, 6] and Alfeld in [7] used Powell-Sabin's refinement to construct a bivariate C 2 
quintic interpolating spline function in S 2 (A PS ) or subspace of S 2 (A PS ), where Ap S denotes 
Powell-Sabin's refinement of A. Wang in [1] subdivided each triangle of A into 7 subtriangles 
and constructed a bivariate C 2 quintic interpolating spline function in S 2 (Aw), where Aw 
denotes Wang's refinement of A. 

Among these C 2 quintic spline interpolation schemes, Alfeld's and Wang's schemes leads 
to more basis functions, this may be a disadvantage for certain applications from the point of 
view of efficiency In this paper, we would like to improve Wang's study [1] by enforcing some 
additional smoothness conditions across the interior edges of Wang's refinement. The results 
imply that our improvement scheme is more advantageous. 

2 Notations and Preliminaries 

Throughout the paper, let T be a triangle, we denote the three vertices of T in counter clockwise 
direction by Vq, V\ and v%, then every polynomial s G Vd associated with T can be written 
uniquely in the Bernstein-Beiier form 

S = 2-*/ C ijk®ijki (2) 

i+j+k=d 

where {Bfj k }i + j + k=d is the Bernstein basis polynomials of degree d on the triangle T, and c^- fc 
are called the B-coefficients of s associated with the domain points & k = (iv + jv\ + kv2)/d, 

i + j + k = d. 

For each vertex v G V, we define the usual rings and disks of domain points 

Rniy) := {g jk : i = d-n}, 



D n (v) := {£ jk : i>d-n}. 

Let 5*°(A) be the space of continuous splines of d on the triangulation A, and let X^a be 
the union of the sets of domain points associated with each triangle of A. Then each spline 
in S^(A) is uniquely determined by its set of B-coefficients {c^}^ e x) dA , and the B-coefficients 
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of the polynomial s \t are precisely {c^}^v dA \jr- We recall (cf. [8]) that a determining set for 
a spline space S C S^(A) is a subset M. of domain points T>d,t\ such that if s G S and c^ = 
for all £ G At, then 0^ = for all 77 G "P^a, «.e., s = 0. M. is called a minimal determining 
set (MDS) for S if there is no smaller determining set. It is known that Ai is a MDS for S if 
and only if every spline s G S is uniquely determined by its set of B-coefficients {c^}^ e x, and 
dim,!} = M, where M denotes the cardinality of Ai. Moreover, for each £ G M., let B^ be the 
unique spline in S satisfying 

\B^ = % T; , for all rj G M, (3) 

where A,, is the linear functional which picks off the B-coemcient c v . Then the set {B^^m is 
a basis for S, we call it the dual basis corresponding to M.. 

Let T :=< Vq,V\,v 2 > and T :=< i>3,i>2,i>i > be two adjacent triangles, they share the 
common edge e :=< v±,v 2 >, and let c^ and c^ be the B-coemcients of the B-form of St and 
Sf, respectively. Following [9], for any < n < m < d, let r" m be the linear functional defined 
on S° d (A) by 

then the condition that s is C r smooth across the edge e is equivalent to 

^"m- 5 = u > n < m < rf, < n < r. (5) 

The following lemma [8] shows how this works for computing coefficients on the ring 
Rl(v 2 )URl(v 2 ). 

Lemma Suppose T and T are two triangles defined as above, and that all B-coefficients 
Cijk and Cijk of the B-form st and Sf are known except for 

Cf • Ci/jd— m,m— vi V <• t 1, •••, q, ,_s 

Cf • Cv,m—v,d—rm V » "T -L, •••, 9, 

for some /, m, g, g with < g, g, — 1 < / < q, q, and q + q — l < m < d. Then these B-coefficients 
are uniquely determined by the smoothness conditions (5). 

To be more precise about what we are going to study in this paper, following [1], we 
introduce some notations and definitions about Wang's refinement of triangle T. 

(1) Take three interior points w\, w 2 and w 3 in triangle T, where Wj = ^Vj + ffj+i + ^Vj +2 
and t) J+3 = Vj, j = 1,2,3; 

(2) Join Vj to Wj and Vj to Wj+i, where Wj + s — Wj, j — 1, 2, 3. 

By means of the above process, we can get Wang's refinement T\y (Fig.l) of triangle T. 
Now we define subtriangles tk (k — 0, 1, • • • ,6) in TV, suppose 

t ■=< w 1 ,w 2 , w 3 >, t 2 i-i :=< v i+1 , v i+2 , Wi >, t 2i :=< v i+2 , w i+1 ,Wi >, 

where i — 1,2,3 and Vi+z = Vi, Wi +3 = Wi. 
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Figure 1: Wang's refinement T w . 

A ^ 

3 The spline space Sg (T w 



Given Wang's refinement T w of triangle T, we denote the edge < w iy w i+ i > by e« for i = 1,2, 3, 
where w 4 = tui. 

Theorem 1. Let S 2 (T W ) be the subspace of S 2 (T W ) satisfying the following set of addi- 
tional smoothness conditions: 

r e 3 ii3 s = 0, z = l,2,3, (7) 

then dim S'l(Tpv) = 30, and the set M.t of the following domain points is a MDS for Sf (Tw). 
1)^,^ = 3,4,5; i + j + k = 5; 1 = 1,2,3, 

r\\ ftll — 1 £*2i— 1 c^2l-l 1 1 O O 

Z J ?122 ' ?221 ' S212 ' ' ~~ Li^id. 

Q\ t*0 t*0 t*0 
°V S221, S1225 S212- 

These domain points are marked by • in Fig.2. 

Proof: Firstly, we show that M. T is a determining set for S 2 (Tw)- Suppose s is a spline in 
S 2 (T W ) whose B-coefficients corresponding to points in M. T are set to prescribed values, then 
we show that all of its remaining B-coefficients associated with domain points T w are uniquely 
determined. 

QThe B-coefficients corresponding to points which marked by o in D 2 (vi) (i = 1, 2, 3) can 
be uniquely computed from those corresponding to domain points in item 1) in Theorem 1 by 
Lemma. 

(2) Item 2) in Theorem 1 and C 2 smoothness condition across edge < Vi,Wi + \ > and < 
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Figure 2: The MDS for spline space S 2 (T W ) in Theorem 1. 



Vii Wi + 2 > make the remain B-coemcients associated with 4 domain points which marked by ■ 
in Rs{vi) to be uniquely computed, where i — 1, 2, 3 and w^ — w±, W5 = u?2- This computation 
involves solving a non-singular linear system equation. 

(3) We now compute the B-coemcients associated with 3 domain points which marked by A 
in t 6 and to, by using C 2 smoothness condition across the common edge e?„ :=< 103,101 > and 



the condition r^ 3 s = 0, we can get 



Jo 



-023 



J& 
-122 

Jo 



_Jo _i_ Jo _i_ tJa 
a C 221 t 1-122 ^ a c 221, 



n 211 ^ c 122 ' 9 221 ' 



-C 



*6 

302 



Jo 
-221 



4ClO0 + iCoi 



212, 



-320 

then these 3 B-coemcients Cq° 23 , c4 22 an d c^o can be uniquely computed. Similarly, we can 
compute the remain B-coemcients associated with domain points which marked by ▲ in to, ^2 
and t4. 

(4)Next we use Lemma to compute the B-coemcients associated with 2 domain points which 
marked with □ in t and t 2 j for i = 1, 2, 3. 

(5) Then use Lemma to compute the B-coemcients associated with 2 domain points which 
marked by © in t 2 , for i = 1, 2, 3. 

©Use Lemma to compute the B-coemcients associated with 2 domain points which marked 
by in t 1; t 3 and t 5 . 

©Use Lemma to compute the B-coemcients associated with a domain points which marked 



CHEN, LIU: QUINTIC SPLINE INTERPOLATION 765 

by ♦ on Ci for % — 1, 2, 3. 

(S) Finally, use Lemma to compute the B-coefficients associated with 6 domain points which 
marked by on edge < Vi,w 3 >, < v 2 , W\ > and < v 3 , w 2 >■ 

Following above computation, we conclude that M. is a determining set for S 2 (Tw)- Since 
spline space Sf(TV) is the subspace of S 2 (Tw) which requires additional 3 conditions, thus 

dim Sl(T w ) - 3 < &imSl(T w ) < 30. 

Noticing that dim Sf (TV) = 33 [1], we conclude that M.t is a MDS for Sf (TV) and dim Sf (TV) - 
30. ■ 



4 The spline space 5f(A 



w 



Let Aiy be a Wang's refinement of triangulation A and S 2 (Aw) be the subspace of all splines 

in S 2 (Aw) satisfying the additional smoothness condition (7) in each TV- In addition, we 

denote the perpendicular cross-derivative across the edge e :=< v^Vj > by D e , for any 1 < k, 

let 

._ (k-l + IK + Ivj , _ 1 , 

Based on above results, we have the following 

Theorem 2. dimS'!(Aty) = 6V + 3E + 3N, and any element in Sf (A^y) is uniquely 
determined by the following conditions: 

1) the derivatives D%D$s(v) for < a + (3 < 2 and all v E V, 

2) the derivatives D^s^^), • • • , D^s(rjl k ) for A; = 1, 2 and all e E S, 

3) the derivatives D^lrj^) for all e6^ 0l 

where £o denotes the set of edges of each triangle to in Aw and V, E, N denote the number of 
vertices, edges, triangles of A. 

Proof: Let M. w be the set consisting of the following domain points: 

QFor each vertex v of A, choose a triangle t of Aw attached to v and include D^v); 

(2) For each edge e =< Vi,v 2 > of A, let t =< Vi,v 2 ,v 3 > be a triangle of A w containing 
the edge e. Then include the points ^21 5 £122 > £212; 

(3) For each triangle t in A w , include the points £221' £122; £212- 

Clearly, the cardinality of Aiw is 6V^ + 3E + 3N. Similar to the proof of Theorem 1 and 
C 2 smoothness on two arbitrary adjacent triangle of the triangulation Aw, this theorem can 
be easily proved. ■ 

In view of Eq. (3) and Theorem 2, we can form a dual basis for S 2 (Aw)- For each £ e Aiw, 
it is easy to see that the basis function Bf has local support. 
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1) If £ is point as in item Qof the proof of Theorem 2, then supp(B^) is contained in the 
union of all triangles of A sharing the vertex v. 

2) If £ is point as in item (2) of the proof of Theorem 2, then supp(B^) is contained in T |J T, 
where T and T are the triangles of A sharing the edge e. (If e is a boundary edge of A, then 
there is only one such triangle, and it is the support set). 

3) If £ is point as in item (3) of the proof of Theorem 2, then supp(B^) is is only one triangle 
T, where T contains £ in A. 

We end this paper with the following remarks. 

Remark 1. The computation detail of item @ and (2) in the proof of Theorem 1 are 
described in [1]. 

Remark 2. In comparison with Wang's interpolation scheme in [1], our improvement 
method is more efficient. Firstly, the dimension of Sf (A^) is bigger than that of Sf (Ay^), so 
our improvement method needs fewer locally supported basis functions. Then, in this paper, 
no large linear system needs to be solved as in [1]. 

Remark 3. For the purpose of comparison, we also list the dimensions of spline spaces 
mentioned in §1: 

(l)dim5 5 2 (T A ) = 37, see [3]; 

(2)dimS 5 2 (T P5 ) = 31, see [4, 6]; 

(3)dimS 2 (Tp5) = 37, see [5]; 

(4)dimS 2 (T P s) = 30, see [7]; 

(5) dim Sl(T w ) = 33, see [1]. 

Remark 4. In [4, 5, 6, 7], they all produce an interpolant spline function which is in C 3 
at all vertices of A, this may be a disadvantage for certain applications. 
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SOME GEOMETRIC AND TOPOLOGICAL PROPERTIES OF 

A NEW SEQUENCE SPACE DEFINED BY 

DE LA VALLEE-POUSSIN MEAN 

NECIP §lM§EK , EKREM SAVA§, AND VATAN KARAKAYA 

Abstract. The main purpose of this paper is to introduce a new sequence 
space by using de la Vallee-Poussin mean and investigate both the modular 
structure with some geometric properties and some topological properties with 
respect to the Luxemburg norm. 



1. Introduction 

In summability theory, de la Vallcc-Poussin's mean is first used to define the 
(V, A)-summability by Leindler [9]. Malkowsky and Sava§ [14] introduced and stud- 
ied some sequence spaces which arise from the notion of generalized de la Vallcc- 
Poussin mean. Also the (V, A)-summable sequence spaces have been studied by 
many authors including [6] and [21]. 

Recently there has been a lot of interest in investigating geometric properties 
of several sequence spaces. Some of the recent work on sequence spaces and their 
geometrical properties is given in the sequel: Shuc [22] first defined the Cesaro 
sequence spaces with a norm. In [11], it is shown that the Cesaro sequence spaces 
cesp (1 < p < oo) have Kadec-Klee and Local Uniform Rotundity(LUR) proper- 
ties. Cui-Hudzik-Plucicnnik [4] showed that Banach-Saks of type p property holds 
in these spaces. In [15], Mursaleen et al. studied some geometric properties of 
normed Euler sequence space. Karakaya [7] defined a new sequence space involving 
lacunary sequence space equipped with the Luxemburg norm and studied Kadec- 
Klee(-ff), rotund(i?) properties of this space. Quite recently, Sanhan and Suantai 
[19] generalized normed Cesaro sequence spaces to paranormed sequence spaces by 
making use of Kothc sequence spaces. They also defined and investigated modular 
structure and some geometrical properties of these generalized sequence spaces. In 
addition, some related papers on this topic can be found in [1], [2], [5], [16], [17], [20] 
and [24]. 
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In this paper, our purpose is to introduce a new sequence space defined by de la 
Vallee-Poussin's mean and investigate some topological and geometric properties 
of this space. 

The organization of our paper is as follows: In the first section, we introduce some 
definition and concepts that are used throughout the paper. In the second section, 
we construct a new paranormed sequence space and investigate some geometrical 
properties of this space. Finally, in the third section, we construct the modular 
space V p {X;p) which is obtained by paranormed space V{X;p) and we investigate 
the Kadec-Klee property of this space. We also show that the modular space 
V p (X;p) is a Banach space under the Luxemburg norm. Also in this section, we 
investigate the Banach-Saks of type p property of the space V P (X). 

2. Preliminaries, Background and Notation 

The space of all real sequences x — (x(i))^ 1 is denoted by £°. Let (X, ||.||) (for 
the brevity X = (X, ||.||) ) be a normed linear space and let S(X) and B(X) be 
the unit sphere and unit ball of X, respectively. 

A Banach space X which is a subspace of £° is said to be a Kothe sequence space, 
if (see [10]) ; 

(i) for any x G £° and y G X such that \x(i)\ < \y(i)\ for all i G N, we have 
x G X and ||x|| < ||y|| , 

(ii) there isiel with x(i) > for all ieM. 

We say that x G X is order continuous if for any sequence (x n ) in X such 
that x n (i) < \x(i)\ for each i G N and x n (i) — ► (n — ► oo), ||x„|| — ► holds. A 
Kothe sequence space X is said to be order continuous if all sequences in X are 
order continuous. It is easy to see that x G X is order continuous if and only if 
||(0,0,...,0,ar(n + l),a;(n + 2),...)|| -> as n -> oo. 

A Banach space X is said to have the Kadec-Klee property (or property (H)) 
if every weakly convergent sequence on the unit sphere with the weak limit in the 
sphere is convergent in norm. 

Let 1 < p < oo. A Banach space is said to have the Banach — Saks type p or 
property (BS P ), if every weakly null sequence (xk) has a subsequence (Xk t ) such 
that for some C > 0, 



J2 Xk * 

1=0 



<C(n+l)p 



for all n e N (see [8]). 

For a real vector space X, a functional p : X — > [0,oo] is called a modular if it 
satisfies the following conditions: 

i) p(x) = O i = 0, 

ii) p(ax) = p{x) for all a G F with |a| = 1, 

hi) p(ax + /3y) < p(x) + p{y) for all x, y G X and all a, (3 > with a + /3 = 1. 
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Further, the modular p is called convex if 

iv) p(ax + (3y) < ap(x) + f3p(y) holds for all i,i/6l and all a, (3 > with 
a + f3=l. 

If p is a modular in X, we define 

X p = {x G X : p(\x) -> as A^0 + }, 

X* = {x G X : p(Xx) < oo for some A > 0} . 

It is clear that X p C X* If p is a convex modular for x G X p , we define 

||a;|| L -inf{A>0:p(^)<l} 

and 

\\x\\ A =mi\(l + p(Xx)). 

A>U A 

If p is a convex modular on X, then A" p = X* and both || • \\l and || • ||^ is a norm 
on X p for which X p is a Banach space. 

The norms || • ||l and || • ||_4 are called the Luxemburg norm and the Amemiya 
norm(Orlicz norm), respectively. 

In addition 

M\l< |NU<2||a:||L 
for all x e X p holds (see [18]). 

A sequence (x n ) of elements of X p is called modular convergent to x G X p if 
there exists a A > such that p(X(x n — x)) —t0 asn-> oo. 

Proposition 2.1. Let (x n ) C X p . Then \\x n \\L — * (or equivalently \\x\\a — ► 0) 
z/ and on/y i/ p(X(x n )) — > as n ^ oo, /or eiiery A > 0. 

Proo/. Sec [18, p.15, Th.l]. | 

Throughout the paper, the sequence p = (p^) is a bounded sequence of positive 
real numbers with p^ > 1, also -ff = swp k pk and M = max{l, H}. 
Besides, we will need the following inequalities in the sequel; 

(2.1) |o fc + 6 fc | p * <K(\a k \ Pk + \b k \ p ") 

(2.2) \a k + b k \ tk <\a k \ tk + \b k \ tk 

where t k = jj < 1 and K = max{l, 2 H ~ 1 } with H = sup k p k - 

Now we begin the construction of a new sequence space. 

Let A = (Afe) be a nondecreasing sequence of positive real numbers tending to 
infinity and let Ai = 1 and Afc+i < Afe + 1. 

The generalized dc la Vallec-Poussin means of a sequence x = (x k ) are defined 
as follows: 

t k (x) = — y Xj where L k = [k — \ k + 1, k] for k = 1,2, ... . 
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[V, A] = {x e £° : X - le e [V, A] , for some / e C} 



and 



[V, A]oo = < x e £" : su Py- E \ x i\ < °° 
[ k k jeik 

for the sequence spaces that are strongly summable to zero, strongly summablc and 
strongly bounded by the de la Vallee-Poussin method (see [9]). In the special case, 
if we take Afe = k for k = 1, 2, ... the spaces [V, A]o, [V, A] and [V, AJoo reduce to the 
spaces wo, w and w^ introduced by Maddox [12]. 

We now define the following new paranormed sequence space: 

Pk 



fe=i \" K jei k 



V(\:p):= {'=Uj]^:E|^EWI " * 



The space V(A; p) is reduced to some special sequence spaces corresponding to 
special cases of sequence (Afe) and (pfc). For example: If we take A& = k, we obtain 
the space ces(p) defined by [23]. If we take Afe = k and Pk = P for all k e N, the 
space V(\;p) reduces to the space ces p defined by [22]. 

3. Some Topological Properties Of The Sequence Space V(X;p) 

In this section, we will give the topological properties of the space V(X;p). We 
begin by obtaining the first main result. 

Theorem 3.1. a) The space V(\;p) is a complete paranormed space with respect 
to paranorm defined by 



(3.i) h(x)-.= (E ( x: Ei- ; 



Pk\ -h 



fc=i \ je/fc 



b) if Pk — P\ the space V{X;p) reduced to V p {\) defined by 

y p (A):=L = (*,)e^El^EN) <^ 

And the space V p {X) is a complete normed space defined by 

IWkw := E U; E N (i<p<oo). 
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Proof, a) The linearity of V(A; p) with respect to coordinatewise addition and scalar 
multiplication follows from the inequality (2.1). Because, for any i,y£ V(X;p) the 
following inequalities are satisfied: 



Pk\ M 




(3.2) 



:s(i5«)T 



and for any a€l (see [13]) we have 

(3.3) \a\ Pk <max{l,|a| M }. 

It is clear that h(9) = and h(x) = h(—x) for all x <G V(X;p). Again the inequalities 
(3.2) and (3.3) yield the subadditivity of h and 

h(ax) < max{l, |a|}/i(a;). 

Let (x m ) be any sequence of points of the space V(X;p) such that h(x m —x) — ► and 
(a„) also be any sequence of scalars such that a n — > a. Then, since the inequality 

h(x m ) < h(x) + h(x m - x) 

holds by subadditivity of h, the sequence (h(x m )) m€ - N is bounded and we thus have 

_ Pk\ w 

h(a m x m -ax) = I ^ I — ^ \a m x" 
\k=i \ k jei k 

< \a m -a\h{x m ) + \a\h{x m -x). 

The last expression tends to zero as m —> oo, that is, the scalar multiplication is 
continuous. Hence h is paranorm on the space V(X;p). 

It remains to prove the completeness of the space V(X;p). 

Let (x n ) be any Cauchy sequence in the space V(X;p), where x = (x rl ) = 
(xi,X2,x^, ...). Then, for a given e > 0, there exists a positive integer no(s) such 
that 

h(x n ~x m )<- 

for every m,n > rio(e). By using the definition of h, we obtain that 

K k=i \ k jei k ) ) 

for every m,n > no(e). Also we get, for fixed j E N, |a;" — x™| < e for every 
m,n > n (e). Hence it is clear that the sequences (x™) is a Cauchy sequence in R. 
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Since the real numbers set is complete, so we have x" 1 — > Xj for every n > no(ff) 
and as m — ► oo. Now we get 

-M 






< £ J 



If we pass to the limit over the r to infinity and n > no(e) we obtained h(x n —x) < e. 
So, the sequence (x n ) is a Cauchy sequence in the space V(X;p). 

It remains to show that the space V(X;p) is complete. Since we have x = 
x n — x n + x, we get 

(\ Pk / \Pk / \ Pk 

je/fc / fc=i y je/fc y fe=i \ je/ fc 

Consequently, we obtain x G I^(A;p). This completes the proof. 

b) By taking pk = p in (a), it can be easily shown the proof of (b). | 

4. Some Geometric Properties Of The Spaces V p (A;p) And Vp(A). 

In this section we construct the modular structure of the space V(\;p) and since 
the Luxemburg norm is equivalent to usual norm of the space V p {\), we show that 
the space V P (X) has the Banach-Saks type p. 

Firstly, we will introduce a generalized modular sequence space V p (X;p) by 

V p (X;p) := {x £ 1° : p(Xx) < oo, for some A > 0} , 
where 



H§(i£ N ) ) 



It can be seen that p : V p (X;p) — ► [0, oo] is a modular on V p (X;p). 

Note that the Luxemburg norm on the sequence space V^A;^) is defined as 
follows: 

II^IU = inf JA > : P(^) <l}, for allx£V p (X;p) 

or equally 

Pk\ 

w\; L = «■.<{ >. , ii :,,(-)= I > I - > i.,-,i I I si 



■"(^^li-jljsSw) 



In the same way we can introduce the Amemiya norm (Orlicz norm) on the sequence 
space V p (X;p) as follows: 

\\x\\ A = inf \(l + p(Xx)) for all x G VJX;p). 

A>0 A 

We now give some basic properties of the modular p on the space V p (X;p). Also 
we will investigate some relationships between the modular p and the Luxemburg 
norm on V^A;^). 
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Proposition 4.1. The functional p is a convex modular on V p {X;p). 

Proposition 4.2. For any x <G V p (X;p) 
i) if \\x\\l < 1, then p(x) < \\x\\l', 
ii) \\x\\l = 1 if and only if p{x) = 1. 

Proposition 4.3. For any x <G V p (X;p), we have 
i) If < a < 1 and \\x\\l > a, then p(x) > a H ; 
ii) if a > 1 and \\x\\l < a, then p(x) < a H . 

The proofs of the three propositions given above are proved with standard tech- 
niques in a similar way as in [19] and [3]. 

Proposition 4.4. Let (x n ) be a sequence in V p (X;p). Then: 
i) if lim H^hIIl = 1, then lim p(x n ) = 1; 

n — >oo n — >oo 

ii) if lim p{x n ) = 0, then lim H^JIl = 0. 



Proof, (i) Suppose that lim Ha^JI^ = 1. Let e G (0, 1). Then there exists n such 

n — >oo 

that 1 - £ < ||o;„||l < 1 + e for all n > n . Since (1 - e) H < \\x n \\ L < (1 + e) H 
for all n > n by the Proposition 4.3 (i) and (ii), we have p(x n ) > (1 — e) H and 
p{x n ) < (1 — e) H . Therefore lim p(x n ) = 1- 

n — *oo 

(ii) Suppose that ||x„||l -» 0. Then there is an e <G (0,1) and a subsequence 
(x n ) of (x n ) such that \\x n \\l > £ for all k e N. By the Proposition 4.3 (i), we 
obtain that p(x nk ) > e H for all fc e N. This implies that ^(a;^ ) ^> as n — > oo. 
Hence p(x„) -^ 0. | 

Theorem 4.5. The space V p (X;p) is a Banach space with respect to Luxemburg 
norm defined by 

|M| L =inf{A>0:/^)<l}. 

Proof. We show that every Cauchy sequence in V p {X;p) is convergent according to 
the Luxemburg norm. 

Let (x n (j)) be any Cauchy sequence in V p (X;p) and e £ (0,1). Thus, there 
exists no such that \\x n — x m ||^ < e M for all m,n > n . By the Proposition 3.2 
(i), we obtain 

(4.1) p(x n -x m )< \\x n -x m \\ L <e M , 

for all n, m > no, that is; 



£( ^£i* n 0')-* m (j)ij 

fe=i \ fc je/fc / 



< e 



for all m,n > n . For fixed j G N, the last inequality gives that 

\x n (j) - x m (j)\ < e 
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for all 771,71 > tiq. Hence we obtain that the sequence (x"(j)) is a Cauchy sequence 
in R. Since K is complete, x m (j) — * x(j) as to — > oo. Therefore, we have 



(\ Pk 
k jeh J 



for all n>7iQ. 

It remains to show that the sequence (x(j)) is an element of V p {\;p). From the 
inequality (4.1), we can write 



(\ Pk 
k jeh J 



for all m,n > tiq. For every j G N, we have x m (j) — > x(j), so we obtain that 

p(x n - x m ) -» p(x n - x) 
as to — > oo. Since for all n > no, 

(\ Pk / \ Pk 

fc ie/ fc / fe=i \ k jei k J 

as 77i — > oo, then by (4.1) we have p(x™ — x) < ||x™ — x|| L < e for all n > uq. This 
means that x n — » x as n — > oo. So, we have (x„ — x) G ^(Ajp). Since V^Ajp) 
is a linear space, we have x = x„ Q — (x„ — x) G V^(A;p). Therefore the sequence 
space V p (X;p) is a Banach space with respect to Luxemburg norm. This completes 
the proof. | 

Next, we will show that the space V p (X;p) has Kadec-Klee property. To do this, 
we need the following Proposition. 

Proposition 4.6. Let x G V p (\;p) and (x„) C V p (X;p). If p(x n ) — * p(x) as 
n —* oo and X n (j) — ^ x(j) as n — > oo for all j G N, then x n — > x as n ^ oo. 

oo / \» 

Proof. Let e > 0. Since p(x) = \. x~ /_, |#(*)| < oo, there exists j G N 

fc=l \ jG/fc / 

such that 



Pk 

e 



(\ Pk 



(4.2) , , , , 



where K = max{l, 2 x } 
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Pk / \ Pk 

n — > oo 



'<<() 



Since p(x n )~ E Nr E \x n {j)\ -> p{x)- E N- V |x(j)| as 
fc=1 \ 3 ei k I k ='\ jeik J 

and x n (j) —* x(j) as n — > oo for all j <G N, there exists no £ N such that 



(4.3) 



=«o+i \ j'e/fc y fc=n +i \ j'e/fc y 



< 



3£T 



for all n > no. Also, since x n (j) — > x{j) for all j £ N, we have p{x n ) — > p(a;) as 

n — ► oo. Hence for all n > no, we have |x n (j) — x{j)\ < e. As a result, for all n > no, 

we have 

Pk 

s 

3' 



(4.4) 



f X>nO')-*(j)l) < 

k jeh J 



Then from (4.2), (4.3) and (4.4) it follows that for n>n 

Pk 



p(xn-x) = V t- V Mi) -zCOl 

k=i\ Xk 3 ei k J 

= Elf Ew)-^i + £ (f Ew)-^)i 

fe=i \ fc ie/ fc / fc=n +i \ k jeik J 

E (f Ei^(i)i) + E (f Ek 



/'A' 



< 


£ 

3 


+ ^ 


= 


£ 

3 


+ K 


< 


£ 

3 


+ K 


= 


£ 

3 


+ K 



fe=n + l \ j'e-ffc 



Pfc 



fe=n + l \ " jeh 

pM-Jt\ f Ei^wi) + E (f Ei<?')i 



Pfc- 



fc=l V J'€J* 



"n 



fc=n + l \ je/fc 



''W-E rEW)l 



fe=i \ R j£j fc 



fe=n +i \ je/fc 



;»;,■ 



£ 

3# 



£ 

3^ 



=n +i \ ie/fc / 

E (f Ei^)i 



Pfc- 






£ £ £ 

< 3 + 3 + 3= £ - 



This shows that p{x n — x) — ► asn-> oo. Hence by Proposition 4.4 (ii), we have 
||#n — ^Hl^O as n — > oo. | 

Now, we give one of the main result of this paper involving geometric properties 
of the space V p (X;p). 

Theorem 4.7. The space V p (X;p) has the Kadec-Klee property. 

Proof. Let x £ S(V p (X;p)) and (x n ) C B(V p (X;p)) such that ||a; n ||L — ► 1 and 
x n — > x as n — > oo. From Proposition 4.2 (ii), we have p{x) — 1, so it follows 
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from Proposition 4.4 (i) that p(x n ) — ► p(x) as n — > oo. Since x n — > x and the 
i'^-coordinate mapping ttj : V p (X;p) — ► R defined by 7Tj(x) = a;(j) is continuous 
linear function on V p {\;p), it follows that x n (j) — ► x(j) as n — > oo for all j G N. 
Thus, by Proposition 4.6 that x„ — ► x as n — ► oo. | 

We prove the following theorem regarding the Banach-Saks of type p property. 

Theorem 4.8. The space V^(A) has the Banach-Saks of type p. 

Proof. From the Theorem 3.1 b), it is known that the space V P (X) is a Banach space 
with respect to the norm ||x||y (a)- 

oo 

Let (e„) be a sequence of positive numbers for which J^ e n < \. Let (x n ) be a 

weakly null sequence in B{V P {\)). Set 6o = xq = and &i = x ni = x\. Then there 
exists mi e N such that 



E & *« 



,(i) 



<£i 



Vp(A) 



Since (x n ) is a weakly null sequence implies x n — > (coordinatewise) , there is an 
n 2 G N such that 



J2 x n(i)t 



(i) 



j=0 



< £l, 



V P (A) 



where n >n 2 . Set 62 = ^« 2 - Then there exists an m2 > mi such that 



E ^v 



w 



i=m 2 + l 



<e 2 . 



V P (X) 



By using the fact that x n — > (coordinatewise), there exists an 713 > n2 such that 



J2 x n(i)( 



(0 



< e 2 . 



v P W 



where n > n^. 

If we continue this process, we can find two increasing subsequences (toj) and 
(rii) such that 



i=0 



< £i 



Vp(A) 



for each n > rij+i and 



E MOe 



(i) 



i— m, +1 



< e, 



V P (A) 



where bj = x n . . Hence, 



3=0 



Vp(A) 



E E^« eW + E &i(0e (i) + E M*)< 



W 



j=0 \ t=0 



i=rrij — i-\-l 



i=m,j-{-l 



V P (X) 
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< 



n I mj 



E E W)« 

j— \i=77lj_l + l 



< 



(0 

V P (A) 
n / mj 



n /m,_i 



E E wo« 



W 



j=0 \ i=0 



E E w 

j— \ i— rrij-\+ 1 

On the other hand, since 

ll»nllv,(A) = E AlE l X »*C/) 



,w 



Vp(A) 



V P (A) 

n 

2E^- 



n / oo 



E E ^)< 

j—0 \i—nij +1 



(i) 



, k=1 
\P 
""IIVp(A) 

n I rrij 



it can be seen that ||x n ||y ,y. < 1. 



j'e/* 



E E W), 

j— U-mj_i+l 



(i) 



Vp(A) 



n rn 3 ■ / \ i 

- E E ^Ei^i 

j=0 i= mj_i+l \ vGl; / 

n oo / 1 \ P 

j=0 i=0 \ * d£/j / 

< (n + 1). 



Hence we obtain, 



E E *i«)e W 



< (n+1) p. 



Vp(A) 



By using the fact 1 < (n + 1) p for all n G N and 1 < p < oo, we have 



E & , 



< (n+ 1)? + 1 < 2(n+ l)p. 



V P (A) 



Hence 1^>(A) has the Banach-Saks type p. This completes the proof of the theo- 



rem. 
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Abstract 

In this paper we discuss the composition operator on the logarithmic a-Bloch space LB a on the 
unit disk. The main results are as follows: (i) the sufficient and necessary conditions of C v being 
bounded on the LB a and L_B Qj o; (u) the sufficient and necessary conditions of C v being compacted 
on the LB a and LB at o. 
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1 Introduction 

Let D — {z : \z\ < 1} be the open unit disk in the complex plane C, and H(D) denote the set of all 
analytic functions on D. For a > 0, a function / G H(D) is said to belong to the logarithmic a-Bloch 
space LB a if 

||/|| iBa = sup{(l - |z| 2 ) Q ln(-^)|/(z)| : z G D} < +^ 

1- \z\ 2 

and to the little logarithmic a-Bloch space LB a if 

lim(l-|z| 2 )«ln( r ^)|/'(z)| = 0. 
|*|-i 1 - \z\ 2 

It is easily proved that LB a is a Banach space under the norm ||/|| a = |/(0)| + ||/||lb q and that LB a ,o is 
a closed subspace of LB a . when a = 1, the LB a space is called the logarithmic Bloch space LB\. Some 
sources for results and references about the logarithmic Bloch functions are the papers of Yoneda [10], 
Stevic [4, 5], and the author [6, 7, 8, 9]. 

Let if be a holomorphic self- map of D. The composition operator C v is defined by 

C v {f) = fo<p, feH(D). 

It is easy to see that an operator defined in this manner is linear. It is interesting to provide a function 
theoretic characterization when if induces a bounded or compact operator on various spaces (see [1,2, 
3, 11] for more information). In the logarithmic Bloch space LB\, the author [8] has characterized the 
pointwisc multiplier operator and R. Yoneda [10] studied the composition operator respectively. We 
shall study the conditions for which C v is a bounded operator or a compact operator on the logarithmic 
a-Bloch LB a and the little logarithmic LB a spaces. In this paper, C denotes the constant depending 
only on the index a; the C may differ at different places. 

2 The boundedness of C v 

(1- Iz^ln^rjT 1 

Lemma 2.1 Let a. > and f(z) = -. . a^, z G D. Then \f(z)\ < max(l, — - — ). 

|1 — z|°ln 1^1 a In 2 
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Ott 

Proof Since r(x) = a;" In- is increasing on (0,2e _ al, decreasing on [2e _ «,2] and r(2e~ = ) = — , we 

x ' " | ae 

have |/(z)| < 1 where z £ D x = {z £ D : |1 - z\ < 2e~~}. 
On the other hand, for z £ D\D\, 



I f( z )\ < v l Jl 1 zK < <^ = 1 

(2e-^) a ln2 " (2 e -^) a ln2 aln2' 



hence \f(z)\ < max(l, ^_ 
Lemma 

te[o,i]. 



2 a(x) 1 

Lemma 2.2 Let a > and o(x) = (1 - x) a ln .a; e [0, 1). Then -^Mr < H ; — /or eac/i 

av ; ; 1-x g(tx) ~ aeln2 J 



Proof Since x a In — < — for each x £ (0, 1], we have 
x ae 

. 1 — a; . „ , 1 — tx 1 „ 1 

< ( ) In 9— + 1 < — \ 1-1- 

1 — tx 1 — x In -, ,, ae In 2 

1 — tx 

Lemma 2.3 Let a > and / G LB a , then exists constant C such that ||/t|ja < C||/||a , < i < 1, where 
ft(z) = f(tz). 

The result can be easily proved by lemma 2.2. 

Theorem 2.1 Let a > 0, then C v is a bounded operator on LB a if and only if 

M g-M^ W|: ' eB><la (1) 

Proof Suppose that (1) holds. For V/ £ LB a , we have 



sup(lHz| 2 rin(-^)|(^(/))'(z)| 

ZED I - Ul 



< 



sup(l-|z| 2 )«ln(-4^)l/'(^))II^WI 

ZED 1-N 

sup \f'(<p(z))\(l - |^)| 2 )"ln( - , 2 , ) x sup - il ~j zl l^ T= ^— \ (p '( z )\ 



< C\\f\\ 



LB a 



This shows that C v is bounded. 

Conversely, suppose that C v is a bounded operator on LB a . Then HC^/)^ < HC^HH/Hq for all 
/ £ LB a . On the other hand, we take the test function f{z) — z, which shows ip £ LB a . For VO ^ w € D, 

let z _ 

uz)=[(i-^zr a ^ r ^ V2 r l dz. 

JO \ w \ 1 j^p* 

By Lemma 2.1, we have 

sup (1 - M 2 r(ln ^ )|1 - z 2 |-«|ln -^r 1 < C < +oo. 

ZiGD J- — |Zl| 1 — Z\ 
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Applying to z\ = pr-z, we have 



\w\' 



,2w,„ 2 M! ^ .2i-a, 4 



sup(l - NT (In I3 ^)|l - ^M In IT ^,r i < C < + oo. 
Hence we have f w G LB a for w ^ 0. Then for it? ^ we get 

||<^(A,)|| LBq < l|C v (A)IU < \\cj\\f w \\ a = \\cj\\f w \\ L B a = c<+™ 
So 

s-nr.f1 - l*l 2 1 Q W — 



sui,( I - |^| 2 )«ln(-4^)|/;(^))||^WI < C < +oo. (2) 



For Vz £ D with ty?(z) 7^ 0, applying w = f(z) in (2), we have 

Ms <P (z)\ < C < +oo. 

For Vz G D with v 3 ( z ) — 0, since tp G LB a , we have 

(i-|z| 2 ) Q i nr 4^ i 

(l-|y(^)| 2 ) a ^ l-|y( z )|2 ln2 

Hence (1) holds. This completes the proof of this theorem. 

Remark 1 There is a problem in the proof of the Theorem 1 of R. Yonda's 2002 Arch. Math, paper 
[10]. The reason is that the test function 



M*)= I a-rrr^T 1 ^ , ^_ - T 1 dz. 

M 2 



12 1 - ^z 2 



in R. Yonda's paper does not belong to LB\. In fact, let w = \ and z = ir, then 

(l-|z| 2 )ln-^^|/;(z)| 



2 , , (1-r 2 ) In -jSp; 

T2\fw( z )\ = ,-. - ox, 2~~ 



as r — ► 1. 

Theorem 2.2 Let a > 0, then C v is a bounded operator on LB a Q if and only if tp € LB a Q and 

s " p{ (i'U)i^x iy,w|:3eo)<+c °- (3) 

Proof Suppose tp G LB a ^ and (3) holds. Let 



(l-lzprin^ 
■(l-|^)|a)-ln I=R ^ 



M = sup{ - ,„,„„„„,_"!, |^)|:^J}- 



Assume that / G £_B Q . o- Then given e > there exists < r < 1 such that 

2 ,.„ „ e 



^'^^'^Km 



whenever Izl > r. 
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On the other hand, since ip <G LB a ,o, there exists < R < 1 such that 

2 , (1-r 2 ) 



C 1 — kl ) ln i f-TolV (z)l < ^Fh e 



whenever |2;| > _R. 

Then, for \z\ > R such that \(fi(z)\ > r, we have 



{ i-\ z \2)« Ht ^)\(cm)Y(z)\ 

= (i-| y (z)| 2 )-in( i , 2 , ^ )|/ / (y(,:) ) |x _,, , ;;„• , '--„- j.yi:)! 



2 (1 — l^r)" 111 i-^f-ni- 



<£M = e. 



For |z| > i? such that \f{z)\ < r, we have 

(l-H 2 ) Q ln(i=f^)|(^(/))'(z)| 



2 (l-|z| 2 ) Q l nr ^ 

i-^l 2 )! (l-|^(z)| 2 )«ln T 3 1 ^ lyF 



(1 - |^(z)| 2 rin(— 7 __)|/'(^))| x - ■ - — - 1Hz |^'(z)| 



(l-|z| 2 )"ln T ^ | ^ 
(l-r^ln^ 



< II/IUb, „ _ 9W1 _ 2 '" l¥>'(*)l < e. 



Hence we have (1 - |z| 2 ) Q ln( T3 2 IF )|(C v (/))'(z)| < e, which show C v (/) e LB a , - 

Conversely, suppose that C v is bounded in LB a o- First we take test function f{z) — z, then 

ip e LB at0 . 

Next we have llC^Cfl 1 )!!^ < ||CVI|||g|U f° r an .9 e LB a0 . For any / e L_B Q and every < t < 1, we 
have / t = /(£?) G LB a Q. Then by Lemma 2.3, we get 

\\c v Ut)\U<\\c v \\\\ft\\ a <c\\c v \\\\f\\ a . 

Let £ — > 1, we have ||C ¥ .(/)|| a < C||C y ||||/|| a . So C v is bounded in LB a . By Theorem 2.1, (3) holds. 
This proof is completed. 

3 The compactness of C v 

Lemma 3.1 Suppose a > and f G LB a , then 
(1) |/(*)|<C||/||a, where a < I; 
(2)\f(z)\<(l + C'ln(ln T ^ ri ))\\f\\ a , where a = 1 ; 

(3) \f{z)\ < (1 + (1 _ |z C | )Q _ 1 )||/|| a; where a>\. 

The proof follows from the same method as the one for Lemma 2.1 in [4]. We omit the details. 

Lemma 3.2 Let C v be a bounded operator on LB a , then C v is compact if and only if for any bounded 
sequence {/«} in LB a which converges to uniformly on compact subsets of D, we have \\C v (f n )\\ a — ► 
as n — » oo . 

The result can be proved by using Montcl theorem, Lemma 2.3 and 3.1; the details are omitted here. 

Lemma 3.3 Suppose a > 0, then a closed set U in LB a ^ q is compact if and only if it is bounded and 
satisfies 
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2 



Km sup(l - \z\ 2 rin(——-^)\f(z)\ = 0. (4) 



The proof is similar to that of [1 , Lemma 1] . 
Theorem 3.1 Let a > 0, then C v is compact on LB a ,o if and only if 



!™ T, ,.,.,^,2 \<P'(*)\ = 0- 



(l-| z |^ln-^ 
kPi(l-|^)P)«ln T ^ iyF 

Proof By Lemma 3.3, C v is compact if and only if 



lim sup (l-\ z \YH-^)\(C v (f))'(z)\=0. 

khi ||/||„<i i ~~ \ z \ 



On the other hand, we have 

\2\a 



{l-\ z \i)« HT ^)\{C v {f))'{z)\ 

(1-M 2 rin 



= (1 - |^)| a )-ln(i=^i F )l/'(^))l x d-i.^l^ingX^ -I^WI, 
and 



sup (l-|^)°ln(— ^)|/'(«)| = 1 

ll/Ha<l !-| Z l 

Hence C v is compact on LB a o if and only if 

(l-|z| 2 )«ln T ^ T 

|S?x (1 - W«)P)- in l4S?'* /WI " °" 

Theorem 3.2 Let a > 0, t/ien CL is a compact operator on LB a if and only if for every e > 0, there 
exists < r < 1, such that 

^£— MzJKc (5) 



(l-|^)l 2 ) Q hrT^F 
whenever |</?(z)| > r. 

Proof Assume that (5) holds. Then it clearly shows that ip <G LB a and C v is bounded by Theorem 2.1. 
Let {/«} be a bounded sequence in LB a which converges to uniformly on compact subsets of D. We 
only need to prove lim„^oo ||C v (/ n )||Q, = by Lemma 3.2. Let M = sup„ H/nllis^ < +oo. Given e > 0, 
there exists < r < 1 such that 



(l-lzH-ln^ 

(l-|^)|2)«l nT ^_ F 



r 



V(*)l <m' 



whenever |</?(z)| > r. 

Then, for |<^(z)| > r, we have 



\\C v (U)\\lb„ = (1 - N| 2 ) a MT4p)l(^(/n))'(*)l 

= (1 - |^)| 2 )"ln( i , 2 , „J |/;(y(z))| x - (1 ~ |Z| } J^ 1 ^ — |^( Z )| 



1-|^(z)P— "' ( i_|^)|2 )Qln _^_ 



<M^ = e. 
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Let 

Ml = ,^FR^K^^ (z)l " 0^)1^ < + °°' 

On the other hand, because C v (f n )(0) and (1 — luij 2 )" In 1 ? |2 |/„(w)| converge to uniformly on \w\ < r 
as n — ► oo, we have, for large enough n, C v (/„)(0) < e and (1 — |u>| 2 )°ln 1 _Li2 |/n( w )l < w~ whenever 
\w\ < r . Then for large enough n we have 

2-ia W 2 



|^(/„)|| a - C v (/„)(0) +SU Pz (l - \z\*) a MT4p)\(c v (fnMz)\ 



i -i.--r)"iui — 2 

|<p(z)|>r 



■<- SUp (l-|z|2)«l n (_^_^)|(^(/„))'(z)| 



+ sup (l-\ z \^ln(-^)\(C v (fn))'(z)\ 

\<p(z)\<r J- - l z l 

<2e+ sup (l~|y(z)| 2 )"ln( 1^ )|/; ( ^))| (1 ~ |z| } J^ B ^_ |^ (z )| 

< 2e+ — Mi = 3e. 

Mi 

This shows lim^^ ||C ¥ ,(/ ri ) || a = 0. 

Conversely, suppose C v is compact on LB a . Assume that (5) fails. Then there exists a sequence 
{z n } C D and an eo > such that \z n \ — ► l(n — ► oo) and 

(l-N^lnj^ 



(l-|^)l 2 )"lnT^F 
Let ^(^n) = r n e rf ™, we take 



k'WI>e . 



/«( z ) - 7 ( 1 - e -«„ wr . n 1 _ r 2e- 2 0„ J" (ln 1 - r 2 e~^ J ' ^ 
We get sup ||/n||a < °° an d |/n(z)| < ( ( - 1 1 J|^2 ) a (ln2)~ :L by Lemma 2.1 and 2.2. Then {/„} is a bounded 

sequence on LB a which converges to uniformly on compact subsets of D. On the other hand, for 
enough large n, it follows that 

Iic„(/„)iu > (i- | z „|2)«i„ I -l-p|/;,M 3 „))|| v '( In )| 

■ (1 - ^-''^ot'^ - r^f»°<" 1 i^jrwwi 



r 



a (i-wr^ 



/ ' n \a ; ' ' ' i — |z„|- !,-/<•- \ I 

( l + ^ + -r (l-l^^l^ln,^^^^ 1 

3 tt 2 ' 
This contradicts the compactness of C v by Lemma 3.2. The proof is completed. 



> 

~ 3 tt 2 
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Abstract. Motivated by the notion of 2-norm due to Gahler [S. Gahler, 2-metrische Raume und 
ihre topologische Struktur, Math. Nachr. 26 (1963) 115-148], in this paper we define and study the 
concept of statistical convergence and statistically Cauchy sequence in fuzzy 2-normed space which 
provide better tool to study a more general class of sequences. We also introduce here statistical limit 
point and statistical cluster point in fuzzy 2-normed space. 

Keywords and phrases: Fuzzy 2-normed space; statistical convergence; statistically Cauchy sequence; 
statistical limit point; statistical cluster point; 2-normed space. 



1. Introduction and preliminaries 

By modifying own studies on fuzzy topological vector spaces, Katsaras [13] first 
introduced the notion of fuzzy seminorm and norm on a vector space and later on Felbin 
[6] gave the concept of a fuzzy normed space (for short, FNS) by applying the notion 
fuzzy distance of Kaleva and Seikala [12] on vector spaces. Further, Xiao and Zhu 
[23] improved a bit the Felbin's definition of fuzzy norm of a linear operator between 
FNSs. Recently, Bag and Samanta [2] has given another notion of boundedness in 
FNS and introduced another type of boundedness of operators. With the novelty of 
their approach they can introduce the fuzzy dual spaces and some important analogues 
of fundamental theorems in classical functional analysis [3] . Certainly there are some 
situations where the ordinary norm does not work and the concept of fuzzy norm seems 
to be more suitable in such cases, that is, we can deal with such situations by modelling 
the inexactness of the norm in some situations. 

The idea of statistical convergence was introduced by Fast [5] and Steinhaus [22] 
independently in the same year 1951 and later on studied by various authors. Ac- 
tive researches on this topic were started after the papers of Salat [19] and Fridy [8]. 
Recently, fuzzy version of this concept were discussed in [15,16,20,21]. 

The concept of 2-normed spaces was initially introduced by Gahler [10] in the 
1960s. Since then, this concept has been studied by many authors, see for instance 
[11,17,18]. 
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The present paper was started when the first author visited Yuziincii Yil University, Van, Turkey 
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Our aim for this paper is to generalize the definition of Felbin's FNS into fuzzy 
2-normed space using the idea of Gahler. We define and study the concept of statistical 
convergence and statistical Cauchy in fuzzy 2-normed space. Further, we introduce the 
concept of statistical limit point and statistical cluster point in fuzzy 2-normed spaces. 

Firstly, we recall some notations and basic definitions which we will used through- 
out the paper. 

According to Mizumoto and Tanaka [14], a fuzzy number is a mapping x : 
R — > [0, 1] over the set R of all real numbers. A fuzzy number x is convex if 
x(t) > mm{x(s) , x(r)} where s < t < r. If there exists a to G K such that x(to) = 1, 
then x is called normal. For < a < 1, a-level set of an upper semi continuous convex 
normal fuzzy number t] (denoted by [rj} a ) is a closed interval [a a ,6 a ], where a a = — oo 
and b a = +oo admissible. When a a = — oo, for instance, then [a a ,6 a ] means the 
interval (— oo,b a }. Similar is the case when b a = +oo. A fuzzy number x is called 
non- negative if x(t) = 0, for all t < 0. We denoted the set of all convex, normal, upper 
semicontinuous fuzzy real numbers by L(R) and the set of all non-negative, convex, 
normal, upper semicontinuous fuzzy real numbers by L(R*). Given a number r G R, 
we define a corresponding fuzzy number f by 

m = l 1 if t = r ' 

I otherwise. 

As a-level sets of a convex fuzzy number is an interval, there is a debate in the 
nomenclature of fuzzy numbers/fuzzy real numbers. In [4] , Dubois and Prade suggested 
to call this as fuzzy interval. 

A partial ordering -< on L(R) is defined by u -< v if and only if u~ < v~ and 
u+ < v+ for all a G [0,1], where [u] a = [\,m+] and [v] a = [v~,v~\. The strict 
inequality in L(M) is defined by u -< v if and only if u~ < v~ and w+ < u+ for all 
a G [0, 1]. For k > 0, ku is defined as ku{t) = u(t/k) and (0u)(t) is defined to be 0(t). 

According to Mizumoto and Tanaka [14], the arithmetic operations ©, 0, ® on 
L(R) x L(R) are defined by 

(x © y){t) = supmin{x(s), y{t — s)}, (x y)(t) = supmin{a;(s), y(s — t)} and 
(x<g)y)(t)= sup mm{x (s),y(t/s)}, 

selR.s^O 

for all t G R. 

Let u, v G L(R). Define 

D(u,v)= sup max{|«- -v~\,\u+-v+\}, 

a£[0,l] 

then D is called the supremum metric on L(R). Let (u n ) C L(R) and u G L(R). We 
say that a sequence (u n ) converges to u in the metric D (for short, D-converges to u), 

written as u n — > u or (D)- lim u n = u if lim D(u n , u) = 0. 
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2. Fuzzy 2-normed spaces 

In this section, we generalize the definition of Felbin's FNS into fuzzy 2-normed 
space using the idea of Gahler [10]. Here, we also define the convergence of a sequence 
in fuzzy 2-normed space. 

Let X be a real vector space of dimension d, where 2 < d < oo. A 2-norm on X 
is a function ||., . || :IxI-ft which satisfies (i) \\x,y\\ = if and only if x and y 
are linearly dependent, (ii) \\x,y\\ = \\y, x\\ for all x,y G X, (Hi) \\ax,y\\ = \a\\\x,y\\, 
whenever x, y G X and a6R, (iv) \\x + y, z\\ = \\x,z\\ + \\y, z\\ for all x,y,z G X. 

The pair (X, ||., .||) is then called a 2-normed space. 

As an example of a 2-normed space take X = IR 2 being equipped with the 2-norm 
||x, y\\ : = the area of the parallelogram spanned by the vectors x and y, which may be 
given explicitly by the formula 

\\x,y\\ = \xiy 2 -x 2 yi\, where x = (x 1 ,x 2 ),y = (2/1,2/2)- 

We define the following: 
Definition 2.1. The quadruple (X, ||., .||~, L, R) is said to be fuzzy 2-normed space 
(for short FTNS) if X is a vector space over R, ||., .||~ : X x X -> L*(R), L, R : [0, 1] x 
[0, 1] — > [0, 1] be symmetric, non-decreasing in both arguments such that L(0, 0) = 
and R(l, 1) = 1 satisfying the following conditions for every x,y,z £ X and s,iGl: 

(i) 1 1 re, 2/ 1 1 = if and only if x and y are linearly dependent, 

(ii) lk,J/|r = |||/,x||~, 

(iii) ||ax,7/||~ = |a|||x,2/||~, ael, 

(iv) || re + y,z\\~(s + t) > iv(|| re, ^||~(s), \\y, ^||~(t)) whenever s < \\x,z\\i , t < \\y, z\\i 
and s + t < \\x + y, z\\± , 

(v) ||rc + y, z\\~(s + t) < R(\\x, z\\~(s), \\y, z\\~(t)) whenever s > \\x,z\\i , t > \\y, z\\i 
and s + t > \\x + y, z\\± , 

where [||x, z\\~] a = [\\x,z\\~, ||rc,z||+] for re, z G X, < a < 1 and inf ||x, z\\~ > 0. 

a€[0,l] 

In this case ||., .||~ is called a fuzzy 2-norm. 

let us consider the topological structure of a FTNS (X, ||., .||~, L, R). For any 
e > 0,oj G [0, 1] and x G X, the (e, a)-neighborhood of re is the set 

A4(e, a) := {y G X : ||x - J/, z||+ < e}, 

for each nonzero z G X. 
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Definition 2.2. Let (X, ||., .||~, L, R) be a FTNS. Then a sequence (x n ) is said to be 
convergent to x G X with respect to the fuzzy 2-norm on X if for every e > and 
every nonzero z6l there exists a number N = N(e, z) such that 

D(\\x n -x,z||~,0) < e for all n>N, 

or equivalently 

(-D)- lim ||x n — x, z\\~ = 0. 

n— ¥oo 

In this case we write (x n , z) — > (x, z) for every nonzero z E X. This means that for 
every e > there exists a number N = N(e, z) such that 

SUp \\X n X, Z\\ a — ||X n ^5 ^llo ^ 

«6[0,1] 

FT 1 AT 

for all n> N . In terms of neighborhoods, we have (x„, z) — > (x, z) provided that for 
any e > there exists a number JV = N(e, z) such that x n € N x (e, 0) whenever n > N. 



3. Statistical convergence and statistically Cauchy in FTNS 

In this section, we define the notion of statistical convergence and statistically 
Cauchy sequences in fuzzy 2-normed space. Before proceeding further, we should recall 
some of the basic concepts on statistical convergence. 

Let K be a subset of N, the set of natural numbers. Then the asymptotic density 
of K denoted by S(K), is defined as 

S(K) = lim -\{k<n:keK}\, 
n n 

where the vertical bars denote the cardinality of the enclosed set. 

A number sequence x = (x&) is said to be statistically convergent to the number 
L if for each e > 0, the set K(e) = {k < n : |x& — L\ > e} has asymptotic density zero, 
i.e. 

lim —\{k < n : \xk — L\ > e}| = 0. 

In this case we write st-limx = L (see [8,22]). 

Note that every convergent sequence is statistically convergent to the same limit, 
but converse need not be true. 

Statistical convergence in 2-normed space has been studied by Giirdal and Pehlivan 
[11]. 

Let (x n ) be a sequence in 2-norm space (X, ||., .||). Then, a sequence (x n ) is said 
to be statistically convergent to x if for every e > 0, the set 

{n G N : \\x n — x, z\\ > e} 
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has natural density zero for each nonzero z G X, in other words (x n ) is statistically 
convergent to x in 2-norm space (X, ||., .||) if 

lim — \{n < m : \\x n — x,z\\ > e}| =0 

m— s-oo 777, 

for each nonzero z6l. It means that for every z6l, 

||x n — x, z\\ < e a.a.n. 

for almost all n (for short, a.a.n). In this case we write si- lim \\x n — x, z\\ = \\x, z\\. 

Now, we define the statistical convergence in fuzzy 2-normed space. 
Definition 3.1. Let (X, ||., . ||~, L, R) be a FTNS. We say that a sequence (x n ) is said 
to be statistically convergent to x G X with respect to the fuzzy 2-norm on X if for 
every e > and every nonzero z in X, we have 

5({n G N : D(\\x n - x, z||~, 0) > e}) = 0, (1) 

or equivalently 

5({nGN: D(\\x n -x,z\\~,0) <e}) = 1. (1)' 

This implies that for each e > and z in X, the set 

K(e) := {n G N : \\x n - x, z\\q > e} 

has natural density zero; namely, for each e > 0, \\x n — x,z\\q < e for a.a.n. In 
this case we write st(FTN)- lim \\x n — x,z\\~ = either st-lim||a; n — a;,^||~ = or 

st(FTN) 

{x n ,z) > (x,z). 

In terms of neighborhoods, we have (x n , z) — > (x, z) if for every e > 0, 

8{{neN:x n ?N x (e,0)}) = 0, 

i.e., for each e > 0, (x n ) G A4(e, 0) for a.a.n. 

A useful interpretation of the above definition is the following: 

(x n ,z) — > (x,z) iff st-lim \\x n — x, z\\q = 
Note that st-lim \\x n — x,z\\q = implies that 

st-lim \\x n — x, z\\~ = st-lim \\x n — x, z\\^ = 
for each a G [0, 1] since 

holds for every n G N and for each a G [0, 1]. Hence the result. 
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Remark 3.1. If a sequence (x n ) in a fuzzy 2-normed space (X, ||., .||~, L,i?) is 
convergent then it is also statistically convergent but converse need not be true, which 
can be seen by the following example. 



Example 3.1. Define a sequence (x n ) in fuzzy 2-normed space (X, 



L,R) by 



,i n 



'1, n) ; if n = m 2 , m G N 



'1, ^— ) ; otherwise. 
Let L = (1, 1) and z = (zi, z^). If Z\ = 0. Then for every e > and z & X, the set 

K(e) := {n G N : ||x„ - x, z||o > e} 
has natural density zero. Therefore we have Z\ ^ 0. For each e > and z6l, the set 

f}£N:fi/ m 2 , m < 

e 

is finite. Thus 

{n G N : ||x n — x, ^||o" > e} 

n G N : n = m 2 ,m > 



Zi\ 



1 >U< n G N : n ^ m 2 ,m < 



\zi\ 



Therefore, 

— \{n < m : ||x n — x, z\\t > e}\ = — 
m m 



n < m : n = m ,m > 



Zi\ 



U-0(1) 
m 



for each z6X Hence 



%SN: ||x n -x,;?||+>e}) = 



implies that (x n , £* 



st(FTN) 



FTN 



x, 2), while it is obvious that (x n , z) ■/—)■ (x, 2 



Definition 3.2. Let (X, ||., .||~, L, R) be a FTNS. Then a sequence (x n ) is said to be 
statistically Cauchy with respect to the fuzzy 2-norm on X if for every e > 0, there 
exists a number N = N(e, z) such that 

5({n G N : \\x n - Xjv( e ,3), 2||o > e }) = 0. 
Theorem 3.1. Let (x n ) and (y n ) be a sequences in a FTNS (X, ||. , .||~, L,R) such 

, . st(FTN) , . . . st(FTN) , . 

that (x n , 2) — )■ (x, 2) and (?/ n , z) — )■ (x, 2), tor ail x,y £ X and nonzero 2; G A . 
Then we have the following: 

st(FTN) 



U Xr, 



2/n,^J 



x + y,z) 
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stjFTN) 

— > (ax, z), a G K, 
(iii) st(FTN)-\\x, z\\~ = \\x,z\\~. 

.., . , st(FTN) . , . , st(FTN) . . ,, .. , . 

Proof. (1) Suppose that (x n ,z) — )■ (x, 2) and (y n ,z) — > (x,z). Since ||.,.||o J s 
a 2-norm in the usual sense, we get 

\\(x n + y n ) ~ {x + y),z\\t < \\x n - x, z\\$ + \\y n -y,z\\$ (3.1.1) 

for all n G N and every nonzero z G X. Write 

K(e) :={neN: \\(x n + y n ) - (x + y), z\\+ > e}, 

#i(e) := {n G N : ||x n - x, z|| + > e/2}, 

K 2 (e) = {nGN: ||j/ n - y,z\\+ > e/2}. 

From (3.1.1), we have K(e) C -KTi(e) U /^(e)- Now by assumption we have S(Ki(e)) = 
8(K 2 (e)) = 0. This yields 6{K(e)) = 0, i.e., (i) holds. 

(ii) Easy to proof. 

(iii) Since ||., . ||~ and ||., . || + are 2-norms in the usual sense, we have 

0<C T 7 \\~ — T 7 "C X\T — T 7 \\~ 

— lU^m ^Wa II"*') ''lla I — W^n "*') x 'll« 

and 

0<C T y' — T* y' <C T* — T 7X\ 

— lll^rD^lla ll" t/ ) ''Ha I — W^n • x 'i A '\\ci 

for all a G [0, 1] . Therefore 

(J < max{| \\x n , z\\ a — \\x, z\\ a \,\\\x n , z\\ a — \\x, z\\ a |j < \\x n — x, z\\ a 
for all a G [0, 1]. Taking supremum over a G [0, 1], we get 

< D(\\x n ,z\\~, ||x,z||~) < \\x n - x,z\\q. 
Hence st(FTN)-\\x n , z\\~ = \\x,z\\~ by Definition 5 in [20]. 

Lemma 3.1 [7]. Let {A t : % G /} be a countable collection of subset of N such 
that S(Ai) = 1 for each i 6 /. Then there is a set A C N such that 5(A) = 1 and 
\A \ Ai\ < oo for all % G /. 

Theorem 3.2. Let (X, ||., .||~, L, R) be a FTNS . Then a sequence (x n ) is a statistically 
convergent to x with respect to the fuzzy 2-norm on X if and only if (x n ) is a se- 
quence for which there is a sequence (y n ) that is convergent such that x n = y n for a.a.n. 

Proof. Suppose that (x n ,z) — > (x,z). For each jgN, let 

Ai = {n G N : \\x n - x,z\\q < 1/i} 
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and S(Ai) = 1 for each i, since (x n ) is statistically convergent. Let A be as given in 
Lemma 3.1. For every e > there exists a number N = N(e, z) such that n > N and 
n G A imply \\x n — x, z\\q < e. Define a sequence (y n ) as: 

x n ; for each n G A 



lJ " 1 x ; for n g. A. 

This shows that the sequence (y n ) is convergent to x with respect to the fuzzy 2-norm 
on X such that y n = x n for a.a.n. 

fP r P AT 

Conversely, suppose that x n = y n for a.a.n. and (y n ,z) — > (x,z). Let e > be 
given. Then, for each m, define the following set as: 

{n <m : \\x n -x, z\\q > e} C {n < m : x n ^ y„}U{n < m : \\y n -y,z\\^ > e}. (3.2.1) 

Since (?/ n , z) — > (x, 2), the second set on the right hand side of (3.2.1) contains a finite 
number of elements, say p = p(e, z). Therefore 

1 \ p 

lim — \{n < m : \\x n — x, z\\t > e}\ < lim — \{n < m : x n 7^ y n }\ + lim — = 0, 

m->oo 777, m— >oo 777, to— ^00 777, 

since a; n = y n for a.a.n. Hence ||a; n — a;, z\\q < e for a.a.n. Hence (x n ) is statistically 
convergent with respect to the fuzzy 2-norm on X. 

Theorem 3.3. Let (X, ||., . ||~, L, R) be a FTNS. Then every statistically convergent 
sequence (x n ) is statistically Cauchy sequence with respect to the fuzzy 2-norm on X. 

Proof. Assume that (x n , z) — > (x, z). Then, for given e > we have \\x n — x, z\\q < 
e/2 for a.a.n. Choose N = N(e,z) G N such that ||x/Y( eiZ ) — x, z||o" < e/2. Now || - , - Ho" 
being a 2-norm in the usual sense, we get 

\\x n -aJjV(e,*),3|lo = \\( X n ~ x) + (x - X N{e>z) ), z\\ + 

< \\x n - x, z\\% + \\x N{€>z) - x, z||+ < e/2 + e/2 = e 

for a.a.n. Hence (x n ) is statistically Cauchy sequence with respect to the fuzzy 2-norm 

onl. 

Theorem 3.4. Let (x n ) be a sequence in FTNS (X, ||., .||~, L, R) and denote 
En(e,z) := {n G N : ||x n — XAr( e ,^), ^||o" > e}- If (x n ) is statistically Cauchy, then for 
every e > there exists A C N with 5(A) = such that \\x m — x n ,z\\Q < e for all 
m,n G - A. 

Proof. For a given e > 0, write A = En( € /2,z)- Since (x n ) is statistically Cauchy, we 
can write 5(A) = 0. Then, for any m,n $. A, we have \\x n — xn(e,z),z\\q < e/2 and 
\\x m — xn(e,z), z\\q < e/2. Hence \\x m — x n ,z\\Q < e for all m,n G - A. 
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Definition 3.3. A fuzzy 2-norm |||., .|||~ on a vector X is called fuzzy equivalent to a 
fuzzy 2-norm ||.,.||~, written as |||.,.|||~ ~ ||.,.||~, on X if there exist {i,v G L(R) and 
(j,, is >- such that for all x G X, and every nonzero z6l 

/i (8 || x, ^r || ;< |||x, £|||~ ^ z^ <8 ||x, z||~. 

Theorem 3.5. Let X be a vector space over R and let ||.,.||~ and |||.,.|||~ be fuzzy 
equivalent fuzzy 2-norms on X. Let (x n ) be a sequence in X. Then 

(i) (x n ) is statistically convergent to x in (X, ||., . ||~, L, i?) iff (x n ) is statistically 
convergent to x in (X, |||., .|||~, L, i?). 

(ii) (x n ) is statistically Cauchy in (X, ||., . ||~,L, i?) iff (x n ) is statistically Cauchy in 
(^ III-) •lll~)-^)-R)- 

Proof, (i) Let (x n ) be statistically convergent to x in (X, ||., .||~, L, R). Since 
(X, ||., .||~, L,R) and (X, |||. , .|||~, L,R) are fuzzy equivalent, there exist (j,,is G L(R) 
and /i, z/ >- such that 

/i <8 ||x n — x, z||~ ^ |||x n — x, z\\\~ z< i/(8> ||x n — x, z||~ 

for all x„, x G X and z G X. Thus 

I / "I - /y ry •y <~ <^~ rv> rtp ry II I — T" <^ 7 ti~ rv> rp iy I I — T 

PO 1 1 -^n u ')^'ll0 — 1 1 I **-'n J ') x 'lll0 — ll" t '« J ') HO 

for all n G N. By assumption, we have st(FTN)- lim\\x n — x, z\\q = 0. Hence 
st(FTN)- lim || |x n — x, z\\\q = 0, i.e., (x n , z ) — ► (x, 2) in (X, |||., .|||~, L, i?). Simi- 
larly, if (x n ,z) s — > (x,z) then (x n ,z) s — > (x, z) in (X, ||., .||~, L, R). 

(ii) Let (x n ) be statistically Cauchy in (X, ||., .||~, L, R). Since (X, ||., .||~, L, R) 
and (X, || |., .| ||~, L, R) are fuzzy equivalent, there exist /J,, v G L(R) and /i, z/ >- such 
that 

A*o II^j^IIo — lll- r )^lllo — v q II^j^IIo 
for all x G X and z G X. For any e > 0, there exists N(e,z) G N such that ||x„ — 
^^(e,^) Ho" < e / v o f° r a - a - n - Hence 

|| \X n — Xn(e,z)i z \ Ho — V Q \\ X n ~ %N(e,z)i z \\o ^ e 

for a.a.n. Hence (x n ) is statistically Cauchy in (X, |||., .|||~, L, R). Similarly, if 
(x n ) is statistically Cauchy in (X, |||., .|||~, L, R) then it is statistically Cauchy in 

(^ \\-,-\\~,L,R). 

4. Statistical limit point and statistical cluster point in FTNS 

Statistical limit point of sequence (x n ) has been define and studied by Fridy [9]; 
and for fuzzy number by Aytar [1]. In this section, we define the notions of thin 
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subsequence, non-thin subsequence, statistical limit point and statistical cluster point 
in fuzzy 2-normed space. 

Definition 4.1. Let (x n ) be a sequence in FTNS (A, ||., .\\~,L,R). An element x G A 
is said to be a limit point of the sequence (x n ) provided that there is a subsequence 
of (x n ) that converges to x with respect to the fuzzy 2-norm on X. We denote by 
LpTN^Xn), the set of all limit points of the sequence (x n ). 

Definition 4.2. Let (x n ) be a sequence in FTNS (X, ||., .\\~,L,R) and (x n .) be a 
subsequence of (x n ). Write K = {rij : j 6 N}. If S(K) = then we say that (x n .) is a 
t/im subsequence on (x„). A subsequence (x„.) is said to be a non-thin subsequence 
provided that S(k) > or 5(h) does not exist, namely, S(k) > 0. 

Definition 4.3. Let (x n ) be a sequence in FTNS (X, ||., .||~,L, i£). An element x G A" 
is said to be a statistical limit point of the sequence (x n ) provided that there exists 
a non-thin subsequence of (x n ) that converges to x with respect to the fuzzy 2-norm 
on X. By Apx^ixn), we denote the set of all statistical limit points of the sequence (x n ). 

Definition 4.4. Let (x n ) be a sequence in FTNS (A, ||., .||~, L, R). We say that an 
element x G A is said to be a statistical cluster point of the sequence (x n ) with respect 
to the fuzzy 2-norm on A provided that for every e > and z6l 

5({n G N : \\x n - x, z\\q < e}) > 0. 

By Tftn{xu), we denote the set of all statistical limit points of the sequence (x n ). 

Remark 4.1. An element x G TpTNixn) implies that 

5({n G N : \\x n - x, z||+ < e}) > 0. 

and 

8({n G N : \\x n - x, z\\~ < e}) > 0. 

for all e > 0, a G [0, 1] and z <E X. 

Theorem 4.1. Let (A, ||., .||~, L,i?) be a FTNS. Then for every sequence (x n ) in A, 
we have 

A FTN (x n ) C r FrA r(x n ) C L FTN (x n ). 

Proof. Let x G A_FT7v(x n )- Then there exists a non-thin subsequence (x n .) of the 
sequence (x n ) that converges to x, namely, 5({uj : j G N}) = d > 0. Since 

{n G N : ||x n — x, z\\q < e} ~D {n G N : ||x n . — x, ^||(j" < e} 

for every e > and so 

{n G N : \\x n - x,z\\q < e} D {nj : j G N} \ {n G N : ||x n . - x, ^||(j" > e}. 
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Since (x n .,z) — > (x,z), the set {rij G N : \\x n . — x,z\\q > e} is finite for any e > 0. 
Hence we have 

5({n G N : ||x n -a;,^||o' < e}) > 5({nj : j G N})-5({n,- G N : ||x nj .-a;,2;||o > e}) = d > 0. 

Thus, for every e > and z G X 

5({n G N : \\x n - x, z\\£ < e}) > 0, 

i.e., x G T FTN (x n ). 

Let x G ri?T7v(^n)- For every e > and z6l, write 

5({n G N : \\x n - x, z\\q < e}) > 0. 

This means that there are infinitely many terms of the sequence (x n ) in every 
(e, 0)-neighborhood of x, i.e., x G Lftn{xti)- Hence the result. 

Theorem 4.2. Let (x n ) be a sequence in a FTNS (X, ||., .||~, L, R). Then 
Aft7v(^«) = F FTN (x n ) = {x}, provided (x n , z) s — > (x, z). 

st(FTN) 

Proof. Let (x n ,z) — > (x,z). Therefore x G TFTN(x n )- Now suppose that there 
exists atleast one y G TpTN{xn) such that t/^x. For every e > and every nonzero 
zfl such that 

{n G N : \\x n — x, z\\q > e} D {n G N : \\x n — y, z\\q < e} 

holds. Hence 

5({n G N : \\x n - x, z\\£ > e}) > 5({n G N : \\x n - y, z\\q < e}). 

Since (x n ,z) — > i x , z ), we have 5({n G N : \\x n — x,z\\q > e}) = 0, which implies 
that 

S({n G N : \\x n - x, js||+ > e}) = 0. 

Thus 

%6N: ||xn-|/,«||o <e )) = ' 
which is a contradiction to y G r^TTv(^n)- Therefore, we have Tftn{xu) = {%}■ 

On the other hand, since (x n ,z) — > (x,z). By Theorem 3.2 and Definition 
4.3, we get x G ApTN{x n ). Now, Theorem 4.1 yields Aftn(xu) = ^FTN(x n ) = {x}. 



5. Conclusion 

The concept of fuzzy 2-normed space, which has been introduced here, is not 
merely a generalization of fuzzy normed space, but it also provides a bigger setting to 
deal with the uncertainity and vagueness in natural problems arising in many branches 
of engineering and science. Some basic results of normed linear spaces have been 
established here which could be very useful functional tools in the development of 
fuzzy set theory. 
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Abstract 

From an algebraic point of view, the EMML and ISRA algorithms for Positron 
Emission Tomography can be considered as iterative procedures for solving a 
class of linear system of equations. We introduce an algorithm A(p), p E R, 
such that .4(1) coincides with EMML and A(— 1) with a version of ISRA. Some 
examples illustrate the speed of convergence. Applications are indicated to: 
(i) the Bcrnstcin-Bezicr representation; 
(ii) the B-spline interpolation; 
(iii) the inverse problem for Markov chains; 
(iv) the problem of finding the stationary distribution of a regular Markov chain. 

Keywords: Expectation-Maximization Algorithm, Kullback-Leibler dis- 
tances, log-likelihood functions, least-squares, linear systems. 
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1 Introduction and notation 

Using the Expectation-Maximization (EM) algorithm, L. A. Shepp and Y. 
Vardi in 1982 and independently K Lange and R. Carson in 1984 pioneered 
an algorithm in order to compute Maximum Likelihood (ML) estimates for the 
problem of tomography reconstruction; see [9]. 

W. H. Richardson in 1972 and independently L. B. Lucy in 1974 obtained 
the same algorithm in the setting of restoration of astronomical images; sec [9]. 

With the terminology of [11] we shall call this algorithm the EMML algo- 
rithm. It can be considered as a numerical procedure for calculating maximum 
likelihood estimates, or alternatively as an iterative procedure for solving a class 
of linear systems of equations; see [1], [3], [4], [9], [10], [11]. 

In the context of the Positron Emission Tomography problem, M. E. Daube- 
Witherspoon and G. Muehllehner introduced in 1986 the Image Space Recon- 
struction Algorithm (ISRA) in order to obtain Least-Squares (LS) estimates of 
the emission densities; see [9]. Alternatively, ISRA can be viewed as a proce- 
dure for solving linear systems; see [1], [3], [4], [9], [10], [11]. Both the ML and 
LS estimates can be considered as minimum distance estimates, but based on 
different measures of distance: Kullback-Leibler distance for EMML and least- 
squares distance for ISRA; see [1], [3], [4], [9], [10], [11], where the relationship 
between the two algorithms is discussed. 

In this paper we introduce an algorithm A(p), depending on a real parameter 
p, such that: 

(a) A(l) coincides with EMML, and A(-l) with a version of ISRA; 

(b) A(p) minimizes a suitable generalized Kullback-Leibler distance and solves 
a specific problem of convex optimization involving generalized log-likelihood 
functions and least-squares functions; 

(c) A(p) solves iteratively linear systems from a certain class and assigns gen- 
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eralizcd solutions to inconsistent systems. 

Let N(p) be the number of iterations when one uses the algorithm A(j>). 
Numerical experiments show that, if the system has dominant diagonal, then 
N(-p) w N(p) and N(p) < N(q) for < p < q. 

Systems for which A(p) works and which have a (more or less) dominant di- 
agonal appear quite naturally in practical applications involving the Bernstein- 
Bezier representation of polynomials, the B-spline interpolation, the inverse 
problem for Markov chains and the problem of finding the stationary distribu- 
tion of a Markov chain. We describe such applications in the final sections. 

Throughout the paper, we consider the integers m > 1, n > 1, the matrix 
A = (Otj)t=i,... in ;j=i,..., m with a l0 > 0, Yh=i a y > °> YljLi a y > 0, i = 1, ...,n; 
j = 1, ..., m, and the vector b = (pi, ..., b n ) 1 with 6j > 0, i = 1, ..., n. 

We shall be concerned with the (consistent or inconsistent) system of linear 
equations (S): 

Ax = b, (1) 

where x = (xi, ...,x m )* £ M. m . 

We shall use the notation 
II m := {x £ R m : Xj > 0,j = l,-,m}, 
n m .n ■= {x£R m : (Ax), > 0, i = 1, ..., n}. 
Obviously LT m C Q m ,n- 



2 Generalized Kullback-Leibler distances 

Let peR. For u,t £ (0, oo), define 
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U p t L - p -(\-p)t-pU 

P(P-1) ' 



tlogt — tlogu + u — t, p=0; 
e p {u,t) :— \ ulogu — ulogt + t — u, p=l; 

It is easy to verify that for all u,t > one has: lini p ^o e p (u,t) 
linip^i e p (u, t) — e\{u, t); e p (u, u) — 0; e p (u, t) > for u=/= t. 
For all v, w £ Ii n we define: 



(2) 



e (u,t); 



dp(v,w) := y^e p (^,w t ). 



(3) 



Then di is the well-known Kullback-Lciblcr distance; see, e.g., [11] and the 
references therein. For p £ R, rf p can be considered as a generalized Kullback- 
Leibler distance. 



3 Generalized log-likelihood functions and least- 
squares functions 

For p £ R consider the function F p : (0, oo) — » R, 



F p (i) := { 



t log t — t, p=0; 

log*, p=l; 

^-"/(I-P), P^0,1. 



Let now L p : f2 mj „ 



. Er=i ((^) p ^((^)i) - (Ar)i) , P^O; 
L p (a;) := <( (4) 

Er=i( i? b((^)i)-(^) i log6 i ), p=0. 
Then Li is basically the log-likelihood function appearing in the EMML 
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algorithm; see [9], [4], [11]. On the other hand, 

n n 

i— 1 l i—\ 

is obviously a least-squares cost function. 

Thus the family (L p ) pe R extends the notions of log-likelihood functions and 
least-squares functions. 
It is easy to prove 

Theorem 1. The families (L p ) and (d p ) are related by 

n 

Li(a;) = Y,biQogbi - 1) - di(6, Ac), (5) 

n 

Lo(x) = -^2bi + do(b,Ax), (6) 



M*) = r ? -y^6i-pdp(6,Ar), p 9^0,1. (7) 

1 — v ^-^ 



4 Minimizing d p (6, Ax) 

We are interested in minimizing d p (b, Ax) with respect to x G ^ m ,n- 

I. Let p < 0. According to Eqs. (6) and (7), minimizing d p (b, Ax) is equiva- 
lent to minimizing the function L p (x). Remark that in this case F p (t) is strictly 
convex on (0,oo), hence L p (x) is convex on r2 m] „. By examining the behavior 
of L p (x) when x approaches the infinity or the boundary of S7 7n . Tl , we conclude 
that L p has global minimum points in f2 m] „. 

II. Let p > 0. Now Eqs. (5) and (7) show that to minimize d p (b,Ax), 
means to maximize L p (x). Since F p (t) is strictly concave, we infer that L p (x) 
is concave and has global maximum points in Q m ,n- 
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5 p-generalized solutions of the system (S) 

Let x € Q m ,n be a global cxtremum point of the function L p . Then 

dL p (x) 
dx r 

For p ^ 0, Eq. (8) is equivalent to (S p ): 



dx r -°< r = 1 '-< m - (8) 



^a lr b P /(Ax) P = ^a ir , r=l, ...,m, (9) 

while for p = it is equivalent to (So): 

n 

Y,(h/(Ax) t ) a - = l, r=l,..,m. (10) 

»=1 

Theorem 2. fz) For eac/i p € R, the system (S p ) is consistent, i.e., has solu- 
tions in Q m .n- 

(ii) If x p is a solution of (S p ), then x p minimizes d p (b,Ax). Moreover, x p 
minimizes (if p < 0), respectively maximizes (if p > 0) the function L p (x). 

(Hi) If (S) has a solution x € £l m ,n> then x is a solution of (S p ). 

(iv) If rank(A)=n, then each solution of (S p ) is a solution of (S). 

Proof. According to [6], pp. 14-15, the set 

{x e £l m ,n '■ x is a global extremum point of L p } = 

— {x € Q m ,n '■ x is a solution of (S p )} 

is a nonempty convex subset of TO; „. This proves statement (i) in the theorem. 
Statement (ii) is a consequence of the results presented in Section 4. (iii) is 
obvious, and (iv) is an easy exercise in algebra. 
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Definition 1. Each solution of (S p ) will be called a p- generalized solution 

of(S). 



According to Theorem 2, each solution of (S) is also a p-generalized solution, 
p£R. If rank(A) = n, the p-generalized solutions coincide with the solutions 
of (S). For each pel, (S) has a p-generalized solution even if (S) itself is 
inconsistent . 



6 The A(p) algorithm 

In order to find the p-gencralizcd solutions of (S), i.e., the global extrcmum 
points of L p , we shall apply the Maximization-Minimization (or Minimization- 
Maximization) Algorithm; see [7], [9]. 
For a given k <G N let x^ e II m be an arbitrary vector. If p =/=0, define 



n m 



„W 



i M ^) - E^Sk^ -^w 1 ^ - 5>*)' 

i=\ j = l V '* \ x j / i=l 



If p = 0, let 



n m (fe) 



oya;} ^ / (ArW) 



*ow*«) -EErSk^o ^A -B^w 



x j / »=i 



It is easy to verify that 

l p (x^\x^) = L P { X W), P eR. (11) 

As consequence of Jensen's inequality, we get 

L p {x)<l p {x\x {k) ), ien m , p<o, (12) 
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L p {x) > l p {x\x {k) ), xeU m , P >0. (13) 

With straightforward computation we find that for each p € M. the system 

%*-(x\xW)=0, r = l,...,m 

ox r 

has a unique solution in H m , denoted by x^ k+1 ' and given by 

AM: 1 , w , = ^f a..Mv(^»),)' y / ' (14) 

for p^ and r = 1 , . . . , to; 



m-- ^^^fl^j^y^^ d5) 

for p = and r = 1 , . . . , to. 

I. Let p < 0. Then l p (x\x^ k ') is convex and x^ k+1 ' is a minimum point of it. 
According to Eqs. (12) and (11), 

i P (x (fe+1) ) < i p (a;( fc+1 V fc >) < Z p (x«|x«) = L p (a:< fe >). 

So, starting from an arbitrary a;' ' G LT m , the algorithm A(p) generates a se- 
quence a; (0) ,a; (1) ,a; (2) ,... such that L p (x (a ) > L^ 1 ) > L p (x (2 ) > ... . The 
sequence (x^ ') is bounded since L p (x) — ► oo as x approaches the infinity. 

II. Let p > 0. It can be proved similarly that starting from an arbitrary 
x (o) £ n m , the algorithm A(p) generates a bounded sequence (x^ k ') such that 
L p (x^) < L p (xW) < L p { X W) < ... . 
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These results, combined with Eqs. (9), (10), (14) and (15), lead to 

Theorem 3. If for given x*- ' G II m and p£ I the sequence (x^ ') generated 
by A(p) is convergent and 



x* := lim x {k) G n m , (16) 

k — >oo 

then x* is a p- generalized solution of (S). 



To conclude this section, let us remark that A(l) is equivalent to the EMML 
Algorithm (see [9], [4], [11]) and, when b\ = ... = b n , A(— 1), is equivalent to the 
ISRA Algorithm (see [9], [3], [11]). The convergence of the sequence (x^) is 
governed by the general rules of the Expectation-Maximization Algorithm; see 

[9]. 



7 Examples and applications 

For the sake of brevity we shall present only some examples and applica- 
tions involving systems with exactly one solution; underconstrained and over- 
constrained systems will be considered in subsequent papers, as well as compar- 
isons with other methods. 



7.1 Dominant diagonal 
Example 1. 
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For illustrative purposes, consider the system for which 

' 100000 1000 1000 1000 1000 1000 

1 100 1 1 1 1 

1 1 100 1 1 1 

1 1 1 100 1 1 

1 1 1 1 100 1 

1000 1000 1000 1000 1000 100000 



.4: 



V 



and b = (1050000 1050 1050 1050 1050 1050000)'. 

The exact solution is (10 10 10 10 10 10)'. Taking as initial solution x (a *> = 
(1 1000 1 1000 1 1000)' we get as approximate solution (10 10 10 10 10 10)'. The 
number of iterations, corresponding to p £ [—5, 5], can be seen in Fig. 1. 




Figure 1: The number of iterations (Example 1) 



Remark that N(0) < N(— 1) « N(l); this happened in all our numerical ex- 
periments with systems having dominant diagonal. Moreover, in such cases the 
algorithm exhibits little sensitivity with respect to changing the initial solution. 
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7.2 Non-dominant diagonal 
Example 2. 

The dominant diagonal makes the computation easier. The opposite circum- 
stance is illustrated here by the very simple system 





Indeed, we know that solving the system with A(p) is equivalent to finding 
the extremum points of the function L p . The surfaces representing L p for p £ 
{ — 1, 0, 1} can be seen in Fig. 2. 




(a) 




(b) 




(c) 

Fig. 2: The surface representation of the function L p for (a) p=-l, (b) p=0 and 
(c) p=l (Example 2) 



We remark that they are similar to the surface representing the Rosenbrock 



810 



A Generalization of the EMML and ISRA Algorithms for Solving Linear Systems 

function: "long, narrow, parabolic shaped flat valley" (see [12]). 

The difficulties in finding the extremum points for such functions are notorious; 

they explain the difficulties in solving the corresponding system with A(p) . 

In fact, taking x^°' = (50 150)* as initial solution of the above system, we 
get the approximate solution (99.8 100)' after a number of iterations presented 
in Fig. 3. 



E 

z 8709 



I H I H II H I H I MHHM I HH II 



870? iH iii m i um i : 



-3 -2-1 1 

p values 



Fig. 3: The number of iterations (Example 2) 



Example 3. 



By contrast, consider the system given by 



A 



100 1 
1 100 



b= (10100 10100)' 



and take x^ — (1 199)' as initial solution. We get as approximate solution 
(100 100)' with a number of iterations illustrated in Fig. 4. 

In this case the function L p , p £ {—1, 0, 1} looks like in Fig. 5. 
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Fig. 4: The number of iterations (Example 3) 



7.3 Bernstein-Bezier representation 



Let P n be the space of the real polynomial functions of degree at most n, 



defined on [0,1]. Let b n j(t) 



t j (l -t) n - j , t £ [0,1], j = 0,1,..., n. 



Then {b n j : j — 0, 1, ...,n} is a basis of P n , called the Bernstein-Bezier basis; 
see [5], [8]; 

Let / £ P n ; suppose that the numbers /(-) > 0, % = 0, 1, ...,n, are known. 
We want to represent / with respect to the Bernstein-Bezier basis, i.e., to 
find the coefficients co,ci,...,c n such that / = '^2 i=0 Cjb n j. Then we have to 
solve the system Ax = b, where A = (b nj (£)) ij=0 n , % = (c , ...,c„)',6 = 
(/(0), /(I),. ..,/(!))*. 



The algorithm A(p) works particularly well if one takes x^ := b. 
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/ 




(a) 



(b) 




(c) 

Fig. 5: The surface representation of the function L p for (a) p—-l, (b) p=0 and 
(c) p=l (Example 3) 



7.4 B-spline interpolation 

In solving the problem of B-spline interpolation (see [5], [8]), one has to 
consider systems with 



/ 1 1 
a\ b\ c\ 



M 



\ 



\ 



a n~l t> n _i Cn-1 
1 1 



(17) 



where a, > 0, Cj > 0, hi — 2(a,i + a), i = 1, ...,n — 1. 
Once again, the A(p) algorithm can be used. 



813 



Ciurte et al. 



7.5 The inverse problem of Markov chains 

Let (Xk)k>a be a homogeneous Markov chain with state space {1, ..., n} and 
transition matrix T = (j»ij)ij=i,...,n- Let bi := P(Xk = i), i = 1, ...,n, where 
k > 1 is a given integer. Then (b\, ...,b n ) describes the probability distribution 
at the moment k. Suppose that we know the vector b and want to find the 
probability distribution at the moment k — 1 . Then we have to solve the system 

T l x = b\ (18) 

where Xj = P(Xk-i = j), j = l,...,n, and we can use A(p). So we can solve 
the inverse problem for the Markov chain (X/~) (see [2], p. 304). In particular, 

P(X fe _i = j\X k = i) =p ij x : j/bi, i,j = l,...,n. 

7.6 Stationary distribution 

Suppose that the above Markov chain is regular. Then it has a stationary 
distribution (sec [2]) given by Wi — lim/^oo P(Xk = i), i = 1, ...,n. The vector 
w is the unique eigenvector of the matrix T* , associated with the eigenvalue 1 
and having positive components with sum equal to 1. It is easy to see that w is 
the solution of the system 



PllWl + (P21 + 1)«>2 + ... + (Pnl + 1)W„ = 1 
(Pl2 + l)Wl +P22W2 + ••• + {Pn2 + 1)W„ = 1 

(Pin + l)Wl + (p 2n + 1)^2 + ... +PnnW„ = 1. 
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So we can use the algorithm A(p) in order to find the stationary distribution. 



Example 4. 



If the transition matrix is 



T = 



( 0.2 0.2 0.2 0.2 0.2 \ 

0.4 0.1 0.1 0.1 0.3 

0.2 0.4 0.2 0.1 0.1 

0.1 0.3 0.4 0.1 0.1 

\ 0.3 0.3 0.2 0.1 0.1 j 

then we have to solve the system for which 

I 0.2 1.4 1.2 1.1 1.3 \ 

1.2 0.1 1.4 1.3 1.3 

■i = 1.2 1.1 0.2 1.4 1.2 

1.2 1.1 1.1 0.1 1.1 

\ 1.2 1.3 1.1 1.1 0.1 ) 

and b= (1,1,1,1,1)*. 

Taking as initial solution z (0) = (0.05 0.2 0.5 0.05 0.2)* we get the approx- 
imate solution (stationary distribution) (0.2540 0.2455 0.2005 0.1254 0.1745)*. 
The number of iterations is presented in Fig. 6. 
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Fig. 6: The number of iterations (Example 4) 

8 Concluding remarks 

In the frame of the EM Algorithm, the A(p) algorithm generalizes the known 
algorithms EMML (i.e., A(l)) and ISRA (i.e., A(-l)). For systems with domi- 
nant diagonal A(Q) is better than A(l) and A(—l) with respect to the number 
of iterations. A{p) can be applied to concrete problems, as shown by the above 
examples. Subsequent papers will be devoted to applications involving under- 
constrained and overconstrained systems, as well as to the problem of identifying 
classes of systems for which a certain A(p) works better than other algorithms. 
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On Local Properties of Summability of Fourier Series 
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Abstract 

In this note we have improved the result of Sulaiman [2] on local property of 
absolute weighted mean summability with index 8 and k, of factored Fourier series 
by proving under weaker conditions. 



1 Introduction 

Let ^a M be a given series with partial sums^), and let (p n ) be a sequence of positive 

numbers such that P n = p Q + p l H \- p n —> °° as n —> oo. The sequence- to- sequence 

transformation 

1 " 

T n=—Y.Pv S v 

defines the sequence (T n ) of the [N, p n ) means of the the sequence (s n ) , generated the 
sequence coefficients (p n ). The series Va„ is summable the N,p n ;8 summability, 
k>l,S>0,if (see[l] ) 



S(^/pJ 



hk+k-l I \k 

\l —I \ < oo . 
n n— 1 



(1) 



n=\ 



In the special case when 8 = 0, N,p n ;8 summability is the same as N,p summability. If 

k " k 

we take p n = l/(n + Y),k = 1, 8 = 0, N,p n ;h is reduced to |7?,logn,l| summability. 

k ' ' 

Let f be a function with period In , integrable (l) over {-71, k) . Without any loss of 
generality we may assume that the constant term in the Fourier series of is zero, so that 



\f(t)dt = Q 



and 
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f(t) ~ £ (a„ cos nt + b n sin nt) = £ C„ (0- (2) 

It is well known [3] that convergence of a Fourier series at any point t = x is a local property 
f, i.e., for arbitrarily small 5 > , the behaviour of (s n (t)) , the n-th partial sum of the series (2), 

depends only the natura of f in the interval (x - S, x + S) and is not affected by the values it 
takes outside the interval. The local property problem of the factored Fourier series has been 
by several authors (see [1] for detail). 

Quite recently Sulaiman [2] proved the following theorem on local property of N,p n ;S 
summability of factored Fourier series. 

Theorem A. Let k > 1 and S >0.1f (p n ) and {X n ) satisfy the conditions 

AX n = 0{l/n), X n =(np n y l P n (3) 

±(Pn'Pn)'"{&\ k + Klt}x k n<-> W 

o=l 



I(^„f X„ + i|A^|<oo, (5) 



±(P n /p n f-\VP n ) = 0{(P v / Pv f(l/P v )}, (6) 

n=v 

then the summability \N,p n ;S of the series y]A n X n C n (t) at a point can be ensured by a 

I k '— i 

local property. 

The aim of this paper is to establish Theorem A under weaker conditions. Now, we shall 
prove the following theorem. 

Theorem. Let k > 1 and 8 > . If (p n ) and {X n ) satisfy the conditions (3), (6), 

fsiPJ P n f~ l K\Kt «*> - X n =(nP n r 1 P n (7) 



and 

t(Pn^PnfX n+l \AX n \<oo, (8) 



o=l 



then the summability N ,p n ;S of the series VA X n C n (t) at a point can be ensured by a 

k i 

n-\ 

local property. 
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Remark. It may be noticed that our result is an improvement of Theorem A in the sense that 
the conditions (7) and (8) are weaker than (4) and (5). 

2. Proof of the Theorem. As mentioned in the beginning, the convergence of Fourier 
series at a point is a local property. Therefore in order to prove the theorem it is sufficient to 
prove that if (s n ) is bounded, then under the conditions of our theorem, the series '^X n k n a n 

is summable N,p n ;d . Now, let (T n ) denote the [N,p n J means of this series. Then we 

have 

n 
v-1 



T n -T n _ x = {P n P n _J pX P ^ X vK" v ■ 

v=l 

Applying Abel's transformation to this sum we get 

T n -T n _, = (P n P n -J l Pn t, S » A ( P ^ X M+(PnP~*Y 1 PnKK-^nK 



v=l 



= {P n Pn-lY 1 Pn S^^J+fel)" 1 Pn E^^H-A 

v=l v=\ 



v-1 



+ { p n)~ Pn^X=T l + T 2 + T„s a y. 
For the proof of the lemma, by Minkowski's inequality, it suffices to show that 

t( P J Pnf^\Trt «*>> r = l,2,3.. 
Now, since s n = 0(1) , It follows that 

m+l m+1 f n— 1 | 

Z( P JPn) \4 =0(l)^{PJp n f-\P n -rT k mK\HP v -M\ 



n=2 n=2 I v=l 



In addition, in view of A(P V _ 1 X V ) = -p v X v + P V AX V = -v~ l P v + P V AX V = P v (~v~ l + AX V ) , it is 

clear that the condition AX v =0(l/v) is equivalent to A(P v _ 1 X v ) = Olv~ 1 P v ) . Therefore, 
applying Holder' s inequality, we get 

f-\ k 
v=l J 



m+l I n—i 

■o(i)Z(pj Pn f- l (p n _ l )- k mK\x vPv 

«=2 [ i-=l 
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m+1 „ [n-\ "1 fn-1 1 k l 

■■0(l)X(PJPn)^(P^\liKt^p y \\XpA 

,1=2 L v=l J Lv=l J 



m m+1 

v=l n=v+l 



= 0{\)Y J (PJ P v ) * k v \K\ =0{\) as m^oo. 
Again, 



i(^r*> 2 f =o(d %pjp n f-\p n .j k m p jpy^ (pj p v fx v+l \AK\\ 

n=2 n=2 L v=l J 

w+1 „. , n—\ „ „, f «— 1 „ I 



n=2 v=l L v=l 



=od)E(^/pJ (^) Kn/^r >vX +1 |a^ v | Z(p v /p v )°x v+1 |ax v | 



= od) f(p n / Pn f- 1 (p n .J k "t(PJp^ k p"x v+1 \AK\ 



n=2 v=l 

=o(i)±(p v / Pv f- 5k Pl k x v+l \AK\ f (pj •p n f-\p n . l y k 

v=l n=v+l 

m 

= 0(\)Y j {PJ Pv ) X v+1 |AX v | = 0(l),as m^oo, 

v=l 

X, . Sk-\~k— 1 i ufc _ 

\P n l Pn) | ^3 1 <DO by virtue of (7). This 

«=i 
completes the proof. 
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Abstract 

We introduce higher order generalization of the g-Bernstein operators. Then we study ap- 
proximation properties and a Voronovskaja-type theorem for higher order g-Bernstein operators. 



1 Introduction 



Nowadays it is known that the theory of q-calculus plays an important role on analytic number theory 
and theoretical physics. For example, various applications of this theory have appeared in the study 
of hypergeometric series [1], in the approximation theory [2], [17], [18] while some other important 
applications have been related with the quantum theory. In this paper, using the moment estimates 
from [9] and with the techniques of the works [5] , [6] , we study the approximation properties of an 
rth order generalization of the q-Bcrnstcin polynomials. 

We first recall some basic definitions used in the paper. The q-Bcrnstcin operators are given by 



B n , q {f;x) 

Pn,k{q;x) 



E 

fe=0 



f(M ){>,,!, ■((/:./■). »tK. or. < '. I. 



n 

k 



n—k—1 



II i 1 -?*)- 



s=0 



Recall that [n] = [n] and 
respectively by 



n 

k 



denotes the g-integers and q-Gaussian binomial, which arc defined, 



(1 - q n ) /(l-q),i£q?l 
n, if q = 1 



n 

k 



[k}\ 



k]V 



where [n] ! denotes the g-factorial given by 



n]...[2][l], ifn>l, 
1, ifn = 0. 

After g-Bernstein polynomials were introduced by Phillips [15] they have been the object of 
several investigations in approximation theory (cf. [3]- [21]). Surveys of results on the g-Bernstein 
polynomials together with comprehensive lists of references on the subject arc given in [12]. 

We introduce a new sequence of positive linear operators so-called higher (rth) order q-Bernstcin 
operators. 

Definition 1 Let r e N U {0} be a fixed number. For f <G C r [0, 1] and n € N we define the rth 
order generalization of the q-Bernstein operators as follows 






[k] 
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It is clear that for r = 0, B n j q if',%) becomes the g-Bernstein operator, B nq (f;x) , defined by 
Phillips. Also it can be easily shown that Bnj q (/; 1) = /(l). It should be stressed out that this kind 
of generalization was considered in [5], [10], [14], [6]. 

In the paper, we investigate the rate of convergence for the sequence {Bnjq (/; a;)} by the modulus 
of continuity of the rth order derivative of / in the case < q < 1 . Moreover we study a Voronovskaja- 
typc theorem for higher order g-Bcrnstcin operators. 



2 Auxilary results 



Theorem 2 [9] For any m € N, < q < 1, there exists a constant K m > such that 

\B n , q ((t-xj m 7 x)\<K m x{1 ~f 

[n]L— J 

where x € [0, 1] and [a\ is the integer part of a > 0. 

Corollary 3 For any m(zN,0<q<l, there exists a constant K m > such that 

B n , q (\t-x\ m ,x)<K m ^^-. 

\n\ 



(1) 



Proof. Indeed if m is even 



B n . q (\t - x\ m ,x) = B n , q ((t - x) m ,x) < K m 'M, = K„ X{1 ' r) 



,L(m+l)/2j 



,./2 



On the other hand if m is odd, say m = 2k + 1, we have 



'n,q 



B n . a (\t-X\ 2k+I ,x) < \lB„.J\l -.r\ a ..r) x nj„ 



y n,q 



t — x\ ,x 



~ x{l-x) ~x{l-x) 

< \ K ik - j/^xiwol \ K 2- 



,L(4fc+l)/2j 



1 L3/2J 



= jK* k X -^jK2 X A^ 1 



= K- 



x (1 — x) 

2fe+1 r i(2fc+l)/2' 

\n\ 



Lemma 4 Let < q < 1. BJ lg (/; x) is an operator from C r [0, 1] into C [0, 1]. Furthermore there 
exists a constant C (r) such that for every f <E C [0, 1] we have 



41(/) rm <C(r)J2 \\f {j) =C(r)\\f\\ Cr[Qil] 

C[0,1] i=0 M 



(2) 



Proof. It is obvious that Bn; q (f',x) is continuous on [0, 1]. To show (2) from the definition we 
deduce that 

b [ ;1 (/; x) = J2 { -^r B ^ ((* - *y f u) (*) ; a; ) • 
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Further, by the Corollary 3 we have 



B n , q ((t-xyfW{t);x) 



< 



f(f) 



B n . q [\t-x\ 3 ;x) <K 3 



tti) 



-i/2 



Consequently 



B^ q (f)\\<Y, 



i-iy 



3=0 



B n , q (it-x) j f^(t);x) <C(r)J2\\f 

3=0 



U) 



Thus the proof is completed. 



3 Convergence properties of Bnj q 

We use the modulus of continuity of the derivative f^ r ' : 

to (/« ; t) := sup { | /M (x) - /« (y) | : \x - y\ < t, x,y € [0, 1] } . 

Theorem 5 Let < q < 1 and r G N U {0} be a fixed number. Then there exists A r > such that 
for every f G C [0, 1] and n G N the following inequality holds 



B l ;} q tf)-f 



n] 2 V \/\n] 



(3) 



Proof. The estimation (3) for r — follows from [19, Theorem 4.1]. 

Let r G N. We apply the following Taylor formula for / G C r [0, 1] at a given point t G [0, 1]: 



m-f-^ 



(x-ty + (x t)r f - 



3=0 



(r-iy.Jo 



(1-u)'^ r>(t + u(x-t))-f^>(t) 



- t\\ - f( r ) 



du. 



Applying S n _ q we get 



/(x)-BM (/;«) = J] 



(s-[fc]/[n])' 



(r-1)! 

fc=0 v y 

X / (l-„) 

Jo 



\r-l 



WM + «(*-M 



p(r) 



[fc] 



duPn,fc (q; x) . (4) 



The definition and properties of modulus of continuity of function imply that 



^ilA + u ( x .lA 



f(r) 



[k] 



<«(/ w ; 



[k] 



<-(>; 



M 



< x/ h 



+ 1 w / 



M. 



(5) 



for every < w < 1, < a: < 1, k € NU {0}, n £ N. From (4) and (5) we get 

41 (/;*)-/(*) I 



< 



rI V WW) J h 



[k] 



[k] 



+ l Pn,k (q; x) 



\<o ( / (r) ; -U ) (>/W5 n , g (|a; - C +1 ; *) + B n>q (\x - t\ r ; a:)) 



(G) 



824 



SABANCIGIL: ABOUT q-BERNSTEIN OPERATORS 



for < x < 1, n € N. Using (1) in (6), we have 



r - VvN/ V vN 



= 4. 



w / 



M. 



It is easy to see that if g„ — ► 1 for n — > oo then lirrin^oo [n] = +oo. Therefore, the sequence 



Bn,q n (f',x) converges uniformly to / for each continuous function / if linin^^ q n = 1. From 
Theorem 5 we can derive the following two corollaries. 

Corollary 6 Let f G C r [0, 1], < q n < 1, linin^oo q n = 1 and r G iVU{0} be a fixed number. Then 



lim \n]„ 



= 0. 



4 r L(/)-/ 

We note that a function f E C [0, 1] belongs to LipM (a), < a < 1, provided 
1/ («) - / (»)l < Af |» - V| a (x,y€[0,l] and M > 0) . 
Corollary 7 Let < q n < 1, lim„^ 00 q„ = 1, r G TV U {0}, / G C r [0, 1]. I//M GLip M (a) then 

\B l ;} q Jf)-f\\=0([n]-^). 

Proof. Since f^ r ' GLipM {a) we have immediately 



4 r L (/) - / 



< A r — [ —lu I /W; i | < A,M- ' ' 



J </„. 



J?n . 



J?,. L J 9n 



Consequently, according to (3) the sequence {B„ r j qn (/)} converges uniformly to any / G C r [0, 1] 

if q n — » 1 for n — » oo. 

Theorem 8 (Voronovskaja) Let Q < q <\. Suppose that f G C r+2 [0, 1] where r G TV U {0} is /zxerf. 
TTien 

4 r , ] g (/;*)-/(*) 

(_l)V( p+1 )(a:)B ni , ((i - xY+ l ;x) (-!)> + l)/( r+2 )(x)B„, g ((t - x)^ 2 ; x) 



(r + 1)! 



(r + 2)! 



s <w*^^gj nn ^ r (/<"*-<> .w 



Proof. Fix < x < 1. For / e C r + 2 [0, 1] we have /W G C" r+2 -J [0, 1] , < j < r, and by the Taylor 
formula we can write 



r ±^' fU+i)( x ) 

/ 0) (i)= ^ J W (t- 3 ;)' + fl r+2 _ 3 -(/;t, a; ), 



(7) 



j=0 



f(r+2-j) ft) _ f(r+2-j) I \ . 

*W»-j (/; t, x) = * ^^ ^ (* - X ) r+2 -> 
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where £ 4 is situated between x and t, therefore, |£t — x\ < \t — x\. Taking t = r n k = r-\ in (7) and 
applying this formula to Bnj q (/) we have 

™ r (t t , V r+2 ~ 3 fO'+Or-rl 



fc=0 



j=0 J i=0 






k=0 

= h + h- 



3=0 



(8) 



It follows that 



B^ q {f;x)-h 



= |/ 2 I = 



" J^ (-1)3 f(r+2-j) It \ _ Wr+2-j) / \ 



fe=0 



3=0 



(r + 2-j)\ 



B ^ E Si ^ . o ,m — — ( f - *) ; * 



,3=0 



(r + 2-j)! 



For the estimate of the remainder I/2I we shall use the well-known inequality 

w(f,X6)<{l + X 2 )uj(f,6). 
We have 

/( r+2-i) (6) _ /( ,+2-,) (x) | < w ( / (r + 2-,) ) |£ _ x |) < w (/(r+2-fl |* _ x \) 

Hence 

(-l) j I {r+2 -^ (6) - /( r + 2 -^ (a;) 



\h\<B rhq \J2 
u=o 



! (r + 2-j)! 



It — x| r ; x 



f(r+2-j) 



K j=o 



r , 



3=0 



j\(r + 2-j) 



f(r+2-j) 



l + [n](t-xy) \t-x\ r+ ;x 



S„, 9 ( \t- x\ r+2 ;x) + [n]B ntq ( \t - x\ r+i ; x 



< 



r . 



3=0 



j\(r + 2-j) 



e(r+2-j) 



K, 



r+2" 



x (1 — a;) [n]x(l — a;) 



a; 



, 1 -... r +4 ,r+9 

inl- W 2 



(-Kr +2 + -Kr+4, 



W i+i Z. j!(r . + 2 - i )! W ^ 



e(r+2-j) 



» n 



and consequently 



BW (/; x) - /i| < (A- r+2 + K r+A ) X -^- ± j]{r+ \_ jy " {f {r+2 -^ [»] 
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In order to end the proof it remains to simplify I\ . Standard calculations give 

k=0 j=0 J ' l=j V ■''' 



k=0 

f (r+1) {x) 
'(r + l-j)! v '"" "' ' (r + 2-j)! 

A /(0( X ) ' 



/ \r+l . / W / Nr+2 

(Tnfe - ar) + - — — — (T nk - X) 



^2pnk(q;x)Y^ 



fe=0 



1=0 



(r nk - X ) i j2( ;■ )(-!) 



/ (r+1) (a:) 
(r+1)! 



X] Pnfc(<75 X) {T nk ~ Xf + ^ 



k=0 



j=o 



r + 1 
j 



(-iy 



/ (r+2) (*) y , u , r+2 A/r + 2 



for n£ JV. Using the following inequalities 



£( "t 1 ](-i)' = (-D' 



J=0 



E 

J=0 



r + 2 



(-iy = (r + l)(-l) r , reNU{0}, 



we obtain 



h = f(x) + 



(-iyf(r+i)( x ) Bn , q ((t- x y+ 1 ;x) 



(r + 1)! 
(-iy(r + l)f( r +V(x)B n , q ((t-xy +2 ;x) 



n£ N. 



(r + 2)! 

Thus the proof is completed. ■ 

Theorem 8 implies the following Voronovskaja type theorem for operators B ntq (f) proved by 
Vidcnskii [19]. 

Corollary 9 If f £ C 2 [0,1] and q n — ► 1 as n — ► oo, i/ien 



S„, gn (/; cc) - / (x) 



/"(x)cc(l-x) 



<if^ w |/"N, 



j'/„ 



for every x G [0, 1] , where K = (i^ + ^4) /2. Moreover 



x(l — x) 



lim [n], B (B n , gB (/;x) - /(»)) = -^^/"(z) 



uniformly on [0, 1]. 
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Calculating zeros of the second kind Euler polynomials 

C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : Many mathematicians have studied the second kind Euler numbers and polynomials in 
the complex plane. One purpose of this paper is to investigate the zeros of the second kind Euler 
polynomials E n (x). We also display the shape of the second kind Euler polynomials E n (x). 

Key words : Bernoulli numbers, Bernoulli polynomials, Euler numbers, Euler polynomials, the 
second kind Euler numbers and polynomials 

1. Introduction 

Several mathematicians have studied the second kind Euler numbers and polynomials (see [1,2,3,4]). 
The second kind Euler numbers and polynomials posses many interesting properties and arising 
in many areas of mathematics and physics. In this paper, we introduce the second kind Euler 
numbers E n and polynomials E n (x). In order to study the second kind Euler numbers E n and 
polynomials E n (x), we must understand the structure of the second kind Euler numbers E n and 
polynomials E n (x). Therefore, using computer, a realistic study for the second kind Euler numbers 
E n and polynomials E n (x) is very interesting. It is the aim of this paper to observe an interesting 
phenomenon of 'scattering' of the zeros of the second kind Euler polynomials E n (x) in complex 
plane. The outline of this paper is as follows. We introduce the second kind Euler numbers E n 
and polynomials E n (x). In Section 2, we describe the beautiful zeros of the the second kind Euler 
polynomials E n (x) using a numerical investigation. Finally, we investigate the roots of the second 
kind Euler polynomials E n (x). 

First, we introduce the second kind Euler numbers E n and polynomials E n (x). The second 
kind Euler numbers E n are defined by the generating function: 

nt) = ^^ t = Y, E -- v (i*i < 2 } ' cf - [1 ' 3] (1) 

n— 

where we use the technique method notation by replacing E n by E n (n > 0) symbolically. From (1), 
we have 

Z _ V^ jp l - „Et 






which yields 

2 = e (E+1)t + e {E ~ 1)t . 



Using Taylor expansion of exponential function, we obtain 

2 = J2((E+l) n + (E-l) n )- r 
*— ' n! 

By comparing the coefficients, we have 

2, if n = 0, 

(E+ir + (E-ir = \ ' ' 

0, rfn>0. 
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We obtain the first value of the second kind Eulcr numbers E n : 

E = l, Ei=0, E 2 = -l, E 3 = 0, E i = h, E 5 =0, E 6 = -61, E 7 = {), 

E$ = 1385, E 9 = 0, E w = -50521, E u = 0, E 12 = 2702765, E u = -199360981, 

£i 6 = 19391512145, E 18 = -2404879675441 E 20 = 370371188237525, •• • 

In general, it satisfies E 3 = E§ = E-j = • • • = 0. We consider the second kind Eulcr polynomials 
E n (x) as follows: 

9 °° j-n 

FM = ——e^ = Y J E n { X )- i . (2) 



& + e~ 

n—0 



By the above definition, we obtain 



x fl o x -i-n °° -t-rn 

E«4 = ^" = E<yE^ 

2=0 n=0 ro=0 

2=0 \n=0 v ; / 1=0 \n=0 v 7 / 



By using comparing coefficients — , we have 



fc=0 ^ ' 



fe a;" fe . 



In the special case x = 0, we define -E„(0) = E n . Let m be odd. It is easy to see that 



x j-n 9 ^ _ o„mi 

n=0 a=0 



e- 



la + .x + 1 — m 

m-1 2 



= E(- 1 ) a ; 



a m£ _j_ 0—mt 
a=0 



e m 



= i; 1 (-irf:^ /2 ""' r " :l_ '" v "' /) " 



a=0 n=0 

oo / m— 1 



= E(™"E(- 1 ) a ^ /2a+ ' x+J_m 



m J n\ 

n=0 \ a=0 



Hence we have the below theorem. 



Theorem 1. For any positive integer m(=odd), we obtain 

„ , s „ v—v , ,,„ / 2i + a; + 1 — to \ „ 

£„(x) = to" VJ (- 1 ) -^n ) for n > 0. 

1=0 \ TO / 



Since 



00 ^Z o °° j-n °° jva 

2><*+»>5 - ttW ,i+ "" - E W s E ^b 

x> / i j.n -il — n \ 



n! (7 — n)\ 

1=0 \n=0 v ' , 

=e(e (>«</-")£. 

2=0 \n=0 v 7 / 
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we have the following theorem. 

Theorem 2. The second kind Eulcr polynomials E n (x) satisfies the following relation: 



E l (x + y) = Y / ( l )E n (x) 



y 



Because 



dx 

it follows the important relation 

d 
dx 

We have the integral formula as follows: 



F(t,x) = tF(t,x) = J2 ^T E n(x)- v 



n=0 



E n (x) = nE n _i(x). 



Since 



E n _ 1 {x)dx= -{E n {b)-E n {a)). 
n 



E E n (-x) [ -J- = F(-x, -t) = _^ e <-><-*> 

A • m! p Z _L_ p Z 



f 

— e xt = F(x,t) = J2E n (xy-, 



n=0 

we obtain the following theorem. 

Theorem 3. For n e N, we have 

E n {x) = (-l) n E n (-x). 
By using computer, the second kind Eulcr polynomials E n (x) can be determined explicitly. A few 



of them are 


E (x 
Ex(x 


= 1, 
= x, 








E 2 (x 


= x 2 - 


-1, 






E 3 (x 


= x 3 - 


- 3x, 






E 4 (x 


= x 4 - 


- 6x 2 + 5, 






E 5 (x 


= x 5 - 


- 10a; 3 + 25a;, 






E 6 (x 


= x 6 - 


- 15a; 4 + 75a; 2 - 


61, 




E 7 (x 


= x 7 - 


- 21a; 5 + 175x 3 


- 427a; , 




E s (x 


= x 8 - 


- 28a; 6 + 350x 4 


- 1708a; 2 + 1385, 




E 9 (x 


= x 9 - 


- 36a; 7 + 630x 5 


- 5124a; 3 + 12465a; 



Eio(x) = x w - 45a; 8 + 1050a; 6 - 12810a; 4 + 62325a; 2 - 50521, 
En(x) = x 11 - 55a; 9 + 1650a; 7 - 28182a; 5 + 228525x 3 - 555731a; 



RYOO: SOLVING SECOND KIND EULER POLYNOMIALS 



831 



2. Zeros of the second kind Euler polynomials E n (x) 

In this section, we display the shapes of the second kind Euler polynomials E n (x) and we 
investigate the zeros of the second Euler polynomials E n (x). For n = 1, • • • , 10, we can draw a plot 
of the second kind Euler polynomials E n (x), respectively. This shows the ten plots combined into 
one. We display the shape of E n (x), — 8 < x < 8. (Figure 1). 



40000 



20000 



E„(x) 



-20000 



OvA 


11 


/ } V 


<J ^ 



-7.5 -5 



!.5 2.5 5 7.5 



Figure 1: Curve of E n (x) 



We investigate the beautiful zeros of the E n (x) by using a computer. We plot the zeros of the 
second kind Euler polynomials E n (x) for n = 20,30,40,50 and x E C (Figure 2). Stacks of zeros 
of E n (x) for 1 < n < 40 from a 3-D structure are presented. (Figure 3). Our numerical results for 
approximate solutions of real zeros of E n (x) are displayed. (Tables 1,2). 

Table 1. Numbers of real and complex zeros of E n (x) 



degree n 


real zeros 


complex zeros 


2 


2 





3 


3 





4 


4 





5 


5 





6 


2 


4 


7 


3 


4 


8 


3 


4 


9 


5 


4 


10 


5 


4 


11 


3 


8 



We observe a remarkably regular structure of the complex roots of the Euler polynomials E n (x). We 
hope to verify a remarkably regular structure of the complex roots of the Euler polynomials E n (x). 
(Table 1). Next, we calculated an approximate solution satisfying E n (x),x E R. The results are 
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• 
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riven in Table 2. 



Figure 2: Zeros of E n {x) for n = 20, 30, 40, 50 



Table 2. Approximate solutions of E n (x) =0,i£ 



degree n 


X 


2 


-1.0000, 1.0000 


3 


-1.7321, 0.0000, 1.7321 


4 


-2.236, -1.0000, 1.0000, 2.236 


5 


-2.236, -2.236, 0.0000, 2.236, 2.236 


6 


-1.000, 1.000 


7 


-1.995463, 0.0000, 1.995463 


8 


-2.86466, -1.0000000, 1.0000000, 2.86466 


9 


-3.4395, -2.00016, 0.0000 2.00016, 3.4395 


10 


-3.730, -3.030 -1.000, 1.000, 3.030, 3.730 


11 


-2.0000, 0.0000, 2.0000 
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Im(x) ;;: 




Figure 3: Stacks of zeros of E n (x), 1 < n < 50 

3. Directions for Further Research 

Finally, we shall consider the more general problems. Prove that E n (x) — has n distinct 
solutions. Find the numbers of complex zeros Ce„( x ) of E n (x),Im(x) ^ 0. Since n is the degree of 
the polynomial E n {x), the number of real zeros R.E n (x) lying on the real plane Im(x) = is then 
R En t x ) = n — CE n (x)i where C^^ix) denotes complex zeros. See Table 1 for tabulated values of 
Re„(x) an d C_b„(x)- Find the equation of envelope curves bounding the real zeros lying on the plane. 
We prove that E n (x),x S C, has Re(x) = reflection symmetry in addition to the usual Im(x) = 
reflection symmetry analytic complex functions. The author has no doubt that investigation along 
this line will lead to a new approach employing numerical method in the field of research of the 
second kind Euler polynomials E n {x) to appear in mathematics and physics. For related topics the 
interested reader is referred to [1,4]. 
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Abstract 

Here we propose a block ILU preconditioner for block-tridiagonal M-matrices, 
and some theoretical properties for the block ILU preconditioner are studied. Nu- 
merical results of the BICGSTAB using the block ILU and ILU(O) as the precon- 
ditioners are compared to see the effective of the block ILU preconditioners. 
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matrix 
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1 INTRODUCTION 

The discretization of partial differential equatinons in 2D or 3D, by finite difference 
or finite element approximation, leads often to large sparse block-tridiagonal linear 
systems. In this paper, we consider the matrix equations 

Ax = b, x,b€R n , (1) 

where A is a block-tridiagonal M-matrix and have the following form 

/ £>i Eh. \ 



A 



C2 E>2 Ei 

'• E n _i 
\ C n D n J 



(2) 
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Since A is M-matrix the diagonal blocks Di of A are square M-matrices too and 
Ci and Ei are nonpositive matrices. The matrix A is generally sparse and with a large 
dimension, thus the direct solvers become prohibitively expensive. Alternatively, the 
preconditioned conjugate gradient (CG) iterative method is widely used. For the non- 
symmetric case, the other Krylov subspace methods are widely used, such as the GM- 
RES and BICGSTAB methods. In general, the convergence rate of the above methods 
may be extremely slow, so the preconditioning matrix or preconditioner will always 
be needed and will be applied to the iterative solvers to accelerate the convergence 
rate. If K is a approximation of matrix A, then we can perform the left preconditioner 
K~ 1 Ax = K~ 1 b or the right preconditioned linear system AK~ l y = b, where y = Kx. 
The preconditoner K should be chosen so that the eigenvalue of K~ 1 A or AK~ l is a 
more centralized. 

The ultimate goal of the preconditioned iterative methods is to reduce the total 
execution time, one of the powerful preconditioning methods in terms of reducing the 
number of iterations and executing time is the ILU factorization method. However, 
the parallelization of the construction of the ILU preconditioner is one of the problems 
which will influence the time used to construct the preconditioner, while the efficient 
of the preconditioner to accelerate the convergence rate of the iterative method such 
as the Krylov subspace method is another which will reduce the time used to solve the 
whole linear system. 

The purpose of this paper is to propose a kind of block ILU preconditioner which can 
be computed in parallel for block-tridiagonal M-matrices. In Section 2, we review some 
properties of the ILU factorizations for block-tridiagonal matrix. In Section 3, the new 
block ILU factorization preconditioners for block-tridiagonal M-matrices are proposed 
and some of theoretical properties. In Section 4 the construction of a effective block 
preconditoners for a special type of matrices which arises from five-point discretiza- 
tion of the second-order PDE is given, and the numerical results of the BICGSTAB 
with the block ILU preconditoners proposed in this paper and the standard ILU(O) 
preconditioners are compared. 

2 ILU FACTORIZATION FOR M-MATRICES 

J. H. Yun [2] proposed a new block incomplete factoriztion preconditioner for a 
symmetric block-tridiagonal M-matrix which can be computed in parallel. For the 
linear system of equations (2), where A is a symmetric block-tridiagonal M-matrix 
blocked in the form of 



/ B 1 -d \ 

—C 1 i?2 — Ci 



A 



Cn-i 
ji-i 



"Cn-l B n 



G R nxn , (3) 
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the following theorem is given. 



Theorem 2.1. ([2]) Let A be a symmetric block-tridiagonal M-matrix of the form 
(3) and let Bi = Uf DiUi — Ri be a regular splitting of Bi which can be obtained by the 
IC factorization process for each i = 1,2, ■■ -,n. Suppose that for each i = 1,2, ■ ■ -,n — 1, 

Ei is a matrix which satisfies UfDiEi <Ci <E{. Let 







D 




D 2 





\ 


i 

, u = 







Da ) 


V 



( U x 

[/ 2 



o u n J 



u 







V 





-Ci 

t/ 2 



-c 2 






u 



-E x 
U 2 



-Ei 



-E n -\ 



U 







V 



<U[D 1 
U 2 



,-i 



Ci 



(U^D 2 )-'C 2 



<ul 













n-1 



/ 



U T DU . Then the following holds: 
-A>0,R = M-A>0: 



M = U T DU, M = U T DU, M = U T DU and M = 

(a) R = M - A>0, R = M -A>0, R = M 

(b) < U- 1 < U- 1 < If- 1 < U- 1 ; 

(c) < M~ l < M~ l < M- 1 < M- 1 ; 

(d) A = M - R = M - R = M - R = M - R are regular splittings of A; 
(e)p{M- 1 R) < p{M- l R) < p(M- l R) < p{M~ l R) < 1. 



The most favorite character of the four types of IC factorization preconditoners 
presented by [2] is that it can be computed in parallel. Block IC facttorization pre- 
conditioner of type M may not be used in practical situations since it requires a lot 
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of fill-in elements causing too much storage and arithmetic operations. Block precon- 
ditioner of type M has rich parallelism since both the computation of preconditioner 
and preconditioner solve step of the PCG can be done in parallel, but its effectiveness 
is much worse than the other types of block preconditioners. So the preconditoner of 
type M is recommended. Yun [11] have already make it to more generalized case for 
nonsymmetric block-tridiagonal M-matrices. 

Saad [3] and M. H. Koulaei [4] discussed the block ILU factorization method too, 
since the block-tridiagonal matrix A has the form 



A = L + D + U, 



(4) 



where D is the diagonal block part of matrix A, L is the lower block part of the matrix 
A and U is the upper block part. Then a block factorization can be defined as 



M 



{L + S)S- 1 {S + U), 



(5) 



where L and U are the same as those above, and S is a bock-diagonal matrix whose 
blocks Si are defined by the recurrence: 

Si = D\, Si = Di — dcii-iEi-i, 

in which aj is the sparse approximate to S~ . In this case for computing the blocks 
a,i, it is natural to keep the blocks <n banded, particular keep it tridiagonal. Then the 
method proposed by [8-10] can be used to compute the approximate inverse of S~_ 1 . 
Koulaei [4] proposed two algorithm for computing the inverse factors directly which is 
needed for computing m. Using the LU factorization of Si 



Si 



LiUi, 



the preconditioner M can be expressed in terms of lower and upper triangular factors 



( u 

V 2 L 2 



M 



where 



\ / m w 2 

u 2 w 3 



K- 



n—l 



L n -1 



V i = C i U-_\, Wi = Lr\E, 



i-l- 



U n - 



n—l 



\ 



w n 
u n ) 



(6) 



This form is generally more efficient. But since Si is computed by the recurrence, the 
construction of the preconditoner M is less parallel than Yun's [2]. 
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3 BLOCK ILU FACTORIZATION PRECONDITIONERS 

We consider the matrix A which is a large sparse block-tridiagonal M-matrix 
blocked in the form (2) too, to compute the Si we define the recurrence as: 



Si — Di, Si — Di — CiD i _ 1 E, 



i-l> 



using the ILU factorization Si = LiUi, the preconditioner M can be expressed in a 
similar form as equation(6). 



M = LU 



( Li 
V 2 L 2 



V 



\ ( Ui W 2 

u 2 w 3 



Vn—1 L'n—l 

*n L n J \ 



U, 



ra-1 



w„ 



u n j 



where Vi = C;JJ^_ X and Wj = L~_ x Ei-i too. 

The only different is the construction of the Si, we define is as Si = Di~CiD~_ 1 Ei^i 
instead of Si = Di — CiS^_ x Ei-i used by Saad [3] and M. H. Koulaei [4] or Si = D L 
used by J. H. Yun [2]. Then we have the following Theorems. 

Lemma 3.1 ([2]). Let A and B be square M -matrices, and let A = L\U\ — Ri 
and B = L 2 U 2 — R 2 be ILU factorizations corresponding to the same zero pattern set 
P G P n . If A< B, then L^ 1 < L\ x and U 2 ~ l < U{ 1 . 

Theorem 3.2. Let A be a block-tridiagonal M-matrix of the form (2), and let 
M = LU and the computation of Si defined as above. Then 

Si + CiS i _ 1 Ei-i > Di. 



Proof. Since A is a block-tridiagonal M-matrix, from the definition of Si, we can 
get Si-i < Di-i and that they are both M-matrices. So 



S-li>D-\, 



Then 



Si + CjiS' i _ 1 £'j_i — Di — CiS i _ 1 Ei_i — CiD i _ 1 E^i > 0. 
Thus the proof complete. □ 

Theorem 3.3. Let A be a block-tridiagonal M-matrix of the form (2), and let 
M = LU defined as above. Then the following holds: 
(a) R = M -A>0; 
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(b) U- 1 > and L' 1 > 0; 

(c) A = M — R is a regular splitting of A. 



Proof. By simple calculation, we can obtain 
R=M - A= 

V 



S 2 + C 2 S 1 E\ — D 2 



<~>n + ^ra<-' n -i-C / n-l — L) n ) 



Then R = M — A > can be easily obtained from Theorem 3.2. Since L and U are 
both Z-matrices with positive diagonal, they are M-matrices, then we can get U~ l > 
and L" 1 > 0, and 



M" 1 = U^L' 1 > 0. 



Therefore A = M — R is a regular splitting of A. □ 

Theorem 3.4. Let A be a block-tridiagonal M-matrix of the form (2), let M = LU 
defined as above, and M = LU, where L and U are constructed as follow: 



L>i — LiUi, 



and 



( Li 

V 2 L 2 



M = LU 



\ ( tJx W 2 

u 2 w 3 



where 
Then 



Vn—l L n -\ 

v n L n J \ 

V i = C i U l -_\, W i = L-2 1 E i . 1 . 
ikT 1 > M" 1 and p(M~ 1 R) < p(M- l R). 



U n -l Wn 



Proof. From the definition of Si, it is easy to obtain that Si < D{. From Lemma 
1, we know that 

L% < Li and Ui < Ui. 

So 

Vi = CiU~_\ <V % = CiU-_\, 

Wi = LJ^Ei^ <Wi = L^Ei-L 

Then 

L < L and U < U, 
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SO 



M- 1 = U^L- 1 > M' 1 = U- l L- 1 . 



Since A = M — R and A = M — R are both regular splittings, and M 1 > M 1 . It is 
naturally p{M- l R) < p(M- l R). □ 

For the matrix A which is a large sparse block-tridiagonal M-matrix blocked in the 
form (2), when we perform the block ILU factorization we can also define the recurrence 
of the computation of Si as: 

Si = D 1: 



for i = 3,5, . . . ,2i + 1, . . 
For i = 2,4,...,2i,..., 



Si — Di — CiD-,Ei_i 



bi — D; — U ? ;<b-_ 1 -C/,;_ 



In other words, if we define the recurrence for the fist steps as S\ = D±, and the 
following k — 1 steps as Si = Di — CiS~_ l Ei^\. At the k + 1 step we restart and define 
the recurrence as Si = Di — CiD~_ 1 Ei_i and the following k — 1 steps we also define 
it as Si = Di — CiS^Ei-i, repeat such process until it have been exceed the matrix 
dimension. We call such process the k step restart method. To simplify the k step 
restart method we can choose the number k so that the matrix dimension n can be 
divide exactly by k. 

Then for k > 2, the k step restart method can be expressed as 

Si = D u 

for i = 2, 3, . . . , n, if (i)mod(fc) = 1, 

Si = Di — Cj-Dj^-Ej-i, 

otherwise, 

Si = Di — L-ib^_-yEi—\. 

For k < 2, when k = we just define the Si by Si = Di and when k = 1 we define 
the Si by S\ = D± and for i = 2, 3, . . . , n, Si = Di — CiD~_^Ei_\, for A; > 2, it can be 
performed as we discussed above. It is easy to proof that when we perform the block 
ILU factorization combining with the k step restart method to compute the Si, then 
for all k = 2, . . . , n, Theorem 3.2, Theorem3.3 and Theorem 3.4 are consistent. And 
when k = n, it is just the method Saad [3] and Koulaei [4] discussed. 



REN et al: LU FACTORIZATION IN BLOCK SPACES 841 



4 NUMERICAL RESULTS 

The construction of the block ILU factorization preconditiner presented in section 
3 will be considered for a special type of matrices described below. The matrix arises 
from five-point discretization of the second-order self-adjoint elliptic partial differential 
equation: 

-au xx - buyy + cu x + du y + fu = g, (7) 

with a(x,y) > 0, b(x,y) > 0, c(x,y),d(x,y) and f(x,y) defined on the unit square 
region S7, and with suitable boundary conditions on d£l. 

Therefore Ci and Ei are diagonal and Di is tridiagonal. Since Di is a tridiagonal 
matrix, the complete LU factorization of Di is equal to ILU(O). Considering the re- 
currence S{ = Di — CiD~_ x Ei_\, the approximate inverse of Di should be simple for 
the calculation of the Si and do better make the Si have the same zero pattern as 
Di, by other words we can make the approximation of inverse of Di still tridiagonal. 
Thus we will use the L^- and C/^- to compute the tridiagonal part of the D~ where 
Di = LoiUoi- Since the inverse of the matrix Di can be calculated parallel, the calcula- 
tion of the matrix Si can be done respectively too. The inverse of Li and Ui, Si = LiUi, 
are also used to construct the block ILU factorization, so we denote the term L- 3 , the 
lower banded matrices with j lower diagonal by drop some nonzero elements of LJ L , 
and U~ 3 respectively. The nonzero structures of L^ 3 are illustrated in Fig.l. 

By JJ we means the block ILU preconditioner constructed by using L~ 3 and U i 3 
to compute the Si and Wi and Vi . The nonzero structures of V are illustrated in Fig. 
2. And the term AP denotes M* = UU j . 

Now we provide numerical results of the BICGSTAB method using different pre- 
conditioned M 3 and ILU(O) for linear systems Ax = b, where A is the block tridiagonal 
M-matrices. 

Example 1. This example considers Eq. (7) with a(x,y) = b(x,y) = 1, c(x,y) = 
-10(x + y), d(x, y) = -10(x - y), and f(x, y) = 1. 

Example 2. This example considers Eq. (7) with a(x,y) = c(x,y) = 1, b(x,y) = 
-(1 + y 2 ), d(x,y) = (l + y 2 ), and f(x,y) = 1. 

Example 3. This example considers Eq. (7) with a(x,y) = b(x,y) = 1, c(x,y) = 
cos(x/6), d(x,y) = sin(y/Q), and f(x,y) = 1. 

Example 4. This example considers Eq. (7) with a(x,y) = b(x,y) = 1, c(x,y) = 
10e XJ/ , d(x,y) = lOe"^, and f(x,y) = 1. 
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Figure 1: Nonzero structures of L- 3, s. 



L l 



L 2 



L 6 



L 1 



Figure 2: Nonzero structures of L^'s. 



In the examples above, we all used a uniform mesh of Ax = Ay = l/(m + 1), which 
leads to a matrix of order n = m x m, where Ax and Ay refer to the mesh sizes in 
the x-direction and y-direction respectively. The right-hand side b is created from Ae, 
where e = (1, . . . , 1) T 6 R n . Therefore, the right-hand side function g(x,y) in (7) is 
not relevant. We will show the results of the BICGSTAB with ILU(O) and with our 
Preconditioners when m = 32 in Table 1, Table 2 and Table 3 and m = 48 in Table 4, 
Table 5 and Table 6. The U and U J are constructed as above. 



Table 1: The number of iterations of BICGSTAB with ILU(O) and with our Precondi- 
tioners when m = 32 with 1 step restart. 





example 1 


example 2 


example 3 


example 4 


ILU(O) 


16 


20 


17 


17 


M 1 


15 


18 


16 


16 


M 2 


12 


13 


12 


11 


M 3 


11 


11 


10 


9 


M 4 


9 


11 


10 


9 
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Table 2: The number of iterations of BICGSTAB with ILU(O) and with our Precondi- 
tioners when m = 32 with 2 step restart. 





example 1 


example 2 


example 3 


example 4 


ILU(O) 


16 


20 


17 


17 


M 1 


14 


20 


16 


16 


M 2 


10 


12 


12 


10 


M 3 


9 


11 


10 


9 


M 4 


9 


10 


9 


8 



Table 3: The number of iterations of BICGSTAB with ILU(0) and with our Precondi- 
tioned when m = 32 with 3 step restart. 





example 1 


example 2 


example 3 


example 4 


ILU(0) 


16 


20 


17 


17 


M 1 


15 


18 


16 


16 


M 2 


10 


12 


12 


10 


M 3 


9 


10 


10 


9 


M 4 


9 


10 


9 


8 



Table 4: The number of iterations of BICGSTAB with ILU(0) and with our Precondi- 
tioners when m = 48 with 1 step restart. 





example 1 


example 2 


example 3 


example 4 


ILU(0) 


25 


29 


23 


23 


M 1 


25 


27 


23 


21 


M 2 


17 


21 


16 


16 


M 3 


15 


19 


14 


13 


M 4 


14 


19 


14 


12 
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Table 5: The number of iterations of BICGSTAB with ILU(O) and with our Precondi- 
tioned when m = 48 with 2 step restart. 





example 1 


example 2 


example 3 


example 4 


ILU(O) 


25 


29 


23 


23 


M 1 


21 


28 


22 


22 


M 2 


15 


18 


16 


14 


M 3 


13 


16 


14 


13 


M 4 


14 


16 


13 


12 



Table 6: The number of iterations of BICGSTAB with ILU(O) and with our Precondi- 
tioned when m = 48 with 3 step restart. 





example 1 


example 2 


example 3 


example 4 


ILU(O) 


25 


29 


23 


23 


M 1 


21 


26 


24 


21 


M 2 


15 


16 


15 


15 


M 3 


14 


16 


14 


13 


M 4 


12 


15 


12 


11 



5 CONCLUSIONS 



We presented in this paper a block ILU factorization method. Notice that the 
construction of M J requires more storage and arithmetic operations when j becomes 
large, it is not recommended to use a large value of j and j = 2,3 is better enough 
from our experiments. Theoretically speaking, the block ILU factorization method 
combining with the k step restart method will performance better when the number 
k is bigger, especially for the block ILU preconditioner to reduce the iteration counts 
of the iterative method. But from our experiments it is not always right, when k is 
large enough the iteration counts of the BICGSTAB will not reduce as it is expected. 
And with a small k it means the parallelization of the calculation of the block ILU 
preconditioner will be enhanced, thus a less time will be used to construct the block 
ILU preconditioner, of course a less efficient of the block ILU preconditioner will be 
encountered. A pity is that the parrel computation of the block ILU preconditioner 
is beyond our ability now, we can not do much more compare with the time used 
to construct the preconditoner, so only the iteration counts are compared to see the 
efficient of the proposed block ILU preconditioners. 
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A numerical investigation on the structure of the roots of 
(/i, g)-extension of ^-analogue of Genocchi polynomials 

C. S. Ryoo * 
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Abstract : In this paper, we construct a new (h, (^-extension of q-analogue of Genocchi polynomials 
G n ,q(x). We consider the behavior of real roots of the (h, ^-extension of q-analogue of Genocchi 
polynomials Gn, q (x), using numerical investigation. By numerical experiments, we demonstrate a 
remarkably regular structure of the complex roots of the G n , q {x). Finally, we give a table for the 
solutions of the(/i, ^-extension of g-analogue of Genocchi polynomials G n J q (x). 

Key words : Eulcr numbers, Euler polynomials, Genocchi numbers, Genocchi polynomials, q- 
analogue of Genocchi numbers, g-analogue of Genocchi polynomials, (h, ^-extension of g-analoguc 
of Genocchi polynomials 

2000 Mathematics Subject Classification : 11S80, 11B68 

1. Introduction 

The g-analogue of Genocchi numbers G nq and polynomials G n ^ q {x) using generating functions 
was constructed by T. Kim [1]. The significance of the g-analoguc of Genocchi numbers G n , g and 
polynomials G n ^ q {x) was already pointed out in [1,2]. In this paper, we construct a new (h,q)- 
extension of g-analoguc of Genocchi polynomials, G n J q (x). In order to study (h, ^-extension of q- 
analogue of Genocchi polynomials, G n , q {x), we must understand the structure of the (h, g)-extension 
of g-analogue of Genocchi polynomials, G n>q (x). Therefore, using computer, a realistic study for 
the (h, g)-extension of ^-analogue of Genocchi polynomials, G n , q {x) is very interesting. The main 
purpose of this paper is to describe the distribution and structure of the zeros of the (h, g)-extension of 
g-analogue of Genocchi polynomials, G n , q {x) for values of the index n by using computer. The outline 
of this paper is as follows. We introduce the (h, g)-extension of g-analogue of Genocchi polynomials, 
G n , q (x). In Section 2, we describe the beautiful zeros of the (h, g)-extension of g-analogue of Genocchi 
polynomials, G n , q {x) using a numerical investigation. Finally, we also investigate the roots of the 
(h, g)-extension of g-analogue of Genocchi polynomials, G n , q {x). 

First, we introduce the Genocchi numbers and Genocchi polynomials. The Genocchi numbers 
G n are defined by the generating function: 

oy- °° 4-n 

G(t) - —— - Y, G ^v d f l < *)> c£ I 1 ' 2 ' 3 ]' (^ 

n—0 

where we use the technique method notation by replacing G n by G n (n > 0) symbolically. For xeM 

*This paper has been supported by the 2010 Hannam University Research Fund. 
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(= the field of real numbers), we consider the Genocchi polynomials G n (x) as follows: 

It °° t n 

G ^*) = ^Ti eXt = E G ^)^ ( 2 ) 

n=0 

Note that G n (x) — X)fe=o (fc) G fc a ' n ■ ^ n ^ ne special case x = 0, we define G„(0) = G n . 
The Eulcr numbers are defined by the following generating function 

o °° 4-n 

F(t) = — - = J2 E n- V (1*1 < tt), cf. [2, 3], (3) 

e £ + 1 *-^ n! 

n— 

where we use the technique method notation by replacing E n by -E„ symbolically. For x£l(= the 
field of real numbers), we consider the Eulcr polynomials E n (x) as follows: 

o °° j-n 



2. (/i, g)-extension of g-analogue of Genocchi polynomials 

Let q be a complex number with \q\ < 1. The g- analogue of n is denoted by 

r i l - qn 

In [1], Kim introduced g-analogue of Eulcr numbers and polynomials. We consider the following 
generating functions: 

F q {t) = [2],f;(-l) n « n eM.* = f;£ n ,o, (5) 

n=0 n=0 

and 

F q (x,t) = [2],£(-l) n gV n+ *]'' = ^4,,W^. (6) 

n=0 n=0 

We see that 

o x j-n o v j-n 

lim J?,(x,t) - -j— -e xt = ^ E n {x)- lim F,(t) = — - = ]T £?„-. 

n— n— 

T. Kim constructed g-analogue of Genocchi numbers and polynomials (see [1]). We introduce the 
following generating functions: 

00 (_-\\n / i \ n j.n °° j-n 



and 



:x. 



G q {x,t) = [2] 9 «»te* £ rV^I^ 1^ ^ = E G ^(^> (8) 

n=0 y V H/ ' n=0 



2i _, v^ „ , A n ,. „ _ 2i A „ f' 



/ l^n / i \ ' i j.n j-n 

Ur q (X, t; = [Z J(? (/ id— i ^ ] 
n=0 

Note that 

lim G q (x,t) = -^-e*' = £ G„(*)^, lim G g (*) = -^- = £ G 

n— n— 

We now construct a new (/i, g)-extension of g-analoguc of Genocchi polynomials G„/ q (x). (h,q)- 
extension of g-analoguc of Genocchi polynomials G n ,q{x) are defined by means of the generation 
function 

G q h \t) = pyf^i-lWeW'* = f; G[^, (9) 

n=0 n=0 
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and 

Gf»(x,f) = [2],tf)(-l)V n+a! >V n+a! ]« t = f)GW(x)^. (10) 



n! 

n=0 n=0 



Hence, we have the following remark. 
Remark. For n > 0, we have 



(1) l h nGi h) (x,t) = - f j-e xt = Y. G ^)h- 

q— >i y e 1 + 1 z — ' n! 



n=0 

2/ ^ „ t n 

n! 

n=0 



(2) limGW(t) = -^ T = X;^ 

g— >i y e l + 1 * — ' 

n— 

(3) If ft = 1, then G q h \x,t) = G q (x,t) and G^i) = G,(t). 

(4) GW(0) = GW 

(5) lim G^rr) = G„(x) and lim G^ = G„. 

g— *1 ,y g— >1 y 

(6) If ft = 1, then G(J)(j) = G„,,(x) and G« - G„, g . 
By (10), we obtain 

oo 

G q h \x,t) = [2],* J^ (_i) TO 9 ( m + a! ) h e [m+ll « t 

m=0 

oo oo , n 

= [2], ^(-ir^)^n[m + I ]- 1 - 

J yi + g'+A 11 / n!" 



rn,— n— 



-EM^r^"- 1 ^'''-''' 



n=0 \ v ^ 7 ;=o 

Hence, we have the following theorem 

Theorem 1. For n > 0, we have 



o aw-M.»(i^)"" 1 | , ( B 7 1 )i^« 



By definition of (ft, q) -extension of g-analoguc of Genocchi polynomials G n ,q{x), we obtain the 
following corollary. 

Corollary 2. For n > 0, we have 

'n-l\ (-1)' 



/ -1 \ n—i n— i 



v / 7 1 + g«+ ft ' 

(=0 x / H 



We obtain the first value of the (ft, g)-extension of g-analogue of Genocchi numbers G n 

r (h) _ n r (h) _ ! + g 

(_r 0q - U, Lr 1>g - 1+ , , 

G (h) _ _ 2^(1 + q) 



(h) . 



2 '« " (l + q h ){l + q 1 + h ) 7 

r (h) 3q h (l + q)(-l + q 1+h ) 

3 - q (1 + q h ){\ + 9 1 + h )(l + q 2+h Y 

(fc ) 4 g "(l + g)(l - 2g 1 + h - 2g 2 + fe + g 3+ 2h ) 

' 9 (1 + 9 h )(l + q 1+h )(l + q 2+h )(l + q 3+h ) 
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In [5], the (h, g)-Euler polynomials En,q(x) are defined by means of the generating function 

oo 

F,W(i,t) = [2} q J2(- l ) n 1 hn e lx+n]qt - (11) 

71=0 

Since 

[2]< z E(- 1 )> /l " e " X[ " l9t = E'? 

we obtain 



ax "n+l.g t_ 

n + 1 n! ' 

n=0 n=0 



F^ h \x,t) = [2], ^(-l)W" +a:1 «* - e [xI **[2] g ^(-l)"g 

n=0 n=0 

n=0 \fc=0 V 7 / 

By using comparing coefficients — -, we have the following theorem. 

n\ 

Theorem 3. For any positive integer n, we have 

fe=0 v ' 



hn e q"[n] q t 



By (10), we obtain 



-L 

n=0 '"" n=0 \ L J<? a=0 x "" ' / 

Thus uc have the following theorem. 

Theorem 4. Let meN and m odd. Then we have 

^ J gm a=0 ^ ' fc=0 ^ ' 



3. Distribution and Structure of the Zeros 

In order to study G n ) q (x), we must understand the structure of the(/i, g)-extension of g-analoguc 
of Genocchi polynomials Gn. q (x). By numerical investigation, we examine properties of the figures, 
look for patterns, and make open problems. Here is the list of the first the (h, g)-Eulcr polynomials 

G { n}q(x). 

^ W " l + q h ' 

2(i + q)( q hx _ q (i+h)x + q i+h+hx _ q h+(i+h)xj 

2 > q{X) ~ (-1 + q)(l + q h )(l + ql+ h ) ' ' ' ' 

We investigate the beautiful zeros of the G n ,q{x) by using a computer. We plot the zeros of the(/i, q)- 
extension of g-analoguc of Genocchi polynomials Gn,q{x) for n = 10, 20, 30, 60, q = |, and x € C 
(Figure 1). We plot the zeros of the G nq (x) for n = 40, q = |,/i = 2,3,4,5, and x G C (Figures 
2, 3, 4, and 5). We observe a remarkably regular structure of the complex roots of G n ,q{x). We 
hope to verify a remarkably regular structure of the complex roots of the G n . q {x) (Table 1). Next, 
we calculate an approximate solution satisfying Gii,g(i), x e R. The results are given in Table 2. 
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i 

0.75 

0.5 

0.25 

Im(x) 

-0.25 
-0.5 

-0.75 








0.75 












0.5 

0.25 


/ 


• 









% 








■I) 


\ W 








-0.25 

-0.5 




• 






-0.75 











-0.5 0.5 1 1.5 2 

Re(x) 



0.5 1 1.5 2 

Re(x) 



1 

0.75 
0.5 

0.25 

Im(x) 

-0.25 

-0.5 

-0.75 



Im(x) o 



0.5 
Re(x) 



1 1.5 2 




0.5 1 1.5 2 



Re{x) 



Figure 1: Zeros of G { n\{x) for n = 10, 20, 30, 60, q = 1/5 



Table 1. Numbers of real and complex zeros of G n ,q{x) 



degree n 


h = 2 


h = 3 


real zeros 


complex zeros 


real zeros 


complex zeros 


2 


1 





1 





3 


2 





2 





4 


1 


2 


1 


2 


5 


2 


2 


2 


2 


6 


1 


4 


1 


4 


7 


2 


4 


2 


4 


8 


1 


6 


1 


6 


9 


2 


6 


2 


6 


10 


1 


8 


1 


8 


11 


2 


8 


2 


8 
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Figure 2: Zeros of G 40 ' q (x) 



Figure 3: Zeros o£G 40 \ q (x) 




(4) 



Figure 4: Zeros of G 40q (x) 



(5) 



Figure 5: Zeros of G 40 (x) 



an 



Table 2. Approximate solutions of G n [i b {x) — 0,x G 



n 


h = 2 


h='S 


2 


0.0194183 


0.00395756 


3 


-0.0865271, 0.109903 


-0.0419744, 0.0467265 


4 


0.210809 


0.112746 


5 


-0.172576, 0.303527 


-0.125933, 0.181708 


6 


0.38639 


0.247597 


7 


-0.211514, 0.46049 


-0.175576, 0.308997 


8 


0.527205 


0.365857 


9 


-0.230443, 0.587741 


-0.205166, 0.418522 


10 


0.643079 


0.467428 


11 


-0.2358, 0.694006 


-0.223993, 0.512998 



(2) 



Figure 6 presents the distribution of real zeros of G n 1 / 5 (ic) for 11 < n < 50 
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50 



40 



" 30 



20- 




• 9 



Re(x) 



(2) 



Figure 6: Plot of real zeros of G n x / 5 (x), 11 < n < 50 



4. Directions for Further Research 

In general, how many roots does G n ,q{x) have ? Prove or disprove: G n .q{x) has n — 1 distinct 
solutions. Find the numbers of complex zeros C„<h), , of G n . q (x),Im{x) ^ 0. Prove or give a 
counterexample: Conjecture: Since n — 1 is the degree of the polynomial G n . q (x), the number of 

%- 1 



real zeros R n (h) , , lying on the real plane Im(x) — is then R„(h) , -. 



C G W(x)- Where 



C 



Gffi(») 



denotes complex zeros. See Table 1 for tabulated values of R r 



[(<*) 



and C, 



Gi h Uxy 



Find 



the equation of envelope curves bounding the real zeros lying on the plane, and the equation of a 
trajectory curve running through the complex zeros on any one of the arcs. In Figures 1, 2, 3, 4, 
and 5, G n .q{x),x € C, has Im(x) = reflection symmetry. This translates to the following open 
problem. Prove or disprove: Gn,q(x),x G C, has Im(x) = reflection symmetry. These figures give 
mathematicians an unbounded capacity to create visual mathematical investigations of the behavior 
of the roots of the G n .q{x). Moreover, it is possible to create a new mathematical ideas and analyze 
them in ways that generally are not possible by hand. The author has no doubt that investigation 
along this line will lead to a new approach employing numerical method in the field of research of 
Gn/q(x) to appear in mathematics and physics. For related topics the interested reader is referred 
to [3], [4], [5]. 
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Abstract: The purpose of this paper is to introduce and study some sequence spaces 
which are defined by combining the concepts of a sequence of Orlicz functions, 
infinite matrix and lacunary convergence. We also examine some topological 
properties of these sequence spaces and establish some elemantary connections 
between them. 
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1. Introduction 

By a lacunary sequence 6 = (k r ), r = 0,1,2,..., where k = , we shall mean an 

increasing sequence of non-negative integers h r = k r - k r _ { — > °° as r — > °° . The intervals 

k 
determined by 6 are denoted by I r = (k^^k^ and the ratio — — will be denoted by q r . The 

k r-l 

space of lacunary strongly convergent sequence N ff was defined by Freedman et al. [3] as 
follows: 



N e = < x = (x k ) : lim Moo — ^T |x, - L\ = 0, for some L > . 



'£', 



Recall [4,5] that an Orlicz function is a function M : [0,°°) — > [0,°°) which is 
continuous, non-decreasing an convex with M(o) = 0, M(x) > for x > and M(x) — > °° as 
x — > °° . If convexity of M is replaced by subadditivity, then this function is called a modulus 
function (see, Ruckle [11]). 

An Orlicz function M is said to satisfy A 2 -condition for all values of u , if there 
exists a constant T > , such that M(2u) < TM(u) (u > 0) . The A 2 -condition is equivalent 
to M(Lu) < TLM{u) , for all values of u and for L > 1 . 
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An Orlicz function M can be always be represented (see [5]) in the integral form 

X 

M{x) = \ q{t)dt , where q known as the kernel of M , is right differentiable for t > , 

o 
q(t) > for t > , q is non-decreasing and q(t) -^« as?->«>. 

Remark. An Orlicz function satisfies the inequality M(Au) < A,M{u) for all X with 
0</l<l. 

Lindenstrauss and Tzafriri [6] used the idea of Orlicz functions to consruct Orlicz 
sequence space, 



l M =\x = {x l ): £M 



"jc, 1 ^ 



The sequence space l M with the norm 



< °o, for some p > \ . 



||;c|| = inf < p > : ^M 



n x* 



<1! 

becomes a Banach space which is called an Orlicz Sequence Space. The space l M is closely 
related to the space I , which is an Orlicz sequence space with M[x) = x p for 1 < p < °° . 

Recently, Esi [1] have introduced and examined some properties of three sequence 
spaces defined by using an Orlicz function, which generalized the well-known Orlicz 
sequence space l M and strongly summable sequence spaces [C,l, p] , [C,l, p] and [C,l, p]^ . 

It may be noted here that the space of strongly summable sequences were discussed by 
Maddox [7]. 

A generalization of Orlicz sequence space is due to Woo [13]. Let M = (M ; ) be a 
sequence of Orlicz functions. Define the sequence space l(M ( ) by 



l{M l ) = \x = {x l ): £>,. 
and equip this space with the norm 



"jc, 1 ^ 



yP j 



< °o, for some p > 



\\x\\ = mf\p>0: ^M t 



n x^ 



yP) 

The space /(M, ) is a Banach space and is called a modular sequence space. The space /(M ( ) 
also generalizes the concept of modulared sequence space introduced earlier by Nakano [9], 
who considered the space l[M j ) when M i (x) = x a> , where 1 < a t < °° for i > 1 . 

Recently, Esi and Et [2] have introduced and examined some properties of three 
sequence spaces defined by using a sequence of Orlicz functions, which generalized the well- 
known Orlicz sequence space l M and strongly invariant A - summable sequence spaces 
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\A a , p] , \A a , p] and \A a , p]^ . It may be noted here that the space of strongly invariant 
A — summable sequences were discussed by Savas [12]. 

A sequence space E is said to be solid (or normal) if {X i x i )e E , whenever (x ( )e E 
for all sequences \X i ) of scalars such that \X { | < 1 for all ieJV. 

A sequence space E is said to be monotone if E contains the canonical preimages of 
all its step spaces. 

Lemma. A sequence space E is solid implies E is monotone. 

Let A = (a ik ). k>l be an infinite matrix of complex numbers. We write Ax = {A im (x)) if 
Am\ x ) = J ^ l a ik x k+m converges for each i,m . (This assumption is made throughout the paper). 

k>\ 

Let M = (M . ) be a sequence of Orlicz functions and p = (/?, ) be any sequence of 
strictly positive real numbers. Now we define the following sequence spaces. 



w 



8 {M,A, P ): 



x = {x k ):\im r h; l Y J 



;e/, 



M. 



p 



0, uniformly in m, for some p > 0, L 



and 



w°{M,A, P ) = \x = {x k ):lim r h; l Y J 



M, 



K(4 



v P J 



wi{M,A,p) = \x = {x k ):sup rm h; 1 ^ 



M, 



Ki4 



V r J 



= 0, uniformly in m, for some p>0 



< °°, for some p>0 



If xg w (M, A, p) , we said that the sequence x is lacunary strongly almost 
A - convergent to the number L with respect to the sequence of Orlicz functions M = (M.). 



Some sequence spaces are obtained by specializing 6 = {k r ), M = (M, ), A = (a ik ) 
m and p = (p i ) . Some examples are below: 



/,*>! 



If we take p i = 1 for all / e N , then we write the spaces w e (M ,A), w e (M , A) and 
wi{M, A) in place of the spaces w e (M,A,p), w e {M,A,p) and wi{M,A,p). 

When A = I unit matrix, the spaces w e (M,A,p), w e (M,A,p) and w^(M,A,p) 
reduce the spaces w d (M,p), w e {M,p) and w^(M,p) respectively, which are defined as 
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'{M,p) = 



x = {x k ):Yim r h; l Y 4 



M 



X i+m L\ 
P 



= 0, uniformly in m, for some p > 0, L 



w e {M,p) = \x = {x k ):lim r h; 1 ^ 



M 



f \x |A 



and 



W. 



\{M, P ): 



x = {x k ):sup rtm h; 1 Y J 



M, 



= 0, uniformly in m, for some p > 



< oo, for some p>0 



If jce w d (M ,p), we said that the sequence x is lacunary strongly almost convergent 
to the number L with respect to the sequence of Orlicz functions M ={M i ). 

If = \2 r ), M. = M for all i e jV , A = / unit matrix and m = , the spaces the 
spaces v/(M,A,/?), w e {M,A,p) and wf(M,A, /?) reduce to w(M,/?), w (M,p) and 
w oo(^>/') which were defined and studied by Parashar and Choudhary [10]. 

If 6 = \2 r ), M. (x) = x for all i e N , A = I unit matrix and m = , the spaces the 
spaces v/(M,A,/?), w e {M,A,p) and wf(M,A,/?) reduce to [C,l,/?], [C,l,p] o and [Ci,/^ 
which were defined and studied by Maddox [7]. 



2. Main Results 



We have 



Theorem 2.1. For any sequence of Orlicz functions M =(AfJ and a bounded 
sequence p = {p t ) strictly positive real numbers, w e (M,A, p) , w e {M,A,p) and 
w^(M,A,p) are linear spaces over the set of complex numbers C. 

Proof. We shall prove the result only for w e (M , A, p) . The others can be treated 
similarly. Let x, y e wf (M ,A,p) and A, // e C. In order to prove the result we need to find 
some /? 3 such that 



hmA-'Z 



iel. 



M, 



\A m (fo+M) 



Pi 



0, uniformly in m . 



Since x, y e wf (M , A, p) , there exist /?, > and p 2 > such that 



ESI, GOKHAN: LACUNARY STRONG ALMOST A-CONVERGENCE 



857 



limA _1 Z 



iel. 



and 



limA" 1 ! 



M, 



M, 



n Ajxp 



V r\ j 



A 

v P2 J 



0, uniformly in m 



= 0, uniformly in m 



Define, p 3 = max\2\A\p l ,2\ju\p 2 ) . Since M. is non-decreasing and convex for all ie N , 



iel r 



M. 



iel. 



v A J 

f\ A (>\ ..M I A ( .. M\ 



M, 



|4 m (^)| . |AmM 



V ^3 



+ ■ 



3 J 



<htYr- 



iel, 



f\A (J1\ 



M, 



AM). „fkW 



Pi 



+ M 



V A-i y 



V A ) 



< Kh ;^ 



iel, 



M 



n AjxV 
, A J 



+ Kh?X 



iel. 



M 



, P2 J 



->0 as r^<», uniformly in 



m 



, where K = max(l,2 H ' ), H = sup,- p t < °° . Therefore Ax + jUye w e (M,A, p) . 



Theorem 2.2. For any sequence of Orlicz functions M =(AfJ and a bounded 
sequence p = {p t ) strictly positive real numbers, w o {M , A, p) is a paranormed linear space, 
paranormed by 



/(x) = inf 



p» : 



VE 



M 



n 4.(*r 



v *" y 



<1, 



r = l,2,... 
m = 1,2,... 



where // = max(l, sup ; /?,. ) . 

Proof. It is easy to see that f(x) = /(- x) . Since M i (0) = for all i e N ,we get 
inf < /? H > = for x = . Conversely, suppose that /(x) = , then 



inf 



p« : 



*;'! 



M,. 



n A m (x)p 



v ^ y 



<i, 



r = l,2,... 

m = 1,2,... 



= 0. 



This implies that for a given e > , there exists some /? f (0 < p < £ ) such that 
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M. 



Thus 



**I 



iel. 



M, 



v A y 



Ktof 



V f J 



<1 



< 



*;'Z 



«=/, 



M, 



v A y 



< 1 for each r and m . 



Suppose that x k ^ for some j . This implies that A im \x k )± for some 7 . Let £ — > 



Then, 



Ami**; 



00 . It follows that 



<•;'! 



<e/,. 



M 



V(* V 



\'m V- 1 -*:, 



— > 00 , which is 



contradiction. Therefore x k = for some j . 

Next let /?j >- and p 2 >- be such that 



K'Z 



iel r 



M 



\ 



and 



v'Z 



M 



pA m (y)n 

v A , 



/'/, 



<1 



/'A 



<1. 



Let p = p\ + p 2 . Then we have 



lAmix+y] 





/ 


*;'! 


M, 


fe/ r 


V 



I'k 



< 



A 



Pl+Pl 



v 1 ! 



/£/,. 



M 



M4 



A 



V r\ j 



i'k 



+ 



yPi+Ptj 



*;'! 



M, 



|A m (y)| 
, Pi j 



Pk 



<i. 



Since the p's are non-negative, we have 



/(*+ v) = inf- 


Pr 


r 


f 






iel, 
V 


V 



|A«U+jI 



p 



<i, 



m = l,2,... 
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<inf 



+ inf 




r = l,2,... 
m = l,2,... 



r = 1,2,... 
m = 1,2,... 



= f(x) + f(y). 

Finally, we prove scalar multiplication is continuous. Let Abe any complex number. 
By definition, 



f{Ax) = mf 



p H : 


r 


M t 


f 




iel, 
V 


V 


L 









kW 



<i, 



r = l,2,... 
m = l,2,... 



Then, 



f{lx) = M 



Afi : 



VI 



Af, 



kN 



<i, 



r = l,2,„. 

m = l,2,... 



Since \A\ Pr < max(l,U| j (// = sup r p r ), we have 



where ? = pUI 



/(/br)<max(l,|/l| H ) H inf. 






*;'! 



Af, 



lAm(^)l 



<1, 





~ 


r 


= 1,2,... 
= 1,2,...' 




_, 



which 



converges to zero as x converges to zero in w e {M ,A, p) . Now suppose that X n — > and x 
is fixed in w e {M ,A, p) . For arbitrary £ > , let R be a positive integer such that 



iel, 



Af. 



kw 



p 



< 



1 £ A 



v^y 



, for some p> 0, r > R and all m e AT 



This implies that 



K'Z 



iel. 



Af.. 



K.W 



< — , for some p> 0, r > R and all m e N . 

2 



Let < |/l| < 1 . For all ie N , using the convexity of M i , for r > f? and all m e N , we 



get 
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*;T 



iel. 



M, 



\KJM 
p 



< 



T'Z 



iel, 



U\m, 



\aM 



< 



r \ H 



\^j 



Since M, is continuous everywhere in [0,°°) for all ie N , then for r < R , 



g(s) = K 1 X 



iel, 



M, 



KM 
p 



is continuous at zero. So there is < 8 < 1 such that 



|*M|< 



^<A 



v2y 
and all m e TV , 



for < s < 8 . Let K be such that l/L I < 8 for n > K . Then for n > K , r<R 



*T 



M 



|4mUn^)| 



< 



Thus 



*;T 



!£/, 



M ; 



|A- m (4^)| 



< £ , for rc > K and all r and m , so that f{Ax) — > 



as A — > . This completes the proof. 



Theorem 2.3. For any sequences of Orlicz functions M = (M , ) and jV = (N j ) which 
satisfies the A 2 -condition for all i e N and a bounded sequence p = (p t ) strictly positive 
real numbers, we have w {M,A, p) a w e (MoN, A, p) . 

Proof. Let x e w s (M,A,p). Then there exists p > such that 
\Ajx-Lp~ 



VE 



M. 



P 



— > 0, as r — > oa, uniformly in m, for some L. 



Let £ > and choose 8 with < J < 1 such that M i (u)<£ for < u < 8 and all i& N . Let 



£ im =M, 






and let 



ie/,. 

By the Remark, we have 



B,<8 



ie /, 

B:„>S 
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K 1 EWajr ^KWV 2>J* ±{N t {2)fh? ^{Bj 



B,<8 



iel, 
B,<S 



fe /, 
B,„SS 



...(1) 



where H = sup, /?, < °° . For 5, m > d 



5 B 

D ^ ««i ^ 1 _i mi 



since N, is non-decreasing and convex for all i& N , so 



N i {B im )<N i \\+ 1B f-)<±-N i {2)+^N 



f . B_ ^ 



V *> J 



Since A 7 ", satisfies A 7 -condition for all z'e N , so 



^(5,J<ir^^(2)+ir^iV,.(2) = T^iV,.(2). 
2d 2d d 



Hence 



V 1 IWfljr * maxfl,§^(2)T/t r - ] X^r -(2) 

B,,„>^ £„„>£ 

where // = sup, p t <°° . By (1) and (2), we have xe w 61 (MoN, A, p) . Thus 
w e {M,A,p)czw s {MoN,A,p). 

By using the method of the proof of Theorem 2.3. it is not hard to see that 
w e {M,A,p)(Z w e {MoN, A, p) and wf (Af , A, /?) c wf (AzW, A, p) . 

Taking M, (x) = x for all z e A 7 " in Theorem 2.3. we have the following result. 

Corollary 2.4. For any sequence of Orlicz functions M = (M ,. ) which satisfies the 
A 2 -condition for all i e A 7 and a bounded sequence p = (/?,. ) strictly positive real numbers, 
we have w d {A, p) cz w d {M , A, p) , w e (A, p) c w* (M , A, p) and wf (A,p)c wf (M, A,/?). 

In the following theorem, we prove the inclusions w(M , A, p)c/(M , A, p) and 
w e (M, A, p) cz w(M,A, p) for any sequence of Orlicz functions M = (M . ) under certain 
restrictions on lacunary sequence = (k r ). 

Theorem 2.5. Let M = (M, ) be any sequence of Orlicz functions. 

(a) Let 6 = (k r ) be a lacunary sequence with liminf r q r >\. Then 
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Vl-'l 



{M,A,p)czw 8 {M,A,p), 



where 



w 



{M,A,p): 



x = {x k ):\im n n~ l Y j 



M 



K(x-L) 



■■ 0, uniformly in m, for some p > 0, L 



(b) Let = (k r ) be a lacunary sequence with limsup r q r < °° . Then 
w e {M ,A, p)c w{M ,A, p) . 

Proof, (a). Suppose that liminf r q r > 1 . Then there exists 8 > such that 
q r = — — > 1 + 8 for all r > 1 . Then, for x e w(M ,A,p),we write 



c r , m =K 1 ^ 



M 



p 



hrt 



;=1 



M, 



P 



-k 1 2 



;=1 



M 



p 



= kh; 1 



K'l 



M 



K(x-L) 
P 



v 


Y^ 




'r 1 


/ 






-K-K 1 


K\T 


M, 


)_ 


' j 




V 


V 



p 



k r A + 8 



Since h r = k r — k r _ x , we have — - < 

h. 8 



and 



< 



The terms k r ' ]T 



i=\ 



M 



\AJx-l\ 
p 



V-] 

and k~\ V 



;=1 



M 



\K^-L\ 



both converge 



to zero uniformly in m and it follows that C r m — > as r — > °° , uniformly in m . That is, 

jce w d (M,A,p).Thus w{M,A,p)czw {M,A,p). 

(b). Suppose that limsup r q r < °° . Then, there exists 5 > such that q r < B for all 
r > 1 . Let x g w e (M , A, p) and £ > . Then there exists R > such that for every _/ > R 
and all m e N , 



Cm-VZ 



M.. 



fe/ : 



M4 
p 



<f . 
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We can also find C > such that C . m < C for all j £ N . Now let n be any integer with 
k r _ x <n< k r , where r > R . Then, for all m e iV 



n 




(=1 


V 



M*-4 



p 



< 



CI 



M 



P 



z 



M 



KJ*-^)| 



v 


■ Pi 


/ 




+1 


^, 


y. 


ie/ 2 


V 



j4 m U-^)| 



+.-+Z 



iel. 



M, 



\A m U-L\ 



P 



k l k r _ l k l 2_, 



/G/| 



M 



M*~4 



P 



+ \k 2 k x )k r _ l \k 2 k x ) 2_, 



/e/. 



M. 



\AJx-l[ 
p 



+ ... + {k R k R _ x )k r _ l \k R k R _ x ) 2_i 



/e/,, 



M. 



P 



+ ... + ( kr -k r _ 1 )k;\(k r -k r _ i y i Y J 



M 



k.(*-4 



— k 1 k r _ l C lm +[k 2 k l )k r _ l C 2m + ...+ [k R k R _ { )k r _ x C Rm +... + [k r k r _ l )k r _ l C ri 
< k R k;\ (sup m C jm )+ {k r - k R )k;\ (sup j>R C jm ) 



<Ck R k;\+eB. 



Since k r _ x — > °° as n — > °° , it follows that 



»-z 



M. 



K(x-L] 



P 



, uniformly in m . Therefore x e w(M, A, /?) . This 



completes the proof. 

Theorem 2.6. Let M = (M, ) be any sequence of Orlicz functions and let 6 = (k r ) be a 
lacunary sequence with 1 < liminf r q r < limsup r q r <°° . Then w{M,A, p) = w e {M,A, p) . 



Proof. It follows from Theorem 2. 5. (a) and (b). 

Theorem 2.7. Let M = (M. ) be any sequence of Orlicz functions. The space 
w^{M,A,p) is solid. 
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Proof. Let x e wf (M , A, /?) . Then, for some /? > 



sup^V'Z 



/€/, 



M 



p 



< °° 



• ••(3) 



Let \X i ) be a sequence of scalars with \X t | < 1 for all j e N . Then the result follows from (3), 
Remark and the following inequality 



a;T 



fe/, 



M. 






*vT 



/€ /, 



U,Im, 



|AJ4 



p 



^;T 



iel. 



M, 



p 



The following result follows from Theorem 2.7. and the Lemma . 

Corollary 2.8. Let M = \M i ) be any sequence of Orlicz functions. The space 
wf (M , A, />) is monotone. 

Theorem 2.9. Let M = (M, ) be any sequence of Orlicz functions and let < p { < q t 

r 

i 

and 



f \ 
It 



Pi) 



be bounded. Then w s {M ,A,q) cz w s {M , A, p) . 



Proof. Let x& w s {M,A,q). Write w im = 



M, 



and /I, = — '- so that 
P, 

< A < X x < 1 (X constant) for each is N . We define the sequences \u i m ) and (v, m ) as 

follows: 

Let m ; „ = w, , „ and v ; = if w, „ > 1 and let u ; = and v, „ = w, „ if w, „ < 1 . 



(,m i,m 



i.m i,m (,m 



Then, it is clear that for all ieJV we have w, m =u. + v,. „ and w, L = w 7 . „ + v,. ' . Now it 

' i,m i,m i,m i,tn i,m i,m 

follows that uf; m < u im < w im and vf; m < vf m . Therefore 



h y vv- = h / \u ' +v ' )<h / w +h / '\ 

r / i f.tn r / i \ i.m i,m / — V / * i,m r / i 



fe',. 



tel. 



fe/,. 



fe',. 



Since < X < 1 , for each r > 1 , by using Holder's Inequality, we have 



/€/, 



'(=/,. 






/ 




\ 


V 


'!». 


m 


V 


iel r 


J 



i A 



i-i 



ie I, 



iel. 



and thus 



r / ; i,m r / ; i,m r / ; 
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Therefore xe w d (M,A,p). 

We have the following result which follows from the above result. 

Corollary 2.10. Let M = (M, ) be any sequence of Orlicz functions, 
(a). Let < inf . p. < Pi .< 1 , then w 8 {M ,A,p)czw 8 {M , A.) . 
(b). Let \<p t < sup, p t < oo , then w e {M,A)cz w e (M , A.) , 

where 

r \A im {x-L)> 



w 



>{M,A) = \x = {x k ):lim r h; l ^M i 



V r J 



■ 0, uniformly in m, for some p > 0, L 
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